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Abstract. In this work we will study geometric conharmonic curvature tensor
characteristics Viasman- Grey menifold ,and the constant of conharmonic type Vaisman-
Gray Manifold conditions are obtained when the Viasman- Grey menifold is a manifold
conharmonic constant type (V). Also,we will prove that M Vaisman-Gray Manifold of
point wise constant holomorphic sectional conharmonic (PHKm(X)) — curvature )
curvature tensor if the components of holomorphic sectional (HS- curvature) curvature
tensor in the adjoined G-structure space that satisfies condition.

Keywords: Constant type, Vaisman-Gray Manifold, Pointwise holomorphic sectional.

1. Introduction

The Hermitian manifold is one of the most crucial topics of the Comparative
geometry. This subject classified into various elements in trying to precisely
determine its specifications and features. Then appeared important matter is the
classification of the different classes of almost Hermitian manifold according to
specific features. Many researchers studied the almost Hermitian manifold and they
found many important geometrical properties. One of them is Russian scholars called
Kirichenko, when he used G-structure space to study the almost Hermitian manifold
that does not depend on a manifold itself but on a sub principle of all complicated
frames' collective fiber bundle is known as the adjoined G-structure space[8]. We
used this method to study the projective tensor of the class Vaisman-Gray manifold

(VG-manifold). This class Wy € W, denotes this, where W; and W} corresponding

to the neérly kohler menifold as well as the locélly conformal kohler manefold (LCK-
manifold)[2].

In 1994, Kirichenko and shchipkova, studied the class Wy @ W, under the name

Vaisman-Gray manifold. They found its structure equation in the adjoined G-
structure space [6]. In 1996, Kirichenko and Eshova studied the conformal invariant

of the class W1 @ W4 [7]

There are many researchers studied the geometry properties of the curvature tensors
on almost Hermitian manifold. Ali Shihab [1] studied the geometry of conhormonic
curvature tensor of almost Hermitian manifold. One of these curvature tensor is
conharmonic tensor. Kirichenk & shechepkova fund the equations of proper VG-
manifold with respect to the structured & vertual teasers [3]. In particular, M.
Vaisman-Gray was prove of point wise constant holomorphic  sectional
conharmonic (PHKm(X)) — curvature ) curvature tensor if the components of
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holomorphic sectional (HS- curvature) curvature tensor in the adjoined G-structure
space that satisfies condition.

2. Preliminaries

Make X(M) the smooth surface. vector field module of M. C*(M) be a set of
operations on M. The Hermitain manifold (H M) be a set {M, J, g=(.,.)} where M is
2n-dimensional (n>1) smooth manifold; J is a tangent space endomorphism.Tp(M)
with  (Jp)?=id and g=<..> Metric Riemann such that on M.
(IZ,IW)=(Z,W);Z, WeZ(M)[9].The basis {€1 -..--,€, -..]J€1 ....JEen} is named an
authentic competent AH- structural basis { J, g }, by using this basis, the new as a
basis be constructed as follow {iy, ... 1y, ... Il, In}.Where iz=0(e,) and i,= 0 (e,),
this basis is known as an almost structure basis or almost basis. The equivalent of the
frame is {P, ... i1, ..., 1y ..., i1, ..., iy} This is known as an A-frame.

The indicators u, g, | and p in the vicinity 1,...,2n and the indexes m, q, o, p, n, 1, s
and d We shall wuse the numbers 1,2,..,k. employ the markings

{if =1ij,....i5 = iy} where 4 =a+nthan form can be used to write a-
frame{p,i; ..., 1, ...., i, .- ix}. The components matrices of the complex structure
f and y of adjoined the following forms of Q-structure space are:
- v—11I 0 - 0 1
XY =( ¥V @=(. )
0 —V—=11I, n

Where I, is the rank n unit matrix[8].

Definition 2.1 [10]:

A tensor of type (2,0) which is defined as is 13; = R¥

ijk = g’“Rkiﬂ called a Ricci

tensor.

Definition 2.2 [4]:

In The adjoined G-structure space , the components of Ricci tensor of Viasman-Grey
manifold are given as the following forms:

1-n
Fap = 2 (aab + Apa + dq + ab)

— ,.a — cah ca n-1 a h 1 _n a . a
Yap =1 = 3B““"Bepy + Agy +_2 (aay —a “n)_za n0p + (n—2)a%,

Definition 2.3 [4]:
Let (M,J, g) be a Vaisman- Gray Manifold .The Conharmonic curvature tensor of

AH- manifold M of type (4, 0) which is defined as the following form:

1
Tijki = Rijia — m[mgfk — T Gix + ik Gir — ik 9jil 1)
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Where 7, R and g are respectively Ricci tensor, Riemannian curvature tensor and
Riemannian metric. And satisfies all the properties of algebraic curvature tensor:

HTXY,ZW) =-T{,X,Z,W);
2)TX,Y,Z,W) =-TX, Y, W,Z); 2)
NTX,Y,ZW)+TY,ZX, W)+ TZX,Y,W)=0
NTX,Y,Z,W)=T(ZW,X,Y);
VX, Y,Z,W e X(M)
Theorem 2.4 [12]:
In the adjoined G-structure space, the components of Conharmonic tensor of VG-
manifold are given by the following forms:

) Tapca = 2Ug.f;zb[cd] + l93[.{15‘){)](:41)'
i) Tapca = 245ca + 50 1) (Tpadc — 1pc0q);

b 1 b b
III) Tdﬁcd =2 (—Babh’thd + a[[f(?d]]) —_ ﬁ ('r[a(?c] —_ ?"C[ (S\g]),

iv) Tdbcéi = A%g + Bathhbc - Balthgl 1) ( ( d)

1. Main results
Definition 3.1 [11]:
Suppose that A(X, Y, Z, W ) = AX,Y,Z,W ) — A(X,Y,JZ,JW )

Consider the following tensor A(X,Y) = A(XY,Y,X)

We say that an AH - manifold M is of constant type at p € M
Provided that forall X € T,, (M)

AXY) = A(X, Z2) (3)

Remark 3.2 [11]:
If (3) holds for all p € M then the manifold M has pointwise constant type.

If (3) is constant function, then (M, ], g) has a globally constant type .

Definition 3.3 [11]:

An AH- manifold M ?™n is conharmonic constant type (V- constant type )
fX,Y,Z,W € X(M?"). That
AXY,ZW)=AX,Y,ZW)—AX,Y,]JZ,]W)

Consider the following tensor A(X,Y) = A(X,Y,Y,X)

We say that an AH - manifold M is of constant type at p

(£2)
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Provided that forall X € T,, (M)

AXY) = A(X, 2).

Theorem 3.4

If M is Viasman-Grey manifold of the conharmonic tensor then M is manifold
conharmonic constant if and only if

AX,Y) = A(X,Z) = 8(—Bab“Bm + a[a(?b]) S (-r[“(?f’] - -r[f’(?“])

[c “d] m-1)\'a ¢ c Ya

Proof:
Suppose that M is Viasman-Grey manifold of conharmonic tensor,we find the
following result:
By using definition (3.3) it follows :-
1-AX,Y)=TXY,Y,X)— T(X,Y,]Y,]X)
Let M2™ Viasman manifold to compute the A(X,Y, Y, X)and A(X,Y,JY,JX) on
the space of the adjoined G -structure
(i)
T(X,Y,Y,X) = Tiji X Y YRX! = Topoq XYLV XD 4 Ty g XYPYEXD 4+ T g XYY XD
TapeaX YPYCXT 4T ) oXOYPY XD 4 T  XAYDYCXD 4 Ty XOYPYEXd 4 T, -X9YD
TopeaX YPYEXT+ Ty 5oaXYPYXT 4T 5 aXOYPYEXD 4 T 5 s XOYPYEXT 4Ty 05 XY
T a5eaX OYPYEXT 4 T o5 2 XVDYexd 4T, - xX0yPytxd
By using the properties of conharmonic tensor equation (2), we get:
T(X,Y,Y,X) = Top g XOY VXL 4 T, a XOYPYEXD LT, o XOYDYEXA 4T o o XOYDYC
T 5eaXYPYEXE 4T ) o XY YEXA
(4)
() T(X,Y,]Y,]X)
In the space of the adjoined G -structure space
TX,Y,JY,JX) = Ty X Y (V) UX)' = TapeaX YUV UX) + TapcaX Y UY)UX
TaﬁcaXayﬁ UY)CUX)d + Tab@anYb UY)CUX)C{ + TabcéiXaYb UY)CUX)& + TaﬁchdYE
TapeaX Y2 UV)EUX)? + TapeaX YUV UX)? + ToeaX YPUY)EUX)? + Top0aX Y
TapeaX VP UV UN? + TapeaX VP UV UX) + TapeaX VY2 UVEUX)T + TapeaX Y
TapcaXYP UV UX)? + TapeaX*YP UV (X"

By using the properties of conharmonic tensor equation(2), we get:

(£9)
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TX,Y,JY,JX) = Ta5eaXYPUVUX) + TapeaXYPUNCUX 4+ TapeaX¥P(JY)E
TabeaX YPUY) UX) + TapeaX Y UNUX) T+ TapeaX Y UVEUX)1

(5)
According to the properties (JX)* = V=1 X%and(JX)? = —V—1 X% we get;

T(X,Y,JY,]X) = —Tdﬁcdxdyﬁyfxd + TapeaXYPYEXT+ TopqXYP yexd + T, 5e0aX
T 5caXYPYX4— T, .2XYPyexa

Making use of the equation (4) and (5), we get :

T(X,Y,Y,X) =T(X,Y,JY,JX) =T 4,a XY Y XU 4 Tpp s XOYPYEXD 4 Ty XOYPYEX 4

To5caXYPY XD+ T, 50 XOYPYEXT 4T 0 XOYPYEXALT XOYPY XD — Ty g XOYP)
TapcaXWYPYXD =T o5paXYPYEXD = T o5 aXYPYEXD + TopoqXOYPYEXA

= 4T 5., XYY XD

This is the V, of theory (2.4) equation (iii) and the compensation, we get:

b 1 b b
=4 (2(=B"Byeq + alf 0] — 5 (rd 02 = P o gh))

1
=8 (—B“b”"thd + a[[fé'g]]) ey ('rd[a(?f] — 'Q[b(?g]) (6)
2-AMX,2)=TX,Z,2,X)— T(X,Z,]Z,]X)
Let M 2™ Viasman manifold to compute the A(X,Z, Z, X)and A(X, Z,]Z,]X) on

the space of the adjoined G-structure

(i)

T(X,Z,Z, X)) =TijjaX'ZIZEX!' = TopeaXZPZXT 4
TaubeaXZPZ XY 4+ TopeaXZPZXA + T qp5.q X ZPZ
T peaqXZPZEeXd 4 T, o X ZPzcxad 4 T 5. -XZPZ
TppeqX@ZPZeXE 4 T 5 5XAZ0272eXa 4+ T, .2 XOZ0Z

By using the properties of conharmonic tensor equation (2), we get:

(£Y)
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T(X,Z,2,X) =T gpeaXZPZ XY + Tpppa X ZPZEX U4 Ty g XZPZXT + T 5,0 X Z0 2
TopeaXZPZ¢XT + T, .4 X 2076 X4

(7)
(i) T(X,Z,]JZ,]X)

In the space of the adjoined G -structure space

T(X,Z,]Z,)X) = T;jiuX Z7JZ)UX) = TapeaXZPUZ)UX) + TapeaXZPJZ)°(X)
TaﬁcaXaZE UZ)CUX)d + Tab@anZb UZ)eUX)d + TabcéiXaZb UZ)CUX)& + TafichaZE
TabeaXaZb UZ)aUX)d + Tabc&Xde UZ)CUX)a + TaﬁeanZE UZ)eUX)d + Taiio:’:iXaZE
TapeaX ZPUZ)UX) + TapeaXZPUZ)CUX) + TapeaX ZP U2 UX)E + T apeaX 2
Ta5caX®ZPJ2)UX) + Tgpea X220 (JZ)° (U X)4

By using the properties of conharmonic tensor equation (2), we get:
T(X,Z,]Z,JX) = TapcaX 2" UZ) UX)? + TapeaX Z° U2 UX)? + T apeaX“Z°J2)°U
TapeaX“Z°UD) UX) + TapeaX“ZPUZ) UX) + TapeaX “2° U 2) U X)*

According to the properties (JX)* = V=1 X%and(JX)? = —V—1 X% we get;
T(X,Z,]Z,]X) = —TdﬁchaZﬁZCXd + TapeaX2ZP 726X + TdbCaXaZbZ"Xa + To5eaX
To5eaX®ZP7¢X% — T, .2X0207¢X1
(8
Making use of the equation (7) and (8), we get :

T(X,Z,2,X) = T(X,Z,JZ,JX) =T 3,.a X Z°Z° XL 4 Tppsq X ZPZE X+ T o5 ., XOZP 7€ X

To5eaXZP7 X 4T 50X ZPZEX L4 T 1 0o XOZP ZEX AT 1500 X OZPZEX Y — Tppra X U
TapcaX ZPZ XY = ToppqXOZPZEX P — TopoaXOZPZ X + T oo X ZPZEX

= 4T 5,4 X ZPZC X2

This is the V, of theory (2.4) equation (iii) and the compensation, we get:

1
=4 (2(=B™"Byeq + alf63]) — 5 (62 = P8 g))

b] 'r[bﬁa]) )

C C d

_ bt [a 501 — (rf
-8 (—B“ ‘Bpea + @, 5:11) - (n—l)(rd 0

From equation (6) and (9) it follows:
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AXY)=A(X,2) = 8 (—B“b’lthd + a[[g(s;;]]) - (nil) (-rd[“fsfl - 'rc[bé'g])

Thus by definition (3.3) we get:
M is constant type if and only if

1
AXY) = A(X,2) = 8(=BW" Breq + alf8y]) — 5 (rd"62 - vl o)

Lemma 3.5 [5]:

An AH- manifold M is a zero constant type if, and only if, M is Kahler manifold.
Corollary 3.6:

If M is V G-manifold of conharmonic tensor , then M is not Kahler manifold.
Proof:

Let that M is VG-manifold of conharmonic tensor

By using Theorem (3.4) we get:

M is constant type

1
AXY) = A(X,2) = 8(=BW Breq + alf8y)) — 5 (rd*02) - vl o))

By using Lemma (3.5) it follows
M is not Kahler manifold .
Conclusions

1- Prove that if M is Viasman-Grey manifold of the conharmonic tensor then M is
manifold conharmonic constant if and only if

AXY)= A(X,Z) = 8 (—B“b’lthd + a[[jﬁj;]]) - ﬁ(rd[“fsfl - 'rc[b(?g])

2- Prove that if M is V G-manifold of conharmonic tensor , then M is not Kahler
manifold.
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