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Abstract

In this paper we stady the relationship between tensor is an algebraic curvature tensor , M-
Projective Curvature Tensor of a Lokally Conformal Kahler manifold Wa., i . e. "it has a classical symmetry

properties of the Riemann carvatur tensor™ of a Lokally Conformal Kahler manifold Wa.has been examined
in this research.

The typical Riemannian curvature symmetry features of this tensor were demonstrated. In the L.C.K-
manifold, calculate the M- Projective tensor (M- tensor) components. Some observations and relationships

among them were obtained, and links between the tensor components of this manifold were constructed.
With obtaining a neutral equation for each of the eight these components.

Keywords: Locally conformal Kahler manifold W4., M- projective tensor, conformal curvature tensor.

1.Introduction

Conformal transformations of Riemannian structures are the important object of differential geometry,
where this "transformations which keeping the property of smooth harmonic function .It is" known, that
such transformations have tensor in variant so-called M- Projective Curvature Tensor, In this paper we
investigated the M- Projective Curvature Tensor of a Lokally Conformal Kahler manifold w4."

The M-projective curvature tensor :[8Jon AH-manifold M is a tensor of type (4,0) and satisfied the relation
e *M(A, B,C,D) = M(A,B, C, D), which is defined as the form:
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M(A,B,C,D) = R(AB,C,D)— z(n—l—lj [S(B,C)g(A,D) —S(A,C)g(B.D) + g(B,C)S(A,D)

— g(A.C)S(B,D)]

Where R is Riemannian curvature tensor, g is the Riemannian metric and A is the scalar curvature
A,B,C,D e X(M), where X(M) is the Lie algebra of M* vector field of M.

The locally conformal Kahler manifold which are going to be dealt with in this
study, is one of the sixteen classes of almost Hermitian manifold. The first study on
locally conformal Kahler manifold was conducted by Libermann 1955 [12]. Vaisman,
in 1981 put down some geometrical conditions for locally conformal Kahler manifold
[19]. Letter on in1982, Tricerri  mentioned different examples about the locally
conformal Kahler manifold[18].

In 1993, Banaru [1] From the Banaru’s classification of L.C.K-manifold. The class locally conformal
kahler manifold statistics the following conditions:

Ba]-:u: =0 ’H:}J — a[aa};‘]

2.Preliminaries

Let M be a smooth 2n dimension manifold,C*({ M )- soft function algebra onM; a(M)vector fields of

smoothness module on "manifold” of M; g = <.,.> - Riemannian metrics is a Riemannian metrics link g
onM, d: the element of distinction from the outside. The smooth class is assumed for all manifolds, Tensor
fields, and other objecets C in the following. The structure of NK ("nearlykahler™) on the “(manifold M)" is
a pair "(Q,9)" where Q: represents the structure of the almost complicated ("@Q* =id") onM, g=<.,.>

represents the Riemannian "(pseudo)" metric onM, where in this case <Qa, Q> =<a, > ; a, f€a(M).

Let M be a nl-dimensional 2n-dimensional smooth manifold. On M, C(M) is a smooth function algebra.,
and a(M) is the vector field module on M. The Riemannian conection of the metric is denoted by g, while

the exterior differentiation is denoted by d.

3. The Structure Equation of locally conformal kahler manifold

In the beginning, deals with the construction of class focally conformal kahler manifold in the ad
joint G-structure space.

Definition 3.1:[6]

Let g and gbe two Riemannian metrics on smooth manifold M, we say that on M given a conformal
transformation metric if there is a smooth function f € C*(m) suchthat § = e* g

Let {M.].g ==, =} be an L.C.K-manifold. If there exists a conformal transformation of the metric
g into the metric g. Then, {M.].§ = e* g} will be L.C.K-manifold. In this case, we say that, on smooth
manifold M given conformal transformation of L.C.K-structure, denoted by ﬂff;

Definition 3.2:[3]

An L.C.K-manifold M is called a locally conformal kahler manifold, if for each point m € M there
exists an open neighborhood U of this point and there exists f € €™ (U) such that U, is kahler manifold.
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Remark 3.3:

We shall denoted to the locally conformal kahler manifold L.C.K-manifold

Definition 3.4: [2]

Let M be L.C.K-manifold, the from which is given by the following relation

1
g =——4dFo]
n—1

Is called a Lie form, where 8 represents the coderivative if F is r-form. Then, its coderivative is (r-1).
Form and its dual is a vector, which is called a Lie vector.

Remark 3.5: [1]

1- From the Banaru’s classification of L.C.K-manifold. The class locally conformal kahler manifold
statistics the following conditions:

BEE‘.‘E =0 ,B:b — a[ﬂé\r:‘]
2- The value of Riemannian metric is g denoted by the form
- Gap = ga5 = 0
i~ ggy = 0y
iii- g5 = 62
The structure equation of L.C.K-manifold provide by the following theorem.

Theorem 3.6: [7]

The collection of the structure equation of L.C.K-manifold in the ad joint G-structure space has the
following:
i- dw® = wiAw?® + 2w Aw,
ii- dw, = —wZAw, + B, w A w?”
d]

iii- dwg = w2Awi + AZ%wS Aw, + {%cx“[":ﬁ’g +§cx“a[‘5b }ch""- W,

Where {w'} are the components of mixture form, wjare the components of Riemannian connection of
metric g and {422} are system function in the ad joint G-structure space.

Theorem 3.7: [7]

The component of the Riemannian curvature tensor of L.C.K-manifold in the ad joint G-structure
space are given as the following forms:

i- Rﬂbcﬂ' =0

- Rz5:5 =0

1

"I'REE:ICE = l:Iﬂ[r:‘jlj\‘g] + Efxﬁa[cﬁg]

; — B _ 1 b
IV'Rﬂscd - _aﬂ[cﬁﬁ'] _Eaﬂa[cﬁd]

V- Ropea = @paja 0 — @ 00y00,05
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Vi-Ropod = Qpgjc) 08 — Qo 0my@ 05
-- _ [a o]
V- Rgjeq = —2 @ :’j“d]
_ [e o]
Vill- - Rypzg = 2 ap 6,
IX-Rgpza = Apg — ﬂ[ﬂ'ﬁ:]ﬂ[b 7]
X- Rzpeq = AR — ﬂ[ﬂgflﬂ[hﬁg]
Xi-Ry5:6 = —AZG + “[h"f:]ﬂ[a Rl
_ k]
abed — _AEE + a[bgc ﬂ[ﬂﬁf]
Xiii-  Rgpeq = —al®l67 + al2g?al* 57

R
R
XiV-  Rzz.g = —rx[ﬂldlnﬁf] + cx[“nﬁ':]rx[hnﬁ’f]
R
R

Xii-

XV- &héd = ﬂﬂ[ﬂg:] +%fxﬂrx[‘5d]

b
d]

XVi- abed = —fx“[cﬁ:] —%r:z:IrI cx[s:ﬁ'b
Definition3.8:[6]

A tensor of type (2,0) which is defined as r;; = R, = g*'R,;;,, is called a Ricci tensor.

Theorem 3.9:

The component of Ricci tensor of L.C.K-manifold in the ad joint G-structure space are given by the
following forms:

. 1
- Tap = cxc[béﬁ +Erxccx[b55 + ammtﬁ'g] — cx[cé';‘]cx[h:’j’f]

ii- 75, = —2al8% — A% + al*6a; 85

%
ii- 7,5 = A — al°6 @, 65+ 2 af, 57,
iV‘ Pop = _a[c|b| 5:] 1 ﬂ[cﬁs]&[hﬁf] _ l:,xc[l'.' 5;] _ % ﬂfcﬂf[b 5:]

=

4. M-Projective Curvature Tensor of Locally Kahler

In this section, we study the class of locally kahler manifold and M-projective tensor of locally
kahler manifold.

Definition 4.1:[9]

Let g and gbe two Riemannian metrics on smooth manifold M, we say that on M given a conformal
transformation metric if there is a smooth function f € M* (M) suchthat g = e* g.

Definition 4.2:[8]
The M-projective curvature tensor on NK-manifold M is a tensor of type (4,0) and satisfied the
relation e ™2 M (A, B, C,D) = M(A, B, C, D), which is defined as the form:

M(A,B,C,D) = R(A,B,C,D) —ﬁ [S(B,C)g(A,D) — 5(4,C)g(B,D) + g(B,C)S(A,D)

—g(A,C)s(8,D)]
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Where R is Riemannian curvature tensor, g is the Riemannian metric and A is the scalar curvature

A, B,C,D = X(M), where X(M) is the Lie algebra of M™ vector field of M.

Definition 4.3:
The M-projective curvature tensor on L.C.K-manifold M is a tensor of type (4,0) and satisfied the
relation e™2 M (A, B, C,D) = M(A4, B, C, D), which is defined as the form:

M(A,B,C,D) = R(A,B,C,D)— >

ﬁ [5(B,C)g(A,D) —5(A.C)g(B.D) + g(B,C)S(AD)

—g(A,C)s(8,D)]

Where R is Riemannian curvature tensor, g is the Riemannian metric and A is the scalar curvature
A,B,C,D € X(M), where X(M) is the Lie algebra of M* vector field of M.

Definition 4.4:[8]
The form defines the M-projective curvature tensor
1

2(n—1) [sj'kgif — Sudp T OpSu _Heks_;u]

M; e = Rijir —
The Riemannian curvature tensor and the Ricci tensor respectively are R and S.
Definition 4.5:[5]

The Riemannian manifold is called an Einstein manifold, if the components of Ricci tensor satisfies
the equation r;; = eg;;, Where e and g are respective an Einstein constant and Riemannian metric.

Let’s consider properties of the M-projective curvature tensor.
Remark 4.6:

Thus, the projective tensor satisfies all of the algebraic curvature tensor’s characteristics:

i- M(a,b,c,d)=—-M(ba,cd)

ii- M(a,b,c,d)=—(a,b,d,c)

iii- M(a,b,c,d) +M(b,c,a,d) + M(c,a,,b,d) =0
iv- M(a,b,c,d) =M(c,d,a,b).a,b,cde X(M)

Proof:
We shall prove(i)
M(a,b,c,d) = R(a,b,c,d) — ;_ﬂ [S(b,c)g(ad) — S(a,c)g(b,d) + g(b,c)S(a d) —
i, g(a,c)s(b,d)]

=—R(b,a,c.d) + [-S(b.c)g(a.d) +S(a,c)g(b.d) — g(b.c)5(a,d) + g(a,c)S(b,d)

2(n—1)
=—M(b,a,c,d)

Properties are similarly proved.
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ii- M(a,b,c,d) =—(a,b,d,c)

iii- M(a,b,c,d)+ M(b,c,a,d) + M(c,a,,b,d)=0
iv- M(a,b,c,d) =M(c,d,a,b).

Covariant projective tensor M type (3,1) have form

M(a,b)c =R(a,b)c+

f<ac>=b—<bc>a}
2N —1

Where R is the Riemannian curvature tensor and a is the scalar curvature a, b, ¢ € A(M)
By definition of a spectrum tensor

M(a,b)c = My(a,b)c+M,(a,b)c+M,(a,b)c+M;(a,b)c+ M,(a,b)c+ M. (a, b)c+ M.ab)c
+ M, (a,b)c, a,b,c € A(M).

Tensor M, (a, b)c as non-zero the component can have only components of the form
{Mgbcd’ Mcfsa&‘} = {Mgcd’MEEE}

Tensor M, (a, b)c-components of the form

(Mf, 0 M50} = My 2 MEs,)

Tensor M, (a, b)c-components of the form

{Mi?bé‘d’ M:EEGE} = {Myza Mgc&‘}

Tensor M;(a, b)c-components of the form

(M3, 00 M0} = (M2 M5, )

Tensor M, (a, b)c-components of the form

{M:E cd’be caf = M5 4 Mf&&‘}

Tensor M: (a, b)c-components of the form

{M:Ecér MEEbEd = {M;Ec&"f MEE&}

Tensor M, (a, b)c-components of the form

{Msﬂﬂad’ becé} = {MEEd’Mfcé}

Tensor M, (a, b)c-components of the form

(M3 25 Miyoa} = (ME.5.M5 )

Tensors My = My(a,b)e,M; = M,(a,b)c, ..., M, = M,(a,b)c

The basic invariants projective AH-manifold will be named.

Definition 4.7:
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Locally kahler manifold for which M; = 0 is locally kahler manifold of class M , i=0,1, ..., 7.

Theorem 4.8:

i- Locally kahler manifold of class M, characterized by identity
M(ﬂ-, b]c - M(ﬂv.!b]fc - MUCI-, b]fﬁ - MUﬂ;fbjc _IM [a,b]fc _IM(ﬂ-,fbjlf _IMUﬂ, b]c +
JM(Ja,Jb)Je = 0, a,b,c e X(M)

ii- Locally kahler manifold of class M, characterized by identity
M(a,b)c+ M(a,Jb)Jc —M{Ja, b)Jc + M(Ja,Jb)c + JM (a,b)Jc — JM(a,Jb)c — JM(Ja, b)c —
JM(Ja,Jb)Je = 0, a,b,c e X(M)

iii- Locally kahler manifold of class M, characterized by identity
M(a,b)c —M(a,Jb)Jc + M(Ja,b)Jc + M(Ja,Jb)c — JM(a,b)Jc — JM(a,Jb)c + JM(Ja,b)c —
JM(Ja,Jb)Je = 0, a,b,ce X(M)

iv- Locally kahler manifold of class M, characterized by identity
M(a,b)c+ M(a,Jb)Jc + M(Ja,b)Jc — M(Ja,Jb)c — M (a,b)Jc + JM(a,Jb)c + JM(Ja, b)c +
JM(Ja,Jb)Je = 0, a,b,ce X(M)

v- Locally kahler manifold of class M, characterized by identity
M(a,b)c+ M(a,Jb)Jc + M(Ja,b)Jc — M(Ja,Jb)c + M (a,b)Jc — JM(a,Jb)c — JM(Ja,b)c —
JM(Ja,Jb)Je = 0, a,b,c e X(M)

Vi- Locally kahler manifold of class M characterized by identity
M(a,b)c —M(a,Jb)Jc + M(Ja,b)Jc + M(Ja,Jb)c + JM(a,b)]Jc + JM(a,Jb)c — IM(Ja,b)c +
JM(Ja,Jb)Je = 0, a,b,c e X(M)

vii- Locally kahler manifold of class M, characterized by identity
M(a,b)c+ M(a,Jb)Jc —M{Ja, b)Jc + M(Ja,Jb)c + JM (a,b)Jc — JM(a,Jb)c + JM(Ja, b)c +
JM(Ja,Jb)Je = 0, a,b,c e X(M)

viii-  Locally kahler manifold of class M, characterized by identity
M(a,b)c — M(a,Jb)Jc —M(Ja,b)Jc — M(Ja,Jb)c + M (a,b)Jc + JM(a,Jb)c + JM(Ja, b)c —
JM(Ja,Jb)Je =0, abceX(M

Theorem 4.9:
We have the following inclusion relations

- My=M; =M, =M; =M; =M,
ii' M1=_M2-

Theorem 4.10:

The following equation describes the components of the projective tensor of L.C.K-manifold in the
ad joint G-structure:
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H (el ac 1 C C [ (i
- Mgyeq =B § Boan — Apa — Tm—1 [[Eﬁdbhlgd " - Agd)'ﬁd + [Eﬁbahﬁbdh - Aﬂg)ﬁg]

.. 1
ii- Mgpeg = B Brpe + ARE = [(—3B%%" Brpe + A2 )8 — (3BopnB™" — AED)SE]

And the others are either conjugate of the above components or equal to zero.
Proof:

By using theorem 3.7, we compute the components of projective tensor as the following:

-
1

Puti=za,j=b,k=c,1=d

1
Mﬂbcd = Rﬂbcd - E(ﬂ,— 1:] [Sbﬂgﬂﬂ' - Sﬂcgbd + Hbcsﬂd - gﬂcsbd]

2- Puti=a,j=b,k=cil=d

1

Msypea = Rapea — 2[:“—_ 10 [Spebaa — Saclsa + 9cSaa — FacSpal

— 51‘.' 1 6—1‘.'
M&“bcd - I:xr.z[r: d] + Eaaa[c d]
3- Puti =a,j =b k=c,1=d
1
MEE:&' = Rﬂscd - E(ﬂ,— 1:] [SEcHad _sﬂcgsd +g555ﬂd - Hﬂcsgd]
Mrzﬁcri = _arz[cgrzi?] - Eaﬂa[c grzi?]

4- i=a,j=b,k=¢,1=d
1
Mopza = Ranza — 2[1‘1—— 1) [Speaa — SacOse + 965as — FaeSpal
Mapeq = Qpaq 05 — @ra0m @05
5- L'=rx,j=b,k=c,f=r::’
1
Mrzbc& = Rﬂbcé - E(T‘l _ 1:] [sbcgﬂa - sﬁcgbé +H1—,.55,1§ _gﬂcsbé]
M ped = @ra)e 05 — @000, 63
6- Puti=4,j=b,k=cI=d

1

MEE:&' = RES.:.:.! - E(ﬂ,— 1:] [sgcgﬁd - sﬁcgﬁd + gﬁcsﬁd - H&‘csgd]
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_ la 5] [c sa] k]
Mg = 20, :ﬁ'd] - 2n—1) [(—Erxrx[bﬁc] — AL+ fx[“ﬁb . ;i]) by

— (—2a1;85 — 4% + al%6, a, 85 ) 65 + (—2a1, 65 — A% + al*5 1 57 ) 63

— (—2aq 85 — 4% + al°6} a;, 55 ) 65

1
Mspea = Rapea T3m-D [Spe0sa — SaclOpa + veSaa — Ga:5peal

_ k] R] b .e] k]
Mgpeq = AZS — al®6 0 ay, 65 — TeRy (a2 — alo6] a6 + 20,057 )68 + (A2 — al°6] a (05,
[b ne
+2a76)88

_ K] 1 R] [ .
Mgyza = ASG — @0, ap, 67y — ——— (A2 — al6, ar 65 + 2a; 6,,65)

(n—1)

8- Puti=éd,j=bk=c,I=d

1

Mﬁbcé = Rr.'i'bcrf - E(ﬂ,— 1:] [51;:9'&& _5&,;5’1;-& +gbcsé"r§ _gﬁcsbé]

_ k] [ oa] i]
Mgyoq = A2 —al*6May, 62 — e (2a;587 — A% + alo6 ey 65 ) 62 — (A%

k] [ .c
—al*6 a6 + 2a;6))55

The above theorem calculated components projective tensor curvature on space of the ad joint G-
structure projective tensor of L.C.K-manifolds and M1 and M2 have only other components projective tensor

are equal to zero.

For L.C.K-manifold only two projective tensor don’ts equal zero. M1 with component {M] -, MZ..}

bed!
and W, with component {MZ.., ME_s1.

Definition 4.2.11:[9][4]

According to properties well-know that M  Ric R:c Ra. Consider that, (M.]. g) locally kahler

manifold of dimension 2n, M-projective tensor.
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