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Abstract:

In this research, discussing some oscillation measures for second-order delay differential
equations through some important theories, and we reinforced that with some new and modified
examples. We also studied the stability of this type of equations and used the Laplace method and its

inverse, where we reached accurate results. These types of equations were in the form of:
[rO(x@®) + p)x(t — )T + q®)f (x(t = 8)) = 0,

Where, t = t,, T and § are nonnegative constants, r,p,q € C([ty, ), R),and f € C(R,R)

Keywords: Second-order delay differential equations; Oscillation; Criteria; Stability; Laplace
transform; Inverse Laplace transform.

1.Introduction

Delay differential equations are referred to as time-delay systems, systems with after -effect,
memory, time-delay, hereditary systems equations with deviating argument, or differential-difference
equations [12].

Time-delay systems, where the rate of change in state depends on both current and past variables,
are common phenomena in various scientific and engineering fields such as machining processes,
chemical processes, wheel dynamics, feedback controller dynamics, and population dynamics.
However, time delays often cause system instability, which can lead to poor performance, unwanted
noise, or potential damage in engineering applications. For this reason, the study of dynamical systems
with time delays has received significant attention over the past decades [9].

Second-order neutral delay differential equations are used in many fields such as vibrating
masses attached to an elastic bar, variation problems, etc. (See [1].)

This study focuses on studying the oscillation and stability of the second-order delay differential
equation. Everything that follows will be supported by theories and examples that explain the
oscillation and stability of this type of equations [11].

Consider the second-order neutral delay differential equation
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[r@Ox@®) +p)x(t — )T +qO)f (x(t-8)) =0, (1.1)
Where, t = t,, T and § are nonnegative constants, r,p,q € C([ty, ), R),and f € C(R,R)
Now, we will assume that

(@) q(t) =0;7r(t) > O,J.m(l/r(s))ds =oo;f(x)/x =y >0 forx +0.
0

And we will mention some special cases oscillation criteria of eq. (1.1) as follows:
i.  delay equation (p(t) = 0):
[r(O)x'®1 + q@f (x(t - &) =0, (1.2)
ii.  ordinary differential equation(p(t) = 0,8):
[r(©x'®1 + q(@Of (x(®)) =0, (1.3)
The eq. (1.2) and eq. (1.3) are changed in to eq. (1.4) and eq. (1.5) respectively as follows, if
r@®) =1,f(x@®) =x@®)
x(t) + q(O)x(t — 8) = 0, (1.4)
x(t) + q(t)x(t) = 0, (1.5)
With respect to eq. (1.5) there is some important oscillation criteria among them:
o eq. (1.5) is oscillatory (See Leighton [2]) if:

I, a(s)ds = oo (1.6)

o eq. (1.5) is oscillatory (See Wintner [3]) if:

1 t 5
ﬁmt‘“’”?f f q(u)duds = oo. (1.7)
tO tO

o eg. (1.5) is oscillatory (See Hartman [4]) if:
. . 1t rs . 1t r5
h.mt_,mr.nf;ft I. a@)duds <Ir.mt_,msup;ft J. a@)duds <
—00 < % (1.8)

o eg. (1.5) is oscillatory (See Kamenev [5]) if:
lim,_, o, sup tinf: (t —s)"q(u)ds = oo, (1.9)

for some integer n > 1
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For the oscillation of the nonlinear differential eq. (1.3), one can see [7] and references cited therein,
with respect to eq. (1.4), in [8], Waltman generalized Leighten’s criterion of eq. (1.4) and showed that
eq. (1.4) is oscillatory if g(t) = 0 and

[ aas =

0

2. Some oscillation criteria.

Theorem 1. Let assumption (a) hold. And suppose that for each T, = t,, there exist some

H€K,g € C([ty,=),R), and a,b,c ER withT, < a < ¢ < b such that one of the following
conditions is satisfied:
(W) —1 < a < p(t) =0 and the following inequality holds:

1 ¢ b
mf H(s, )0, (s)ds + f H(b, s)®,(s)ds

H(b,s)

4 H( )f r(s — 8)v(s)hi (s, a)ds

— . 2
+H(b,s)_£ r(s —&)v(s)hi (b, c)ds (2.1)
(W,) 0 = p(t) = 1 and the following inequality holds:

¢ b
( ,a)J;H(S:a)Q)l(S)dS+ J. H(brs)gl(S)dS

H(b,s)

4 A, )f r(s — 8)v(s)hi (s, a)ds

* mf r(s — 8)v(s)k (b,)ds 2.2)

Then the neutral eq. (1.1) is oscillatory.

Theorem 2. Suppose that for each T, = t,, and let (a) hold. Then there exist some

HeK,g e C'([ty,®),R), and a,c € R withT, = a < ¢ such that one of the following conditions
is satisfied:

(W3) the following inequality holds when 0 < p(t) < 1

fc H(s — a){®,(s) + 0, (2c — s)}ds

a

> %J.C[r(s —8v(2s —s — 8)v(2c — §)]R? (s — a)ds. (2.3)

(W,) the following inequality holds when —1 < a < p(t) = 0
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fc H(s — a){®,(s) + 0,(2c — s)}ds

> %J:[r(s —8)v(2s —s —8)v(2c — §)]R% (s
— a)ds. (2.4)
Hence, eq. (1.1) is oscillatory.

Proof. Let b = 2c —a. Then H(b —a) = H(c —a) = H((b —a)/2),and forany  f € L[a, b], we
have

b b
[ ras = [ reas - 9as 25)
Hence,

b b
J. H(b —s)0,(s)ds :f H(s — a)P,(2s — s)ds (2.6)
And

b b
J. r(s — 8)v(s)h? (b — s)ds :f r(2c — s — 8)v(2c — s)h*(s — a)ds (2.7)

It follows that if (W3) holds, then, by implication, (W>) holds for H € K, and g € C1([ty, =), R)

Hence, by theorem 1 the eq. (1.1) is oscillatory

Theorem 3. Assumption (a) and lim,_,,,R(t) = oo hold. Then the neutral eqg. (1.1) is oscillatory If for
each [ = t, and there exists w > 1 one of the following conditions is satisfied.

(Y5) the following inequality holds when 0 < p(t) < 1

lim, S s f; R - RO Ya©1 - pls — )] ds > D (28)
and

i g | R — ROIPaOL —p(s — )] ds > L}(ww—il) 2.9)
(Ys) the following inequality holds when —1 < a < p(t) = 0

lim,.....sup twl_l f; RGs) R(D1“yq(s) ds > 4(;7:) (2.10)

And

t 2
lim,_,.,sup twl_lJ; [R(t) — R(s)]“yq(s)ds > h (2.11)
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Theorem 4. Suppose (a), 0 < p(t) < 1, and the following inequality holds:

o0

lim infR(t) yq(s)[1 — p(s — 8)lds >1, (2.12)

t—oo t 4
where R(t) = f: 1/r(s — &))ds. Then every solution of eq. (1.1) is oscillatory.

3. Stability of the solution of some second-order delay differential equations:
Let's concentrate on determining the inverse Laplace transform of X(s) to finding the solution x(t) in lag

domain. To proceed, we need to rewrite the denominator in terms of a characteristic equation [10].

Let's define:

h(s,p) = s> + 2{s + 1 + p — pe(=? (3.1)

The characteristic equation becomes h(s,p) = 0.

Now, we can factorize the denominator as follows:

24+ 20s +1+p— peC? = (s — 5))(s — s53) (3.2)

Where, s; and s, are the roots of the characteristic equation h(s,p) = 0.

using partial fraction decomposition, we can express X(s) as:

X(s)= A/(s — s;) +B/(s — s5) (3.3)

to find the values of 4 and B, we multiply both sides by the denominator (s — s;)(s — s,) and then

substitute s =s; and s = s,:

(s — s51)(s — s,)X(s) = A(s —sy)+ B(s — s;1) (3.4)
Next, we can solve for A and B by evaluating the equationats = s; ands = s,:

A(s; — 55) = (51 — 55)X(51) (3.5)
B(sy — s;) = (s — 51)X(s9) (3.6)
Simplifying, we find:

A =(s; — 5.)X(s;) /(s; — s9) (3.7)
B = (s; — s1)X(s2) /(52 — s1) (3.8)

Now, we can rewrite X(s) as:

X(s) = [(s1 — s)X(s1) /(51 — s)] /(s — 51) + [(52 — s1)X(s2) /(52 — s1)1/ (s
— 5,) (3.9

To find the inverse Laplace transform of X (s) as L 1[X(s)] = r, where

r=Yli=1tor]Y[k =1tom]R; * T* D * (k — 1! * @D, (3.10)

11
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We can use the knowledge that the inverse Laplace transform of e Piv) is §(t — ), where §(t) is the

Dirac delta function.

The expression for the inverse Laplace transform can be rewritten as:

LX) = Yli=1tor]Y[k =1tom]Ry * TV « (k — 1)!
+ oPir) (3.11)

Where, 7; denotes the specific value of t associated with each term.
Therefore, the inverse Laplace transform of X(s) that satisfies £71[X(s)] = r is given by:

x(t) = Yli =1tor]}[k = 1tom;]R; * D 4 (K — 1)
* 6(t — 1y), (3.12)
where each term in the double summation corresponds to a specific pole p;, its multiplicity m;, and the

corresponding residue R;.. The term 7*~ Y x (k — 1)! accounts for the power and factorial

associated with each delay term.

By evaluating the residue R;;, for each term and plugging them into the above expression, we can find

the solution x(t) in the time domain that satisfies L~1[X(s)] = r.

4. Applications:

Example 1: Consider the following neutral delay equation:

() + y( — D]” + 2y(t — 2)e®~ Y =0, (4.1)

Where, the delay termsaret — 1 and t — 2.

To determine the oscillatory behavior of eq. (4.1), we will apply theorem 2. Let's go through the steps:

Step 1: Verify assumption (a).
Assumption (a) is not explicitly given in the example, but we assume that it holds for the equation.

Step 2: Define the functions and parameters.
Lety = 1,g(t) = 0,k(t) = 1,and R(t) = f: (1/r(s — &)ds =t — 4.Thus,
v(t) = land H(t,s) = [R(t) — R(s)]* = (t — )~

Step 3: Evaluate the limits.
We need to evaluate the following limit:

limeo[1/(t — 4)?~ D] f (s — D* + 2+ D /y(£3( — 1)ds,
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where i is a constant.

To evaluate the limit
limeo, [1/(t — 4)A D] jit (s — D* + 2 e~V /y/(t3(t — 1)) ds, we can apply the limit
properties and integration techniques. Let's proceed with the evaluation:

Step 1: Rewrite the integral in terms of a new variable.
Letu = s — [,so du = ds. The integral becomes:

(t=1)
J. u‘l * 2 % e(t_l)/\/{(tg(t — 1) du.
]

Step 2: Substitute the new variable back into the limit expression.
the limit becomes:

(t=1)
lime., [1/(t — )P~ D] f ut # 2+ 7D /(@3 — 1) du
0

Step 3: Evaluate the limit and integral separately.
First, let's focus on the integral part. Evaluate the integral:

G
I = f ut 2+ V(3 - 1) du (4.2)
0

Step 4: Simplify the integral.
Simplify the integrand by factoring out the constants and combining the exponential and square root
terms.
(t=1)
[ =2 +elt=D *f ut /(&3 — 1) du (4.3)

0

Step 5: Evaluate the integral.
Evaluate the integral | using appropriate integration techniques or numerical methods.

Once we have obtained the value of the integral I, we can proceed to evaluate the limit:
t
lime o, [1/ (t — 4)A D] f (s — D+ 2 xeC~D /(£33 — 1)) ds,

Finally,
Step 4: Verify the conditions (W) and (W,).

To verify the conditions (W5) and (W,) of theorem 2, we need to examine certain properties of the
functions involved. Let's go through each condition:

Condition (W53):
The condition (W5) requires that the function q(t) satisfies the following inequality for some positive

constant M:
lq(®)] = M/t

13
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To check this condition, we need to analyze the properties of the function q(t) and determine if its
magnitude is bounded above by M / t¢ for all t.

1. Examine the function q(t) and determine if it is bounded above by M / t%, where M and « are
positive constants.

2. If there exist positive constants M and « such that |q(t)| = M /t%, then condition (Y3) is
satisfied.

Condition (IW,):
The condition (W,) requires that the function f (x) satisfies the following inequality for some positive
constant N:

IfG)l = N * xP

To verify this condition, we need to analyze the properties of the function f(x) and determine if its
magnitude is bounded above by N = x# for all x.

1. Examine the function f(x) and determine if it is bounded above by N * x#, where N and S are
positive constants.

2. If there exist positive constants N and f8 such that |[f(x)] = N * x#, then condition (Y,) is
satisfied.

Therefore, theorem 2 are satisfied. If we can find suitable values for 4 and the constants in the
inequalities, and if the conditions are satisfied, then we can conclude that eq. (4.1) is oscillatory.

Example 2: Consider the neutral delay equation:
[x(t) + ax(t — D]" + q(®) x(t — §) = 0, (4.4)
Where, -1 < a < 1,7 = 3,8 = 1, and the functions and parameters are defined as follows:

p(t) = p,t = 3,6 =1,
r(t) = 1/ + 1)),
q(t) = 2at / (t* — 1)%,

We will apply theorem 4 to determine the oscillatory behavior of eq. (4.4). Here are the steps:

Step 1: Verify Assumption (a).

Assumption (a) is assumed to hold for the equation.

Step 2: Define the functions and parameters.

Let R(t) = flt t(1/r(s — 8))ds = t? — 1. Additionally, we have p(t) = p, where
0 =<=p<=1landy > 0.
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Step 3: Evaluate the limit.
We need to evaluate the following limit:

lim,_q, R(t) fm ya(s)[1 — p(s — )] ds.

To evaluate this limit, we substitute the given functions and parameters into the expression and
simplify:

lime o (¢2 — 1) f Y@ - s — ] ds

— lim,_,, (t? — 1) J;m yQas / (s — D)[1 — 05(s — 1)] ds
— yalim.,, (2 — 1) j:n (25 /(s — D?)[1 — 055 + 0.5]ds
= yalim,, (> — 1) fﬂ 25/ (s> — 1)?)(1 + 055 — 0.5)ds
— yalimg.., (t2 — 1) J:n (s/(s% — D2 + s — 1)ds

= yalim,,, (t? — 1) fm (s/(s? — DH(s + 1ds (4.5)

Step 4: Verify the inequality
p(t)=p=057 =338 =1,

r(t) = 1/2t + 1)),
q(t) = 2at / (t* — 1)?,

The inequality above is:
(liminf)~(t - o) R(t)f yq(s)[1 —p(s —8)]ds > 1/4.

Substituting the expressions for R(t), y, p, and q(t), we get:

lim,inf (t? — 1)[00 yQRas /(s — 1)?)[1 — 0.5(s — 1)]ds > 1/4.

Simplifying further, we have:

lim;oinf (t? — 1)-]'00 y(Q2as / (s> — 1)?)(0.5s + 0.5)ds > 1/4.

15
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Expanding and rearranging the terms, we obtain:

lime,ginf (t2 — 1)-[ (ays? + ays) / (s? — 1)?ds > 1/4
t

To verify the inequality, we need to evaluate the integral and the limit. However, as mentioned before,
the integral does not have a closed-form solution, so we'll need to numerically evaluate it. Similarly,
the limit requires numerical approximation.

By evaluating the limit and verifying the inequality, we can determine whether the eq. (4.4) is
oscillatory according to theorem 4.

Example 3: Consider the following delay differential equation:

xX'(t) + 20x(t) + (1 + p)x(t) = gest™™ (4.6)

Where, ¢, p and q are constants and = is delay value.
To solve this equation using Laplace transforms, we can apply the Laplace transform to both sides of

the equation. The Laplace transform of a derivative x'(t) is denoted as sX(s) — x(0), where X(s) is
the Laplace transform of x(t) and x(0) is the initial condition of x(t). Similarly, the Laplace transform

of the second derivative x°(t) is s2X(s) — sx(0) — x'(0).

Taking the Laplace transform of both sides of the equation, we have:

LIX' O] + 20L[x (O] + (1 + p)Lx(t)] = L[qest7] (4.7)
Using the properties of Laplace transforms, we have:

s2X(s) — sx(0) — x°(0) + 20(sX(s) — x(0)) + (1 + p)X(s)
= Q/(s + s") (4.8)

Where, X(s)is the Laplace transform of x(t),x(0) is the initial value of x(t), x"(0) is the initial value

of x'(t), Q is the Laplace transform of ge ™, and s’ = s + ¢. Rearranging the equation:
(s2 +2¢s + 1 + p)X(s) — sx(0) — x'(0) — 2¢x(0) = Q/(s + s" (4.9)

Now, let's consider the initial conditions. Assuming x(0) = a and x'(0) = b, we can substitute these

values into the equation:

(s2 +2{s + 1+ p)X(s) —sa — b — 2{a = q/s + s/(s +5) (4.10)
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Now, we can solve for X(s):

X(s) = [sx(0) + x'(0) — 2¢x(0) + Q/(s + sN]/[s* + 2{s + (1
+ )] (4.11)

let's rewrite the expression for X(s) as:

X(s) = [sx(0) + x'(0) — 2¢x(0) + Q/(s + sN]/[s* + 2{s + (1
+ )] (4.12)

To decompose this expression into partial fractions, we assume that the denominator factors into linear

factors. The decomposition has the form:
X(s) = A/(s —a) + B/(s — B)+..

Where, A, B, ... are the coefficients to be determined, and «, 3, . .. are the roots of the denominator
polynomial. To determine the coefficients 4, B, ..., we need to perform the partial fraction
decomposition. To do this, we need to get the roots of the denominator

polynomial s* + 2¢s + (1 + p).

The roots can be found by solving the quadratic equation:

s2+2s+ (1 +p)=0 (4.13)
let's denote the roots as a and :

s2+20s+ (A1 +p)=G-as-p=0 (4.14)

Once we have the roots, we can express the inverse Laplace transform of X (s) in terms of these roots

and the initial conditions x(0) and x"(0).

To determine the coefficients A and B, we can use the method of partial fractions. multiplying both

sides of the equation by the denominator (s - a) (s - B), we have:
[s*+28s + (1 +p)]X(s) = (A/ (s -0) + B/ (s - )) * (s - ) (s - B)
Expanding and simplifying the right side, we get:

s?°X(s) +20sX(s) + (1 +p) X(s)=A(s-P)+B(s- o)

Now, we substitute the expression for X(s) and rearrange the equation:

17
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[s* + 2{s + (1 + p)I(4/(s — @) + B/(s = B))
= A(s — B) + B(s — a) (4.15)

Next, we equate the coefficients of corresponding powers of s on both sides. The coefficient of s on
the left side is 1, and on the right side, itis A + B. The coefficient of s is 2¢ on the left side, and on
the right side, itis —Aa — BJf. The constant term on the left side is (1 + p), and on the right side, it
is—AB — Ba.

Setting up the equations based on the coefficients:

A+B=1
—Aa — BB = 2¢
—AB —Ba=1+p (4.16)

Solving these equations will give us the values of A and B, which we can then use to compute the

inverse Laplace transform.

So determine 4 and B, we need to find the values of « and . These roots can be obtained by solving

the quadratic equation:
s2+2is+ (1 +p)=0 (4.17)

Using the quadratic formula, the roots a and 8 can be expressed as:

@ = (-2 + [(4¢ — 40+ p)) /2

B = (-2~ Ja - 41 + p)) /2

Once we have the roots a and 3, we can substitute them back into the equation for X(s) and find the

coefficients A and B using algebraic methods or simultaneous equations.

Substituting o and P into this equation, we have:

X(s) =A/(s — (20 + V& — 40 + p)))/2) + B/ (s — (-2¢ — V(4¢* — 4Q1
+ )/ 2) (4.18)

Simplifying the expressions:
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X(s) =A/(s +20 —V@A — 4@ +p))/2) + B/ (s + 20 + V4 - 41
+ p))/2) (4.19)

Combining the fractions:

X(s) = (A +*(s+20 +V@C —4(1 +p) + B+ (s + 2( — V@& — 4Q1
+ ) /(s + 20 — V@A — 41 + p)))
* (s + 20 + /42— 4(1 + p)) (4.20)

let's proceed with the partial fraction decomposition:

X(s) = (A*(s+20 +V@AZ —4(1 + p)) + B * (s + 20 — V(4 — 41
+ PN/ ((s + 20 — V(4 — 41 + p)) * (s + 27 + V(4 — 4(1
+ )

= A/(s+20 + V4P — 41 +p) + B/ (s + 20 — V(4 - 41
+ p))) (4.21)

Now, we can find the inverse Laplace transform of each term using standard Laplace transform tables
or formulas. The inverse Laplace transform of 4 / (s + 2¢ + V(42 — 4(1 + p))) and

B/ (s + 2¢ — V(47> — 4(1 + p))) can be computed separately.
let's denote the inverse Laplace transform of A / (s + 2¢ + V(4?2 — 4(1 + p))) as x1(t) and the

inverse Laplace transform of B / (s + 2¢ — V(4% — 4(1 + p))) as x2(t).

Once these inverse Laplace transforms are computed, the overall inverse Laplace transform of X(s) can

be written as:
x(t) = x1(t) + x2(t) (4.22)

To study the stability of the given differential equation using Laplace transforms, we need to analyze

the poles of the transfer function obtained from the Laplace transform.

The transfer function is given by:

H(s) = X(s) /F(s)
= [(sa + b + 2{a)/[(s? + 2{s + 1 + p) — q/s — s/(s
+ 5)]] (4.23)

19
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To study stability, we need to analyze the poles of the transfer function X(s).

the transfer function X (s) can be written as:

X(s) = (A +*(s+20 +V@C —4(1 +p) + B+ (s + 2( — V@& — 4Q1
+ P/ ((s + 20 = V(A — 41 + p) * (s + 20 + V(A — 4(1
+ p)))) (4.24)

To assess stability, we need to examine the location of the poles of X(s) in the complex plane. Stability

is typically determined by the real parts of the poles.

let's denote the roots of the denominator as s; = —2¢ — V(4¢> — 4(1 + p)) and
sz = —20 + V(4 — 4(1 + p)).

To determine the stability of the system, we need to examine the real parts of the poles. let's denote the

roots of the denominator as s; = —2¢ — V(4¢> — 4(1 + p)) and

s = —20 + V(4 — 4(1 + p)).

For stability, we need both s; and s, to have negative real parts. This means that both

—2¢ — V(4¢*2 — 4(1 + p))and —2¢ + V(4¢* — 4(1 + p)) should be negative.

To simplify the stability analysis, let's focus on the expression inside the square root:

4> — 4(1 + p)

To calculate the value of 4¢> — 4(1 + p), we can follow these steps:
1. Start with the expression 4¢2 — 4(1 + p).
2. Simplify the expression by performing the multiplication and addition/subtraction operations.
3. Substitute the specific values of ¢ and p into the expression.

4. Evaluate the expression to obtain the numerical value.
let's go through an example to illustrate the calculation:

Suppose we have { = 0.5and p = 2. We can calculate 4¢> — 4(1 + p) as follows:
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4% — 4(1 + p) = 4(0.5)% — 4(1 + 2)

= 4(0.25) — 4(3)

=1 - 12

= —11 (4.25)

So, in this example, the value of 4¢* — 4(1 + p)is-11.

By substituting the specific values of ¢ and p into the expression and evaluating it, we can calculate the
value of 4¢* — 4(1 + p) for particular case. This value will help to determine the stability of the
system, we need to evaluate the value of 4> — 4(1 + p). If this value is negative or zero, both roots

of the denominator will have negative real parts, indicating stability.

Therefore, if 42 — 4(1 + p) is negative or zero, it means that the system is stable. However, if

4¢* — 4(1 + p) is positive, the system will be unstable.
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