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Abstract:  

Many researchers in the field of functional analysis have proved the direct 

theorems for approximating functions in several known spaces. As for us in this 

work, we will prove inverse theorems for approximating unbounded functions 

using trigonometric polynomial in weighted spaces via modulus of smoothness 

functions. 

Keywords: Maximal operator, Weighted spaces, weighted fractional moduli of 

smoothness, converse theorem 

1.Introduction:There is an increasing interest in the spaces of functions with, 

bounded properties in Lebesgue  spaces, whose is variable exponent , and there 

weighted spaces are based on homogeneous spaces .We also need the extinction  

theorems to determine these limits in these spaces for the various factors of 

harmonic analysis ,the trigonometric application has inverse estimates that 

determine the membership of a function in some of the smoothness classes( like 

Lipschitz class) , and it is known in terms of the approximation rate 

 ………      ( 1 . 1 ) 

The trigonometric approximation applies to Lebesgue spaces 

(the continuous function on ) for  , 

 since  
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 the s th moduli of smoothness of the function g , I is identity operator ,  

.There is a class of trigonometric polynomials whose degree is no more than  

 

 a constant and it just depends on s , t .After that , various applications  

of (1 .1) and generalizations were reached . In 1958 Timan proved this 

development (1 .1)also applies to  

If  

  

 a constant and it just depends on s , t 

We noticed that the value  in  it is the optimal value , we 

notice that there are similar problems within the spaces of weighted functions , 

for example,Lebesgue spaces 

, weighted variable exponent spaces .Now we need different parameters 

for smoothness ,note the definition below  

Let  

Also let  

 

We now need to determine the modulus 
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Now  

 

 a constant and it just depends on s , t 

Now    a positive  

constant and it just depends on s , t such that  

  

, now we will use the weighted fractional smoothness coefficients  

 ,the variable exponent is weighted with respect to  

 is  with . In our work , we now prove the right side of 

  and replace it with  .  Variable exponent . For the first time , 

the un weighted fractional coefficients of smoothness were evaluated in spaces 

by Taberski and Butzer in 1977. Now we will use some definitions . Suppose T  

be a class of  Lebesgue fraction that are measurable  

 Then 

. 

We will write the definition of the conjugate exponent of   as  

 

The class   we define it of   periodic measurable  functions   

then  
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 is the complex plane and  . 

The   it is a class of a Banach space with the norm 

 

The functions  is called a weight if it is proven to be 

measurable almost everywhere  positive  ,  the functions of  Lebesgue  

measurable   hold   

and we called weighted Lebesgue spaces with variable exponent  and is Banach 

space with norm  

 

And   periodic weight  then we can denote by the weighted Lebesgue 

spaces    periodic measurable functions   then  

 

We take   , the following condition  is fulfilled by the weight class  

 

We will use  

  

There is a condition and there is a positive constant  , so it is said to  it 

satisfies local log-Holder  continuity 
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The class  satisfying  , now we will refer to it as   

Suppose  and  

 

The Hardy Littlewood  maximum operator  is bounded by if and only if 

 it has been proven in condition   and  Steklo s mean 

operator , if  and is bounded in  . After using 

numbers and facts   , we will determine through binomial 

expansion that  

 

 

Where  

 

 

If    

Just depends on  then  
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 For  we can now determine the fractional moduli of smoothness below   

for  

 

 

Where  

 

Such that  

We have that  

 

 

If   The set of trigonometric 

polynomials in . On another side  

 . For given  

suppose   

 

The Fourier series of   with   , now we set  

 



13 
 

Suppose .We specify fractional derivative of a function   as 

 

Provided that the right side is where   as 

principal value . Now we talk about the function  it has a fractional 

derivative of rank   if so that it satisfy 

Fourier coefficients  we will write in this 

case  

Suppose be the class of functions  in which  

 

Becomes a Banach space with the norm  

  

The set   

In 2014  H¨ast¨o and L. Diening, Muckenhoupt weights in variable exponent 

spaces [1] , studied variable exponent spaces was the hope that many classical 

results from Lebesgue space theory could be generalized to this setting, but not to 

general Musielak–Orlicz spaces , in 2003 ,  Kokilashvili and S.G. Samko, 

Singular integrals weighted Lebesgue spaces with variable exponent [2] , The 

mapping properties of Cauchy singular integrals defined on the Lyapunov curve 

and on curves of bounded rotation are also investigated, in 2007 ,  Kokilashvili 

and Yildirir, On the approximation in weighted Lebesgue  [3] , the approximation 

problems for periodic functions are investigated in weighted Lebesgue spaces 

with the Muckenhoupt weights. For this case we obtain inverse type inequality 

for the derivatives of 2π periodic function in terms of generalized modulus of 

continuity. The introduction of such structural characteristic of functions was 

caused by the failure of continuity of shift operator in weighted spaces. In 

unweighted Lebesgue spaces the inequalities for classical modulus of continuity 
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and the best approximations of derivatives , in 2007, Kokilashvili and  Yildirir, 

On the approximation in weighted Lebesgue spaces [4] ,  we deal with the 

estimation of the best approximation and generalized modulus of continuity of 

derivatives of periodic functions in weighted reflexive Lebesgue spaces, in 2008  

,  Akgun and  Israfilov, Approximation and moduli of fractional orders in 

Smirnov [5] , we investigate the approximation problems in the Smirnov-Orlicz 

spaces in terms of the fractional modulus of smoothness. We prove the direct and 

inverse theorems in these spaces and obtain a constructive descriptions of the 

Lipschitz classes of functions defined by the fractional order modulus of 

smoothness, in particular , in 2009 ,  A refined inverse inequality of 

approximation in weighted variable exponent Lebesgue spaces [6] ,  improved 

converse theorems of trigonometric approximation in variable exponent 

Lebesgue spaces with some Mucken-houpt weights , 1n 2009 , Operators of 

Harmonis Analysis in weighted spaces with non-standard growth [7] , e develop 

a certain variant of Rubio de Francia’s extrapolation theorem. This extrapolation 

theorem is applied to obtain the boundedness in such spaces of various operators 

of harmonic analysis, such as maximal and singular operators, potential 

operators, Fourier multipliers, dominants of partial sums of trigonometric Fourier 

series and others, in weighted Lebesgue spaces with variable exponent. There are 

also given their vectorvalued analogues.,in 2010 , Sharp Jackson and converse 

theorems of trigonometric approximation in weighted Lebesgue spaces [8] , 

prove that improved Jackson type direct theorem of trigonometric polynomial 

approximation in Lebesgue spaces with Muckenhoupt weights with respect to 

fractional order moduli of smoothness holds. In addition, we obtain sharp 

converse and Marchaud inequalities of trigonometric approximation of functions 

and its fractional derivatives in these weighted Lebesgue spaces 

2.Auxilary lemma In this section, we will present lemma that is needed in our 

main results  

Lemma 2.1 If for some  
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Proof :-Using the Extrapolation theorem 3.2 of  [7] we get that Hardy Little- 

wood  maximum operator is bounded in  this means [1] that  . 

3.Main results In this part, the theorems we need are presented in order to reach 

important results that we need later   

Theorem 3.1 If for some 

  

 

 

Then  

 

 

Now we will add the last inequalities   to get 

 

 

Also  
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The last inequality indicates that the theorem 3.1 it is an improvement of the 

converse theorem , the theory 3.1 of inequality has given highly accurate results 

If 

  

Then 

 

By theorem 3.1 we get  

 

Proof:- In the beginning , using Lemma 2.1 by condition of theorem 3.1 the 

condition  satisfy . We notice that on the other hand , it is known as  

 has Fourier series 

 

Also 
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By  

 

 

 

on the other hand through 3.2  we conclude  

 

Where 

 

By [6]  

 

The estimate  then 

 

Using Abel’s transformation we conclude 
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With us 

 

 

 

And also 
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And because    not decreasing also   

 we get   

 

. 

 

 

So 
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And therefore 

 

 

 

 

The recent inequality means  

 

Theorem 3.2 Under theoretical conditions Theorem 3.1 , there are  , 

  

just depend on   such that 
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where 

 

The proof of this theorem same theorem proof  in   [7] Littlewood – Paley  

Theorem 3.3 Under theoretical conditions Theorem 3.1 

 

sat

isfy corollary  

Proof :- Suppose  be a polynomial of class  such that 

  

 

 

Now  
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By fractional Bernstein’s  

 

But we have 

 

It is easy for us to see this from the other side 

 

With respect to positive integers  

 

And later , if it is large enough, we get from ( 2 . 2 ) 
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from the other side we get  

 

 

Now  

 

 

We use the fractional Bernstein’s inequality we get for   

 

 

By  ( 2 . 1 ) we get 
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And 

 

 

We put 

 

And we have  

 

Such that .Using Abel’s transformation we 

get 
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Since  

 

Then 

  

 

Also 

 

 

Corollary 3.4  If  

 

 

Such that 
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Corollary 3.5 Under theoretical conditions Theorem 3.1,  

 

Such that 

 

For   
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