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Abstract: In this paper, we have defined a subclass Mq"*"(ﬁ, G, D), of meromorphic
multivalent functions by using integral operator 3%f(z). Also, we have obtained the
coefficient bounds for the function of the form
f(2) =ziq+2f:1ah_th_qz"‘q (ap_, = 0,q EN), and belong to the class
M;‘*"(ﬂ, G, D). We have get some important geometric properties of coefficient estimates

such as extreme points and we have proved that convex linear combination is in the same
class. A growth and distortion theorems were introduced. Furthermore, we have deduced the
radii of starlikeness and convexity theorems and partial sum property is defined. At last, in

the present paper some concepts like neighborhood for analytic Univalent functions are

going to be introduced and proved that N¥.(f) c M q"’*"(c‘i‘, G, D).

Keyword: Meromorphic multivalent functions, integral operator, extreme points, growth

and distortion bounds, e-neighborhood property, partial sum property.
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1.Introduction

Meromorphic multivalent have been studied by many authors in field differential geometry
[1-5] and mathematical finance [6-10]

Let M denote the class of meromorphic functions of the form

flz) = fq +Xe,a, .27, (a, , 20, gEN), (1.1)
which analyze in the open, pierced disk

U ={z:z€C,0<|z| < 1} If f € M}
Presented by (1.1), and
g(z) = ziq+ T b 2 (b =0, gEN)

then the convolution f * g defined by

(F = 9)(2) = S+ Eiy @y g by 270 = (g% F)(2).

For the function £ € M}, we define the integral operator Seoudy [11] 3% f(2): M} — M}
as 01

35/ = 2+ 52, [-29] a2, (x 2 0, ¢ € N)Which studied by [12].

h-g+1

2. Definition: [13] We apply 3Z%f(2) to define the class M} as follow. The function

provided by (1.1) meets the inequality, it is said to be in the class M;"x(ﬁ, G, I

52942322 +2%"[33£ ()] -al8la+1)-1]
D[Szﬂ +2 [Sﬁf{z]]”+zq +1[32£(=)] ;] -G slg+1)-1]

<1, (2.1)
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where (z € U, x20,, gEN,-1<D<G<1,0<5<—).

a+1

3. Main Results

The coefficient constraints for the function of the from (1.1) to belong to the

class MJ‘”‘(@, G, D) are as follows.

Theorem (3.1): Suppose that f € M;‘, the function f € Mq""*"(ﬁ, G, D) ifand only if

il (1-0)(k-a)[6(h-g-1) + g,
< q(D-6)[8(q + 1)-1], (3.1)

the inequality is sharp for f(z) given by

1 g(D-6)[6(g+1)- 1] n.
O T o alstra . 2D

Proof: Let the inequality (3.1) holds true and assume that 0 << |z| =+ << 1. Then from (2.1)

we get

As = [62947 [35£(D] + 27 [33f(D)] - q[8(q + 1)-1]|
- |p|6z72[33£2)]" + 27 [35£(2)] | - Ga[6C0g + 1)-1]|
= |z l[mﬂ] (r-q)[6(r-q-1) + 1]ay_,2"|

- |a(p-6)[6¢qa + D-1]+ DTz, [ (r-@)[5(R-q-1) + 1]a,_,2"]

h+q+1]

<3 ] (- )[6(-a-1) + 1e, 7

-q¢(D-6)[6(qg + 1)-1]-q(D-G)[6(q + 1)-1]
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oo .FT,
D5 [ (b-0)[a(-q-1) + 1]y 7

< i [n] (1-D) (- )[6(-q-1) + 1]a,.,
-q¢(D-6)[6(g + 1)-1] = 0.
From (3.1), hence f € Mq"*"(@, G, D).
Conversely, assume that f € M,"*(8, G, D) ,then

52942 [32(2)] +20+1[82£(2)] - q[8lq+1)-1]
D[Szﬂ +2 [3~5f[z]]”+zﬂ +1 [Sﬁf[z]];] -Ga[slg+1)-1]

Pyl 1[h+q+1] (r-q)[slr-a-1)+1]a, .z

qip-5)[8lg+1)- 1]+ R 1[m] (r-a)[8(h-a-1)+1]a, .2

| <1,

since Re(z) < |z| for all z,

S [ar) (h-a)ls(h-q- 1)+ 1]a, 2" )
R = - 1.
¢ (q(n -6 )[8lg+1)-1]+D EEH[MLJ (n-qo)[8(h-q-1)+1]ay, =" =

By letting z — 1, we have
Efn[ﬁml (1-D)(n-q)[8(h-q-1) + 1]a,_,
< q(D-6)[8(q + D-1].
Last but not least, if we take.

1 glp-6)[60g+1)-1] .
O = e T masta - =D

Hence, the proof is complete.

Corollary (3.2): If f € M,**(5,G, D), then
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D-Gllé 1-1
ql: :I[ (g+1] ] zh-q’(h:_:: 1)

@ = [h+;+1]x(1'ﬂj(h-4)[5(h'q' 1)+1]

where (z € U",220,, q€N,-1<D<G<1,0<5<-1)

14g

Corollary (3.3): If0 < &, = &, < qu1 then

M]*(8,,6,D) € M]*(5,,G,D).
In the following theorem, we get the extreme points of the class M ;‘”‘(5, G,D)

Theorem (3.4): The function f € M;‘“"(ﬁ, G, ) given by (1.1) if and only if the conditions

below are true
f(Z) = EEZDCh-qfh-q(Z)JCh-q = O! E?:D Ch-q = 1’
where

1
f-q(z) = Z_qj
a(D-6)[8lg+1)-1]

i e (h=1
h+:+1] (1'D)(h-q:l[5[:h-q-1:]+1]z .(hz1)

ﬁgm=§+[

Proof: Assume that

f(Z) = Eﬁzﬂch-qfh-q(z)lch_q = DJ' Ef:[} C,F;_q = 11

then
B - 1 a(p-6)[8(g+1)-1] k-
f@D=c  f D+t EL g |t [M;ﬂ]"(l_ﬂ;.(h_q)[a(h-q-1j|+1]Z q]
o L q[D-G][E[q+1:‘-1] h-
+ 2h=1Ch_q i [h+:+i]z|:1_ﬂjllzh-q:I[SI:h-q-1:|+1]z q]
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1 " a(D-&)[8lg+1)-1] I
=% [h+;+1] (1-D)(k-q)[8(k-q0-01)+1] "7

From Theorem (3.1), we have f € Mq"*"(@, G, D).

Conversely, assume that feM ;‘*"(5, G, D) and by letting

€., =1-3p_,Cp o, Where

a(D - 5)[&(g+1)-1]
Ch -

=7 =% a, ., this concludes the results.
[mams] (1-p)(h-a)l8(h-q-1)+1] "7

Theorem (3.5): Suppose that
f.(z)= ziq+ Yh1y .20 ,T=123,..,5

and £(2) € M)(6,6,D), then f(z)=X5-,¢, f(2)in the same class where

T -1 Crqg = 1.
Proof: Theorem (3.1) states that we have

Y =] (-0) (- )[6(k-q- 1) + 1]a,
<q(D-G)[6(qg + D-1](z=1,23,..,5).
But

1 o k-
f(Z) = %‘E.':].C‘E-qfr(z) = l\:;E.'=1':|T-r_;' I;_q+ Eh=1ah-q,fz ! ]

1 5s

b -
=0 T:1C7-q +EEZI[ES:1CT-Q ah-q,T] z" 9

1 -
= z_q+ Ef:]_[ESTZICT-q ah-qg]zT qJ

since

69 ()



Journal of Natural and Applied Sciences URAL No: 3, Vol : 1\July\ 2023
E?Zl [,H;Jrl] (1' D)(h' q)[ﬁ(h- ¢ - 1) + 1][EST=1 Crq ah-m]

—Tie (T[] (1-D) (- )[6(- - 1)+ 1]a )

h+g+1
< 3516, Lq(D-G)[6(q + - 1]}
=q(D-6)[8(q + D-1]E5-1c,, = ¢(D-G)[5(g + D-1].

A growth and distortion property for functions in the subclass Mq"*"(ﬂ, G, D) is provided in

the next two theorems.

Theorem (3.6): If f € M,**(5,G, D) given by (1.1), then for 0<lzl=7r=<1,

we have

i(l-[i LE et )ilf(ZJl

] (1-0)(h-a)l6(R-q- 1)+1]

{i(l + qlp-6)[8(g+1)-1]
[ '

IS gzl (1-2)(-a)[8(h-q-1)41]

Proof: Since f(z) = ziq+ Y e, 2", (a, 20, ¢g€N) then
F@] = |5+ T, a2
< et IR, ey lzl e

£$(1+Ef:1ah_q). (3.2)

alp -G )[8(g+1)-1]
T (1-0)r-a)la(r-a- 1)+1]’

From Corollary (3.2) a,_, = (h = 1), hence from (3.2) we

obtain
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|f(z)|£§q(1+[ __do-c)lsar) ] )

] (1-0)(h-a)[8(k-q-1)+1]

similarly,
F@] 2+ Tiy a2l
L oo
= (1+ Xl an. o)
:_?i(l- : xq(D-G][S[q+1]-1] )

A\ [l (0) (-0 )[8(n-q- 1)+1]
Theorem (3.7): If f € M;‘”‘(ﬁ, G, ) given by (1.1), then for 0<|zl=r<1,we
have

jﬂ(l-r[i (0 o )lota 1 )ilf‘(Z)l

rer) (1-0)(k-a)[5(h-q-1)+1]

q (1 . qlp-c)[6{g+1)-1]
[ :

=5\ T o) )[6(heq - D]

Proof: Assume that f € M ;‘*"(5, G, D), then

/@< |2+ Tty @y (- q)z 7|

< et i @ g (Rl

|z| q+1

q oo
i:zq+1(1+ TEh=1ﬂ'h-qJ

. q(D-G][5[q+1]_1]
< o (l = ]”(1-DJ(h-qJ[a(h-q-1J+1])'

h+g+1

Also, we have
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q f-a-
F@) = |- T2 @ (R-q)z"|

qJ fi-g-1
= e - Bie1 g (R @)l 21°

q
= Zd+1 (1-?"2?:1(1&_(1)

1.y glp-6)[sig+1)-1]

= an T T () st ]

Thus, the proof is complete.

The following theorems define the partial sum property and indicate the radii of starlikeness
and convexity.
Theorem (3.8): If f € Mq"*"(@, G, D), Consequently, f(z) is starlike and meromorphically

univalent of order £ in |z| < k,,(0 < £ <2 ¢) and meromorphically univalent convex of

order i in|z| < k;(0 <1 << 1) where

=Ir

: J"tq-mu-nm-qzl[atn-q-”*”] (=1 (33

s
k, = thh[ = alh+q-glD-6)[60g+1)-1]

And

1

sl Gep) - @ ah-q - 1)4] )
= =
kz lhfh[ (h+q-r}:|(D-G:|[6[q+1]-1] ,(h_ 1) (34)
Proof: To prove |‘? t+ z—;[i§]| < q-#, |z| <k, for starlikeness
. zf =z Dy hah_qzh ity hah_qlzlh -
Since |q + (2] = 1+Eﬁlm=1ﬂh_qzh = I'Eﬁmziah.qlzlh = Q'ﬁy E| = kl

o . o hta-
or Zi=yhay 21" < (q-B)-(q- B)Li-, ay |27 orEhzl%;ah_QIZI" < 1.
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1 X
+a- 'E | |.Ft. [h+q+1] I:l'D](h'q:I[SI:h-q_]_:I_,_l]
alp-c)[5(g+1)-1] L

From Corollary (3. 2)

[h+:+1]x(‘?' BlL-DIh-q)[8(h-q-1)+1]
alh+q-n)(p-6)[5(a+11-1]

z|* <

Thus, we obtain (3.3). For convexity, using Alexanders Theorem f{z) is convex if and only

if zf'(2) is starlike we conclude (3.4) which is completes the proof.

Theorem (3.9): If fE M;""(ﬁ, G,D) given by (11),-1=D<&=<1 and

R, (2) = ziq,stas(z) - §+ Yilta, 2P (s=23,.) .

Also suppose that X5, ¥, @, < 1 where

el o) a)l5(-a- 1) 1]

Yi-a = @] (3.5)
then
£2) 1 RN v
Re S&]) >1- 2, Re(f&])}ysﬂ. (3.6)

Proof: Since Xy ¥ ,@p =<1 from Theorem (3.1) fEM;‘*"(c?,G,D) and

Yh-get = Yr.g = 1,h = 1, therefore

-1 co oo
Eh:lah-q s Eh:s Ap_gq = Eh:]_yh,_qah_q < 1. (3.7)
By putting #,(z) =¥ /) ( - i)] = ¥oZhza®n g7 + 1 and applying (3.7) we have
5 .5":3:' ¥ 1+Ei-:11ﬂ'h_qzh'q pp y g '

ygﬂz]-l) yelzl -1
Re ST A LT

e b
Y= Ehzl ah_qz q

- g-1 R
2+_}r52f=1 ah_qzh T2y Ehziah-qzh Q
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Vo Bhey ah_qzh-q

. g-1 .
p -yszfziah_qzh q-EEh:iah_qzh Q

= < 1.

A quick computation yields Re(#(z)) > Oand Re (H;Ezj

({5 (1)) 0

The first inequality in (3.6) is produced by this. Regarding the second inequality, we think

) == 0 which is equivalently to

|:y_5-+1:| Ele ah_qzh' q
- oo h-a
L+E}L, ap g7 0

Rglz) 8
Hi(z)=(y.+1) (ﬁ - t) =

and by using (3.7)

Molzl-1
Hal=zl+1

| < 1. Thus Re(#,(z)) = O therefore Re (;ﬁj) = D which is equivalently to

Re(%-ﬁ)::n.

Hence, the proof is complete.

Theorem (3.10): This theorem for neighborhoods results, Some ideas, such as neighborhood
for analytic univalent functions, will be introduced in this theorem. For analytical univalent

functions, Ruscheweyh [14], Raina and Srivastava [15], and Lashin [16] have the necessary

neighborhood we define €- neighborhood of f € M,_.j‘ given by (1.1) as

N.(z) = {g(z) g(z)— +Eh 1 Chog h"?EMJ‘,ﬂ,iE}.

Where

[2] (1-p)(h-q )8k -q - 1)+1]
A=Yh=1 = a(p-5)[6(g+1)-1] |a""?_ch"?|'

Now, if f € Mqh““(c':?, G, D) given by (1.1) and f satisfies the condition
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82 ) € M#(5,6,D)(|8] < 6,6 > 0,8 € T),

f+1

then N.(f) € M)} *(5,G,D).
Proof: by using (2.1), we have f € Mq"*"(@, G, D)ifand only if

52043 32¢()] " +2972 [ £(2)] - a[sla+1)-1]
p[8z2+2[33 ()] +22+1[33£(=)] |- Gal5la+1) - 1]

Y,

for any || = 1,1 € € or LX) K]':z:' = 0,(zeU"), (3.8)

where K(z) = ziq +Xr, dy,_ .27 . Such that

] (1 0w) (- @) 8- a - 1)41]

dh"? - qyr(D -5 )[6(g+1)-1] ' (3.9)
4, | = ] (109 (- )6 - 1)41]
h-q qyr(D -5 )[6(g+1)-1]
Mﬂ] (q-8)(1-D)(h-q)[8(h-q-1])+1]
alD-6)[8lg+1)-1] !
since
“";:{':"’3' € M/*(5,6,D)(18] < 6,6 > 0,9 € ©),
we get
:‘E-'z"?+f|:zj=a .
“ e L 0¢ze U, (3.10)
If we assume that
(f =E)(2) n ? = |8l -1 |(f=&) (=) |ﬂ|-E:2 0
(F+1)z°@  (F+1) [+1| (=2 |8 +1] !
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.. .. . =K
but this is contradiction with || < €, therefore w < €

x

Now, if we suppose that g(z) = ziq + R €h g2 € N(f), then

Lf - gli=zi=K](z)

-4

I
= |E?=1(ah-q - Ch-q)dh-qz ql

izf=1|ah-q'ch-q||dh-q| |Zh_q|

[5i] (1-0)(- a)[5(R-a+ 1)1

g(p-6)[8lg+1)-1]

]
i:|‘zh-q|2?=1 |ah-q-ch-q =€

Hence, we get

—[E*ﬁ'iz:' £0,(z€ ),

=z

forany @ € C, |yp| = 1, therefore g(z) € M;*"(c':?, G, D) which implies that
N(f) © M,;7(8,G, D).

Conclusion and Future Studies

In this article, we introduced a subclass of meromorphic multivalent functions Defined by
integral operator that are important for mathematical finance. As a outcome, we deduced
some geometric properties of coefficient estimates, extreme points, convex linear
combination, radii of starlikeness and convexity. Furthermore, we investigated the

neighborhood of the presented classes.

Finally, we suggest in the future studies the coefficient problems continue to include new
classes of other functions and new generalized derivative operators. Also, it is possible to

study new properties other than those mentioned in this article.
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