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ABSTRACT:

In this work, we associate a topology to undirected graph G = (Y, E), we named it non-adjacency- P3-
topology (briefly NP3 - topology) of undirected graph G. A sub-basis family will generate the non-
adjacency - P3 — topology, and it is introduced on the set of vertices Y. Then we investigate some
properties and discuss it on certain few important types of undirected graphs. Our motivation is to give
fundamental steps toward investigation of some properties of simple undirected graphs by their
corresponding NP3 - topology.
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1. Introduction

Numerous applications have utilized the relationship between topology and graph to generate many
new types of a topology generated by graph, because of the importance of topological graph theory as It
is part of graph theory that has a great role and illustrious history in mathematics. The sources [1-4]
include several great introductions to graph theory, topological graph theory, and a few applications.

On the basis of vertices or edges, some topological models are developed or based. In the undirected
graphs and directed graphs. In 2013, Jafarian et al. began using a graphic topology for any locally finite
without isolated vertices [5]. 2018 [6] saw kilicman and Abdulkalek define a sub-basis family as a set
of vertices associated with an Incidence Topology for any simple graph without an isolated vertex sets
containing the edge 3 of each incident vertex. A revised definition of the term “Family of sub-basis”
was introduced in 2020. This definition created independent Topology of any un-digraph via vertices
that are not adjacent to the Zainab and Asmhan introduce vertex ¢ [7]. Asmhan and Zainab in 2022,
give the topology of independent compatible edges [8], which is describted as the topology connected
to the group of edges. Asmhan and Iman authored an Independent in 2022. Digraph-based incompatible
Edges topology with specific applications [9], the reader can also see [10,11]. In 2023, non-incidence
topology was founded by Asmhan and Jafar, in [12]

Accordingly, in our new paper, we define a new kind of topological spaces associated with simple
undirected graph G, which we named it non-adjacency - P5- topological space. In basic kinds of graphs,
we will investigate some of the advantages that are achieved with the non-adjacent -path of length two-
topology of the undirected graph.

section 2: involve fundamental definitions of graphs and topologies. Definition of a NP3 -topological
spaces associated with simple undirected graph G, in the section 3: We will discuss some preliminary
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result in the fourth section of this paper. In the fourth section of our paper: several main conclusions of
NP3 -topology are introduced.

2. Preliminaries

Basic definitions and introductions to topology and graph theory are covered in the part. Ideas are all
often utilized and can be found in books like [1,13,14].

Typically, a graph consists of two sets, G = (¥,E), where Y is set of vertices and E is set of edges, an
edge of the form (3) = (%, %) is loop. Parallel edges are those with the identical end vertices. If a graph
contains no parallel edges or loop, it is considered simple. If the vertex ¥ and u are connected by edge

then they are adjacent. All of these ideas are well-known and are available in books mentioned above.
We use the symbols &, for the complete graph with n vertices and C,, is cycle graph on = vertices and

P,, is path on n edges and K,,, ... is a whole bipartite graph of size partite n1 and n2 .

nln2

An open family of subsets to the non-empty set X is said to be a topology if the following conditions
arehold: X, @ €T, forevervE,DET, ENDET and

Ugen Ay ET for every sub — combination 4, of T, then (X,T) is called a topology on space, an
open set is sub set of X. Indiscrete topology is defined as T={@,X } on X while discrete topology is
def. T=P(X) on X.

Now, the introducing of non-adjacency -P,- topological spaces (NP3 -Topological Space), which
associated with undirected graph G.

3. NP3 -Topological Space

This section consists of the definition of a non-adjacency -P-topological space (NP3 -Topological
Space) associated with simple undirected graph G and some examples on basic undirected graphs.

3.1. Definition: Let G = (Y,E) be any undirected graph. The NP3-topological space, briefly the
topology named as Typ3 , Which is a topology relates to the vertices set y of vertices for G, and
brought on by sub-basis S,5 Whose componentsarethesets @ €Y, |wW|<2 s.t. ifvew andw
is non-adjacent with %, then w € ), i.e, w € () if w is non-adjacent with ¥ and form with ¢ a two-
length path.

3.2. Example: Let a graph G = (Y,E) be as in figure (1) below s. t. Y(G) = {¥,, ¥,, ¥, %, ,
E(G) = {z,.3,.33} , by the definition (3.1) of the NP3 - topology (Txp5) above, we can find our new
topology via the following;

Vq, V1
&2 &1
3 &3 /5
Fig. 3.1.
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Typs Nas asub-basis; Syps = { {¥,, ¥3} {¥,. ¥, 1} Then by using finite intersection, the following base
Bups 18 produced { {¥,, ¥}, {¥,, v, }, @}

Then, utilizing all unions, will generate a topology Tye; as the following:
Twpa = { BV, {vy, 3} {¥5, ¥4}

3.3 Remark: Let Typ5 be atopological space on the vertices set ¥ of the un-directed graph C,, s.t.
n = 4, then Typ, IS Not discrete topology, but if = = 4 then T,p4 is discrete, notice the following

e.g.

3.4 Example: Consider G = (¥, E) be the cycle ¢, shown in the fig. (2), then:
Tf(c:) = {¥, ¥, V5, ¥4}, E(dj = {31, 32,333}

2 32 v1

&3 31

¥a 34 VB
Fig. 3.2.

Twez has a sub-basis

Sxpz = {{¥2,%3).{¥,,¥.}}. By using finite intersection, the following base 8,5 is produced
{ {?E’ ?3 }J' £?1 ] ?4}; E’]‘

Then, utilizing all union, will generate a topology Tye3; as the following:
Twpz = { G. Y. {¥,, ¥}, {¥,. ¥} 1, itis clear that Typ4 IS NOt discrete topology.

3.5. Example: Consider G = (Y¥,E) be the cycle ¢ as shown in the fig. (3), then:
Y(G) = {4, %2, %3, ¥4, %53}, B(G) = {31, 32 +33, 3035 }»

¥Ya

2 4

Fig. 3.3
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Txps has a sub-basis

Swpz = {{vy .93} {%, v} {¥,, 9.} {¥,, %), {¥; ., %]} Then using finite intersection, the following
base JGNPE iS prOdUCEd { E’ {le i’ﬂ }’ {?1, ?4 }’ {i’: r li"?4}’ {?2 ’ li?5-}’ {?3’ li:"5 }J' {?l}’ {?2 }’ ﬁ?ﬂ }’ ﬁ?t} }’ £¢'5}}
Then, utilizing each unions, will generate a topology Tyg5 as the following:

THPS = { E",Y, {?1 ¥ IE:':i }, £¢'1 ¥ IE:"-4 }r &7: ¥ li"\"-4 ]‘, {%'2 r IE:'E. }: ﬁ?a ¥ IE:"5. }J' {?1}: {ﬁ': }: {?3 }: £¢'4 }r {ﬁ's.}:
{vlr ﬁ?: }J' {?2’ IE:"'EI }J' { ?4 ' If;'5 }’ {vlr If;'EI 4 Ii;'5}’ {?EI’ ?4 }’ {vlr If;'5-}’ {?1’ IE:"':EI’ Iﬁ;'4 }! {vl! ﬁ?: 4 Ii":':EI }r

{ory 8 b {0, Vo, W 1 {8, g 5 1 {0, ¥ L0 0 (R, 0, 9 3 {0, 93, 950
{ﬁ'a : ?4, Ii?5 }f {?1’ Ii"?2 ’ ﬁ’ﬂ : Ii?4}’ {ﬁ?: : If;?H : ﬁ"}f Iﬁ?5 }f {vl : If;?H : ﬁ"}f Iﬁ?5}1 { Ii?1 fﬁ?f : Ii?4’ If;?5- }f
{%, %, , ¥y, 1}, itis clear that Typ4 is discrete topology.

3.6. Remark: For every undirected path P, the topology Typ; isn’t discrete topology as in e.g.3.2.

n’

3.7. Remark: For each undirected tree, we satisfy that Tye5 IS discrete topology, notice the following
e.g. 3.8.

3.8. Example: Consider G = (¥,E) be the undirected tree as shown in the fig.(4), then:
Y(G) = {#1,%2, %3, ¥4, ¥5, %}, E(G) = {31, 32 »33, 3035 36}

Fig. 3.4.

Twps Nas a sub-basis  Syps = { {9y, 93} {¥, .95} {V2 .9} {92, 0.} {93, 95} {V, ¥ }}. Then using

finite intersection, the following base Bapa is produced
{849, 93}, {1,951 {72, ¥ 1 {%2 . Wa) (¥, 3 {04, ¥} {92 ) (W2 (W3} (¥} ¥ ). (W6 1)
Then, utilizing each unions will generate a topology Txrs as the following:

Twes = {BY {¥0, ¥a} {0, s} {¥2, e {¥2, 43 {¥3, ¥ 3 {¥, 96} {03 {92), {9} {9} {¥s ] {We ).
{vl’ i’f }-" {?2’ ?3 }-" {?2’ ?5 }’ { ?4’ ?5 }’ {vl’ ?6 }’ {?3’ ?6 }-" {?5’ ?6 }’ £¢-3 4 ?4 }’ Fpl’ ?4}’ £¢'1’ ?3’ ?4 }’

Eﬁ.l’ ?f-" ?4}’ {?1’ ?f’ ?5 }-" £?f’ ?4-" vE}’ {?f’ ?3’ ?4}-' Fﬁ?l’ ?4-" vE}’ {?f’ ?3’ ?5}-' Fﬁ?l’ ?f’ ?3 }’
{00, 90, ¥} {¥0, 3, U 1 {00, g, W} {00, ¥g, e {0y, ¥y, W6}, {9, %5, 1 {Br, W5, W),
{3,909 3 {05, 95, 0} {00, 02, 03, 0 3 {02, 3, 04, 01 {0, 03, V4, 0} {9,004, 9
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(& v, V5 0 3 {0, ¥, Vg, Vg 3 {0y, W, g, W 1 {9, 92, 905, 9 {93, ¥4, 5, 9

{03, ¥ ¥ 1 (90, g, ¥ 1 {00, ¥, g, W 3 {00, ¥, ¥, g 3 (W, g, W, g ), {00, B0, W, 95

(o, ¥, 3, 9, W 3 {0, V3, 0, 05, ¥ 3 {0y, 03, 9, V5, Ve 1 {00, ¥, ¥, W, W6 3 {90, ¥, ¥, W5, 0 )
{0 V3, V4, 95, 9 3 {01, V0, 04, U5, W 1L 00, 0, T, 05 1 {0, 03, 0, 95, 9 3

It is clear that Typ5 IS a discrete topology.

3.9. Remark: Typ3 be a NP3 -topology space with a set of vertices Y of a complete undirected graph
K, is discrete topology for each n = 3, Notice the following e.g.

3.10. Example: Consider G = (¥,E) be a complete un-digraph &, , as shown in the fig. (5), s. t.
Y(G) = {¥, ¥, %3}, E(C) = (31,32 .3},

Y1

&2 31

¥, Y3

3s
Fig. 3.5
Tupsz Nas asub-basis Syp; = {{¥,}.{%:} {¥3} }. Then via using finite intersection, the following base
Bxps IS produced { @, {¥#,}.{¥.}.{¥3} } . Then, utilizing each unions generate a topology Typ; as the
following: Typs = { @Y. {v,} (v, } (&3} {¥, . ¥} {¥, . v, ). {¥, , 5} }, clearly a discrete topology.

3.11 Example: Consider G = (¥,E) be complete un-directed graph &, , as shown in the fig. (6) s.t.
T!IF(GTJ = {vl-' vﬂrﬁ?ﬂr ?4} 1 E(G:j = {51! 5:1 53: 54; 55, 55}, then,

Vz 32 V1
36 3s
&4
U4 33 V3
Fig. 3.6
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Typz Nas asub-basis Syps = {{v,} {v.} {¥3} {¥.1 1.
Then via using finite intersection, the following base 5,5, is produced { @, {¥,}, {¥.}. {¥3}. {v.} } .

Then, utilizing each unions will generate a topology Tye; as the following:
TNPS = { E’r Yr {vi}r {?2 }r {?3 }r {?4}, {?1 :?3 }r {vj_ 1] ?j }r {?j 1] ?3} 1] {?1 ¥ ?4]3 {?j ¥ ?4 }1 {?3 1?4 }r

{vy Vg, v 1 {¥y ¥, %5 L%y %0, %, }{¥, , %3, %,} ], clearly a discrete topology.

3.13. Remark: Typz Of complete bi-partite undirected graph K,,,. is discrete topology if
nl = 3 and n2 = 3, Notice the following example.

3.14. Example: Consider G = (y,E) be a complete bi-partite undirected graph K; 5 , as shown in the
figure (7), s.t. Y(G) = {¥y, ¥2, ¥3, ¥4, ¥5, ¥} , E(G) = {31,32 33, 34: 35, 36}

Ye V3

¥s ¥2

¥

Uy 1
Fig. 3.7

Txps has a sub-basis

Sypz = [ {0, v b {¥,, ¥ {¥, %3} {¥s, ¥} {¥4, ¥}, {¥5, ¥ }}. Then via using finite intersection, the
following base Burs is produced

{0 vy, ¥ {02, Vado {¥0, Va2l (Vi ¥} (V0 Ve o Vs, Ve b {0 s (2] {¥a ] (Va1 (W2 1. (W6 1}
Then, utilizing each unions will generate a topology Tyes; as the following:

THPS = { E";Y; {?11 ﬁ’: ]‘, {ﬁ': » IE:':i }: {&11 IE:":i }r £ﬁ'4: IE:'5. }r £¢'4! IE:'E. }r £¢'5! ﬁ'e}: £¢'1 }r &7: }: {&3 }: {?4}: {?5 }r {ﬁ'e }:
o) { v 9 1 { V2 951 { %2 Wb { V3 .95 3 { V3, Ve 1. {3,933, {W, 5], {W0, W6},

£¢'1 ’vﬁ’ﬁ?E}’ {vl ,?3,?4}, £v1 ’vf’?ﬂ }’{?l J'i?f’ 'ﬁ?4 }’ £¢-1 ’vf’i’E }’ £¢'2 ,?4 ’ﬁ?E- }’

o, oo, v L v % v Lo v v s g L b gL v v L R YL Y e

, ... and so on}. Clearly Typ5 forms a discrete topology.

4. Preliminary Results:

We show in this section some main properties and results of a new type of topology NP3-topology, in
addition we show that a NP3 -topological space is an Alexandroff space.
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4.1. Remark: Let G = (¥,E) be un-directed graph, for any ¢ €y , a set containing all non-adjacent
vertices ¥ in construct with ¥ a path of length two is represented by ﬁm,g (¥).

4.2. Proposition: Let Typ; be a non-adjacency (P3) topological space to undirected graph G = (¥, E).
Forany v €y, If |ﬁw3(¢-) | = 2. Or ﬁﬂa(vj =0, then {¥} € Typs -

Proof: Let | ﬁm,a (¥) | = 2. Then (by using remark 4.1) there are two vertices ¥, , ¥, € Y such that each
of them is non-adjacent ¥ and construct with % a two-length path. Hence there exist two open set
{v,%,}, {¥, ¥, } € Sypy (by using the definition of Typ3), this signifies {¥} is a part of the basis of Typ5 -
Same way if |Ayp, (v)] = 2.

If ﬁwg(ﬁr) = 0 , afterward, there is an open set {¥#} € S5 (by using the definition of Tye3), then
{¥} € Tups-

4.3. corollary: Let G = (Y,E) be any un-directed graph, If |f&w3(irj |=2 Or ﬁwa(ﬁ') =0 VVveEY,
then Typ5 IS a discrete topology.

Proof: Assume |ENP3(ir) | =2, then {¥} € Typs , ¥ ¥ € Y (by using prop. 4.2).
Now, if Ayps(¥)= 0, then {¢} € Typs . ¥ ¥ € Y (DY Using proposition 4.2).

therefor Typs = P(Y) (a power set for ¥). Thereupon Typ5 is discrete topology (def. of discrete
topology).

4.4. Definition [15]: Alexandroff spaces are topological space that contain any arbitrary or random
intersection of open sets.

4.5. Proposition: Let G = (Y,E) be a graph. A NP3 - topological space of G is an Alexandroff space.

Proof: We must to prove that (Y, Typs) iS a space of Alexandroff, it is enough to prove that a random
intersection for each elements of S,.; is open, because | |< 2 , V) € Syp3, hence either
N7z, wj =@ forevery j=2 isopenset,or NiZ, @W; =@ s.t. &; =W ,¥j asetisopen since
(@) € Sypg - Alternatively, NT, @j ={¥} st v eEW;,Vj =2, because of {¥} € Typ, (bY
proposition 4.2). Then {«} is open set. Accordingly, (Y, Typs) is an Alexandroff space.

4.6. Remark [15]: Because (Y, Typz) IS a space of Alexandroff in any un-directed graph G = (V,E).
For all # € ¥, the smallest set that is both open and contains & and intersects all open sets that contains
v, is represented by 11,5 (¥). Furthermore, the collection Dyp; = {Lyp3(¥) | ¥ € Y }, represent the
minimal (smallest) basis of (Y, Typ3) -

4.7. Proposition: In any undirected graph G = (Y, E), Uypa (¥)=Ny e 5., @; suchthatv € @, ,
Viz=1.
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Proof: Because 11,4 (%) is the smallest set of all open sets with intersections that contain « (using def.
Of Wyps(¥) and Syp; IS a sub-basis of Typs , then

Uyps(9) € Ny esypy @i ST 1 =1 —mmmmmmeees ).
Then,vew, ,vi,s0v € Nigegypy @ Vi =1,
Hence nb}[ES,ws W; € Uypa (V) - (2)

By (1) and (2) U yp, (V=N esypy Wi VI =1

4.8. Remark: Consider G = (¥,E) be any undirected graph. Forany v € @ |,

LI |Ayps(9)]=2.0r Aypa(¥) =0, then [p, (¢) = @
Because if |ENP3(irj |=2,then Ny g, @;={¥}st vEW, Vi =2
Since | W), | =2 ,vi.Hence lIp;(¥) ={ ¥} (byusing prop. 4.7)
Now, if ﬁm,g(ﬁr) = @ then, there exists open set @) € Syp; S.t. @ = {¥}. Since & of the family is the
only open setin §,,5 which contains ¢, so I, p5(¥) ={ %]} ( by prop.4.7)

2. If| ﬁwg(ﬁr) |= 1, then 3 an open set ) = {¥,w}in Syp; S.t. ﬁm,g(ir) = { w }, and because &)
is only open set in the family S,z5 which include %, ( by using prop.4.7) Uyps(¥) ={%,w}

4.9. Corollary: Let G = (Y,E) to be the graph, then ¥ ¥ ,w € Y in G, we have w € I[I;,(¥) =
"E’WPE (v)={w}

Proof: Using remark 4.8 makes it evident.

4.10. Corollary: For any v € Y in the graph G = (Y,E), lyps(¥) € @), and s0 L, (¥) S @, , Vi,
sSteew,,vi.

Proof: since L yp3 (¥)=Nyy c5,p, @W; (by using prop. 4.7)s.t. ¥ € 0); , Vi =1.50, Uyps(¥) € ), , Vi

s, Vi let wELyps(¥) = M NUyps(¥) = O,VME Typs - S- L.
wEM . Since Uyps(VIEW, = M NW; #0 VME Typz St weEM,

Now, to prove 1., (¥) S @,

This implies w € @), and s0, L4 (¥) S @, , Vi .

4.11. Corollary: Let G = (Y,E) tobethe graph ¢ € Y, (¥} Sll,p,(¥) S @, ,Vi st vE W, Vi.

Proof: Let w E ﬁ = M n{v} = 0,v M € Tnav(G) s.t. w E M : But
{v} € Uyp3(¥), so M N Uyps (V) = O,V M E Typy S.L.w € M. Hence w € Ll yp5(¥) .
Since 11,5 (¥) S @, (by using corollary 4.10) , then , {¢} € e, (¥) € @, ,Vi.
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4.12. Corollary: Let &= (Y,E) be any undirected graph. For any w,¥ € ¥ , We have
wE {7} = Agpa(w) =¥}

Proof : =) If w e {v}, then Uyps N{¥} # 0, ¥V LUyps € Typz St w € ypy thismeansw € L,ps .
Hence ﬁﬂa (w ) = {¥} (by using corollary 4.9)

& ) suppose ﬁm,g(w ) = {¥} this implies ¥ € L5 (w) (by using corollary 4.9)
Then, Wyps N{¥} #0,¥ Lyps € Typs S LW E Typs -

Hence w € {v} .

4.13. Remark [15]: Every Alexandroff topological space (X, T) be the Ti- space if and only if
L yps (x) = {x} . Consequently, because X is discrete, the topological space (¥, Typ3) is T1- Space <
it is discrete. Now, if (Y, Typ3) is a space of Alexandroff, then it is To-space if and only if Lyp4(¥) =
Uyes (w) implies & =w |, i.6. Lyps(¥) # Lyps(w) , 7 distinct vertices v, w €Y . Also, a non-
adjacency (path of length tow) topological space Typs is To-space if and only if :NHW ) # {w} or
Ayps(w) = {9} ¥w.¢ €Y s.t. w = v (by using corollary 4.9) .

4.14. Proposition: Let G = (Y,E) be any un-directed graph, Afterward (Y, Typs) is T2-Space <
(Y. Typsz) 1s T1-space.
Proof:= ) intelligible.

) Assume (Y, Typs) is T1-space, then (Y, Typ3) IS discrete (using remark (4.13)).

Thisimpliesv v € ¥ ,{¢} ETyps - SOVT, weEY, St ¥ =w, I{¥},{w} € Typs st wWE{w}and ¥
e{viand {w}in{v}=0.

Hence (¥, Typs) is T2-Space.
6. conclusions

We introduced a new type of non-adjacency topology on undirected graph which called a NP3-

topology, that relates the topology for a set of vertices. This space is the Alexandroff space, which
indicated that some topological features examined in some fundamental graphs. This topology can
solve a variety of undirected graph dependent problems in Global Positioning System GPS. We may
consider the applications of using it in other research in the future.
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