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Abstract

The purpose of the current work is to present the concept of proximinal simultaneous approximation, and to
prove the continuous of operator best simultaneous approximation in two-normed spaces. We try to find the
best simultaneous approximation of bounded function by using linear operators in two- normed space.

Keywords: Two-normed spaces, simultaneous proximinal and continuous simultaneously operator.
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1. INTRODUCTION

The notes of the best approxima has been principal presented via I. Singer(1974), in Boszny
discussed set of remark on simultaneous approximation (1978) [2] , Li and Watson proved a set of results
about best simultaneous approximation (1996) & (1997) respectively [3], [4], then Boyd and VVandenberghe
explained characteristic of convex set (2004) [9], and Mohebi achieved some properties of best
simultaneous approximation (2005) [5]. Abu-sirhan presented a set of researches that include the best
simultaneous approximation in L (1, X), operator and functional spaces (2009) & (2012) respectively [6],

[7], [8] , in the end ,I benefited greatly from the papers of the tow scholars Elumalai and Makandeya, on
best simultaneous approximation (2009) & (2013) [10,11]. In the present work, we studied some marks of
simultane. approxima. of bounded mappings by using linear operators in two-normed space. These are the
results which are proven in 2-normed space; our main results are continuous and we find best simultaneous
approximation set in two-normed space.

2. PRELIMINARIES

Definition 2.1 : 2 : H X H — R be real mapping which gratify the following properties
1) For vy, vy €3, llvg vy Il = 0 ifand only if v, v, are linearly dependent .

2) ||""ur""1||b,z = ||1’1r'”n||b,:,

3) Nlavg, vy Il 2 = lal llvg, vyl 2,

V5 is named two - normed linear space .

Definition 2.2: Let N be a two - normed linear space . for ¢ = B, M’ & IV,

d(B, M) = sup,x{llvy, vy —mll, .} € M, denotes the distance

from the set B to the set A . If

supyez o, vy —mlly2} =supyea{llve, vy —molly .} -

Then, we say that a function #n, € M is named a better approximation from B to M .

Definition 2.3: Let &, be a two - normed linear space on F (real field), M, subspace of &V, and
(M # @ ) asubset of M, . for a bounded subset Y of V; . As define V;

rady, (Y) = inf, ¢ p SUP ey Iz, a—mpll,,

N,
for € ‘/Mq ,and centy, (Y) = p, €M :

sup ey llz,@ — Pylly, =rad, (Y) forevery = € N/M

4
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The number rad, () is called the Chebyshev radius of ¥ with respect to M and an element

p, € centy (Y) is called a better simultaneous approximation.

Definition 2.4. [9]: A subspace M of X ( vector space ) is called convex if my,m, € M implies
D=[weX, w=jm;+(1—4)m,, 0< j<1llc M.

Definition 2.5: A 2-normed v is said to be continuous at (p, ) if

foragivene=0there3a 1 =0 3

lv(p,q) —v(w, d)| <€ whenever llp —w,qll,, <i &

lw,g—dll,, <iorllp—w,dll,. <iandllp.g —dll,- .

Then v is said to be continuous at each point the domain .

3. Auxiliary lemmas

Lemma 3.1: Let V5 be two - normed linear space and M, B be closed sub space of &5 . Then
|I’ﬂ* ;Db ||1-,.Jg = |I’ﬁ* »THL ”b,: (&5, "’ﬁf:b ||1-,.Jg
from n € Nyand m € M, bEB.

Proof: For v €lln,m@®bll,, , let v, : My — M and v, : N, — B be such that v(w«) =
llvg (1), vy ()@ |l , for all w € N, |, m € M.

Itis clear that v, € ll#2, 9 |l,; and v, € |l#2,b |l . Define
g:lln,mObll,, — lln,mll,, ® lln,bll,

from n € N,and m € M, bEB | by

@ (v) =llvg, vy @m ||,. Itis clear that ¢ is onto isometry, noting that

I (v)

Ib_.! = max {ll"-"n: 1’163 mllb; }
= sup max {llvc, (2e),vy (u]ﬂ}mllm}

= sup lIv(w)ll,o = vl .

4. Main results

Theorem 4.1: Let M be a closed sub space of two - normed linear space vV, , for any v, ,v;, € NV, , we
have

(27)
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Proof: Since M S 2V, , w € M , we need to proof

g (), vy (1) — el < llvg, v, —wll,, w e M.

llvg (22),vy (1) —arll 4o = max llvg (2e), vy (22) — 2l .
llvy (22), v (1) — wrll, > . We take super. two sides , we obtain

sup vy (2e),vy (1) —wllyz =sup max {llvg, vy —wlly,, llvy, vy — wll,,} . Since w € M was
arbitrary , then

sup |lvg(u),vy () —wrll,, < llvg, vy —2rll, 5 -
Now, let 7 = sup vy (<), vy (1) — ||, , for w € NV, , define

@)

= {«m € M : max {Ilvﬂ(%],vi (1) — mll, 2, vy (22}, vg (22) — el 5 }E sup |[vy(2e), vy (20) — wrll, 5 ]‘

The @ # @ is subset of M . Now , to show that

closad

@) is convex for ¥ « € IV, and ¢ is lower semi continuous .
LetE N, ,mm,,m, E@l(w), and 0= & =1,
max {""’u (), vy (1) —8my — (1 — &)m, ”b,: vy (), vg () —8my — (1 — &), "z-.-,: }

= max
{'5 |IV[:.(11':]: vy (‘ﬂ':] — Ly |I1Lg + [:1 - 5} |IV[:| (’u’jrvl (1,&:] - m:llb; ) |IV1 (%]JVD [:’u’j — T4 ”b,: +
(1-8) ||V1(ﬁjr“'u (-2t) _m:”b,z 3

= d max {"V[:. (1":]:1’1 (’“’] — TRy ";5.; , ||V1 (ﬂf:]:vu (ﬁj — T4 ||ng }

+ (1 — &) max {|lv, (1), vy (w) —m,

L2 o llvy (20, v (22) — 1, 11,0}
= & sup llvg(w), vy () —wll,, + (1 — &)sup [hvg(u) vy (u) —wll,, = sup llvglw),vy(uw) —wll,, .

To demonstration that ¢ is lower semi continuous , let #z be an open set in A .
toinvestegate P ={uw € N,: @(u) Np = 0}.

It is to be exposed #* is open . Let € € p*, then @(e )Ny += @.Hance, there exists an #1 € g such
that

max{""’g (5:]:1’1 (ﬂj - m”b; :”1’1 ('ﬂjrvﬂl(ej - m”b; }5 sup |IV[:|(1":]:V1 (’u’] _’w"llb;

(28)



Journal of Natural and Applied Sciences URAL No: 2, Vol: 1\April\ 2023
By the definition of sup [lvy (), vy (22) — wrlly 5, sup llvg(ee), vy (1) — wll,, = inf, o 5 max

{llvg(e)vy(e) —allys . vy (e vy (e) — gll,,} | thereexists s~ € M such that

[va(e v (6)—m” |Ib,2 }

max {[|vo(e v (e) —m” |, .
< sup ||lvg(1e), vy (1) — wll,, .
Now, #n € g, then there exists e = 0 such that
D(m,e)={genrm: llg—mll,, <e}S» .

Leti= ﬂ”;

- if||m—m: || ElEif”m—m' || <1;
L ”h_z b2 2

b2
considerthat 0 <4 =1.letsn = (1—4)m+ i ,then
|m” —«m”“ =4i|lm—m’ "z-.-: <€ ,hancem € p.

By the covexity of @(e),mm € @(e) and

va(e)vole) —m |, |

max {||'uﬂ(e dv(e)—m-|, .
= sup |I1JD(1LJ,1J1(1L) - ’w"”b;
Now, let L be open ball of ¢ such that

max {||v,} ('5 :]r""1[:'3 ] - V1(’H':] |Ib_.2 ’ ||""1(ﬂ )r"’ﬁ ('3 :] — ¥ (’Hf:] ||ng } < sup ||1-'u. (au,],vi(u] - ’w""b;

—max {”vu[e Yoy () —m ||b,2 s |v1(ﬂ Jvple)—m ||b,2 }

Forany 1 € L , we have

max {[lvo (e s G Y=, I Gad o (o) = |, }

Zmax
(o (e (o ) = (@)l + o (€ (e )= |
[FACORNCOEEN W

v vy (e )vg (e ) — vy (e ]"b,: +

b2

max {""’D (22 ),vy(2e ) — vy (& Mgz llvy Coe )ovg (e ) —vp (€ )l 2 } + max

<
{”"’n(f’]r"i( e)—m ||b,: ' |v1('3 )ovg(€) — m ||b,2 }
<

sup [lvy(ae),vy (22) — wrlly
Hence, m e¢(w) Nnp ,u € p*,LE »* and zisopen.

There exists w+ € M such that () € @(w) forall « € 2V, . Hance

(29)
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max {||v[,(ﬂ» vy (w )= w(w], Iy (), v (w) —w ()l }

< sup |lvg(e), vy (1) — a5 and max

{lvovi-ll, , vy ve —wlly } < sup llvg (a0, vy () = el

ThUS, ||1‘r|}r1’r1 _w.”b; = mpllvﬁ(%jrvitﬂj - w.”b,ﬂ y ¥ € M.

Theorem 4.2: Let IV, be two - normed linear space and M be a closed subspace of &V . Then

1. If |42 ,91 ||, from . € N, and #n € M is simultaneous.
proximinal in V5 , then M simultaneous. proximinal in V5 .

2. If M has a continuous simultaneous. operator , then [[#2, 41 [l 5
from n € N, , #n € M is simultaneous. proximinal in &, and has continuous simultaneous.
proximity operator .

Proof: 1. Letx,,y, € IV;. Definev, : ¥, — 2;and

Ve, P Ny — Ny by vy (w)=yy, v, (w)=x forall we ;.

Since l|# ,m ||, from # € N, and #n € M is simultaneous.

proximinal in ; , 3¢ € [ln,m ||, suchthat,

max {[[v,. v, =@ [, Ve ve, =2 I, , J=sp I3, v, =7 |

¥
b.2

b2

= sup ||V:c._fvy._ —m || < llxpyy —mlly;

b,2

Then , for some 1w, € IV, , we have

max {"1“"_',-':I (1&0],11}_: ('ﬂ’ﬂ] - g‘(’u’aj |Ib,2’ |vxn (T’I’oj!vx._(ﬂoj - g’('ﬂ"oj ||1'-';2} = |Ix1,}?1 — ”ng . Hence

¢ () is a better simultaneo.

approx. for x,, v, of M .

2. Let B: N, @ N, — M be aconts simultaneous.

proximity operator for A . Define

B lnn@nll,, —ln,ml,,fromne Nyand m € M,
by B (v)=Bev. B canbe redefined as

I, 7nlly, & lln,nll,, —=In,m|,,  and

B || vy, vy —mll,, forall #n € M . Itis clear that

B llvpv, —mlly, € lln,mll,;. Letg €lln,mll,,, then

(30)
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max {"’VD, vy — B (Vj_] ”b;r ”vl::u Vo — B (1"[:':] |Ib,2 }

< max {llvg, vy —gll, o llve. v, —gll,2

Thus, B [lvy,vy; — gl 5 is a better simultaneo. for vy, v,

from |7, ||, and then |72, 9 ||, is simultaneous. proximinal
in v . Itisclearthat B : v, & MV, — M is a continuous
simultaneo. proximity operator .

Theorem 4.3: Let M be a simultaneo. sub space of a two - normed linear space V; . If A has a linear
proximity operator ,

then || =, ||, is simultaneous. proximinal in || z,#2 ||,
from s € N, and . € M ,# € N and has a linear simultaneo. proximity operator .

Proof: Let ¢ : N, & N, — M be a linear simultaneous. proximity operator for M . Define anther
operator

B:llan@nlly,, — llz,mll,, fromseN,andm € M, n €N,

given B (‘V:] =@ oV, We may write B : |I3;“ﬂ'||b; &b |I,3,ﬂ||m — |I3 » T |Ib,2 , define by |Iv|}rv1 _mllb;

=g o llvg,ny _’m"b,z .

Since B is linear operator, we have

B8l vovy, — mll + 21l o g1 — mlly2}

=3B llvpvy —mlly, +AB |l gy gy —mll,,, forallm € M
and llvy. vy — |l is alinear simultaneous. proximity operator
for [l z,m l,, .

Theorem 4.4: Let V5 be two — normed linear space , M closed

sub space of &, and @ = ¥ € N, . Then M is simultaneo. proximinal in 2V, if and only if || ¥, |l 5 is
simultaneo. proximinal

inll y.nll,, for y =¥ and m E M neEN,.
Proof: Assume that M is simultaneo. proximinal in V5 ,
we need to prove || ¥, [, is simultaneo. proximinal
inll v.nll,; for y ¥ and m € M, neEN,,

Letv,g €l yvnll,, forall ye¥and = €2V, .Since M is

(31)
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simultaneo. proximinal in V; , the for any 1 € ¥ there exists

T() € M such that

max {[[vo (), (0 )-T @), , . o 0),2 () = T(w)l2 |

B2’
= max {”vﬁ(u by (%j—w-”b; Ngo( )@ () —wlly, } ,

for all w+ € G . In particular it holds forany () € G,

w €|l y,m |, . By Axiom of choice , the exists Te |l ¥, I, .

Hence max {||'uc.,v1— T||,, o g1 — Tl }
<max {||*u,t,,,*n,r1—«wv||M Mg 1 — wlly },for all w € || v, [, .

Then max {||""ﬁ""'1'T||b,g Ngo @1 — Tllyz } =llv.g—mllys,

which implies [l ¥, ||, is simultaneous. proximinal
inllyv,nll,,forall yeE¥Yand m € M, neN;,

Converse : Assume || ¥ ,# ||, is simultaneo. proximinal

inll y.nll,; for ye¥and m € M ,m €N, , we need to prove
M is simultaneo. proximinal in 2V, .

Letxy, ¥, € N, Setv, ¥V — N, v, : ¥V — IV,

define by vx;(u] =Xy, VY, () =y, foralluw ey .

||vj.‘_,vx‘_ — ||b£: sup ||v}.: («u,],vx‘_ (1) —m ||b£: 2y, 7, —mll,
forall #n € M . Since || ¥, |l,; forall y €Y and m € M

is simultaneous. proximinal in || v.# [l forally € ¥ and n € IV, ,

then there exists g € Il ¥, |l,,, such that

max {||1’xnﬂ-'x._ =g, llv,vy, —2 |, }= llxy, 33 —mll,
v € M . Choose 1, € ¥ such that
max {llxu,xl —&F (‘ﬂf[:.:] |I1;.Jg: |I}F[:|:}F1 — g (ﬂ’ﬂlj ”Z:I,Z}

< |lxy, 3y —wrll,; forall w € G . Then @ (2,) is a better

simultaneo. approx. for x, and y; form A .
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