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Abstract

This study introduces a Revised Simplex approach for solving linear programming problems
(SLPP) and proposes the S.N. Advanced Technique, which converts multi-objective linear
programming problems (MOLPP) into single-objective linear programming problems
(SOLPP). An algorithm was developed specifically for the S.N. Advanced Technique to address
MOLPPs, and an updated version of Chandra Sen’s method was integrated with a new algorithm
for solving such problems. The proposed methods were validated through extensive numerical
testing, demonstrating their effectiveness and competitiveness compared to existing approaches,
highlighting their practicality and efficiency in addressing complex optimization challenges.

Keyword: Revised simplex method , S.N.Advanced technique , Multi objective function.
1. Introduction

Linear programming, first introduced in the late 1940s, has become a fundamental technique for
optimization in fields such as economics, engineering, logistics, and communications. The
development of the Simplex Method marked a significant milestone, revolutionizing
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optimization practices. However, the classical Simplex Method encountered limitations in
computational efficiency and numerical stability, particularly for large-scale problems.

To address these challenges, Fiasco and McCormick proposed the Revised Simplex Method
(RSM) in 1965 [1]. By 1983, multi-objective optimization (MOQ) had been developed as a
effective approach to addressing problems which have several objectives. Its principles and
applications have been thoroughly investigated [2]. However, MOO is a computational
expensive approach and the computational complexity increases with the number of objectives.
For the above reasons, numerous solution techniques have been proposed [4] — [15]. RSM was
developed to improve the classical simplex algorithm to include more sophisticated
characteristics such as the rotational updates and the sparse matrix techniques for large systems
without sacrificing the ability to find optimal solutions at polyhedron vertices.

In 2006, a new approach was proposed to transform (MOLPP) problems into (SOLPP) [4]. This
was followed by further developments, including the use of mean and median values in 2010 [6].
The research has been carried out to investigate both theoretical and applied aspects of solution
methods. Some other methods of solving multi-objective linear programming problems
(MOLPP) include Sulaiman and Sadiq proposed Mean and Median Method [4], Sulaiman &
Ameen applied Optimal Transformation Technique [7], Harmonic Mean Method introduced by
Sulaiman and Mustafa [8], and Nahar and Alimin proposed New Statistical Average Method
[10].

As problem sizes increase, shortcomings in solution generation and slower algorithmic
convergence become more apparent. To address these problems, this paper proposes an
improved transformation strategy for MOLPP. The proposed method is compared with other
methods such as Chandra Sen’s method and other transformation methods to show that it is more

efficient and simpler.

This paper proposes the use of the Revised Simplex Method to solve MOLPP by converting
multi-objective problems into single-objective problems. This approach has been improved over
the years, and the most recent contributions are those of Nejmaddin A. Sulaiman and Shaida O.
Muhammad in 2024 [18]. The newly suggested S.N. Advanced Transformation Technique

provides a very fast solution that can be used for a wide range of problems. Detailed
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comparisons, physical interpretations, and data analyses underscore the method’s practicality and

effectiveness, confirming its potential as a valuable tool for optimization.

2. Multi-Objective Linear Programming Problem (MOLPP)

MOLPP is a branch of numerous criteria decision-making that focuses on mathematical OP
where more than one goal function needs to be enhanced at the same time.

Mathematically (MOLPP) defined as follow:
Max or Min f; = €[ x

Subject to

Ax

i=1,..,r formax.andi =r + 1, ..., s for min.

where x ={X1 , X2, X3,... Xn } of decision variables, P is a (n x n) symmetrical matrix of
constants. A is (mm x n) matrix of constants, B = mx1 matrix and C=1 X n matrix are n

dimensional vectors’ of coefficients[6].

3. Shaida, Nejmaddin, Advanced ( S. N. Advanced Technique)

(S.N.Advanced) this is one of the new methods that no one has used yet and we are the first to
work on it. Therefore,the name advanced is a change in his work and a way forward and the
latest way to analyze Multi-Objective Optimization Problem.

The different idea of using this function is that the optimal point is different from the others.
4. Approaches for solving MOLPP

4.1. Sen’s, Ch. Method

A multi-objective programming is structured and enhanced subject to shared restraints.

The mathematical representation given as:

Optimize Z= [Max z4, Max z,,...,Max z,,Min z,.4,...,Min z_]

12



Journal of Natural and Applied Sciences URAL No: 10, Vol: 1\December\ 2025

Subject to

=
=]b
==

Ax

In this approach, each objective function must be either maximized or minimized independently
using the Simplex method or another technique. This process results in finding the optimal
values for each goal function individually as:

Z optima = {ﬂfi, = & a:s,}
The ideal value of the goal function &, (i = 1,2, ..., 5) may be positive or negative.

These values are combined to create a single goal function by addition (the supreme values) and
deducting (the smallest values) for each outcome, then separating each z; by «a; . The function is

expressed as:

_5r fi _ %= Bi
Max Z = =115 i=r+1) g
Subject to
=
Ax =]b
=
x=0

a; #0 fori=1, 2, s
where, a@; is the optimum value of ith goal function.

The resulting single-objective optimization problem is then answered using the Revised simplex
technique, a technique identified as Chandra Sen’s method.

4.2. S. N. Advanced Transformation Approach
A multi-objective linear programming problems can be defined as:
Max or Min [z4,24, «.., 2]

S.to

13
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Ax{z,==}b,x =20 ... (**)
Imagine we optimize each objective function separately and acquire the corresponding values:
Max z,; = a4

Max z, = a,

Minz,.q = @4y

Minz, = a,
Wherever «; are the values of goal functions.

We need a combination of different decision criteria to represent the best consensus solution.
The identified set of different choice variables can be determined using the following objective
function.

Using our transformation algorithm above, we can gain a single goal function like this:

Max Z = EE’:‘_HE_Ef:."+‘_Hi
Oar

1
Where 0, = ++— and
Im

m=min{m,, My, ... ,M,., M4, ... M_} ; Where m, = |&;| ,i=1,...,s
Under the same constraints as outlined in (**).
5. Algorithms

5.1 Algorithm for Chandra Sen’s Approach
Step--1: Determine the value of each goal function that needs to be either max. or min.
Step--2: Solve the 1st goal function using Revised simplex technique.

Step--3: Label the optimal value of the 1st objective function z,by a;.

14



Journal of Natural and Applied Sciences URAL No: 10, Vol: 1\December\ 2025

Step--4: Replication step-2 for i=2,3,...,s .

Step--5: Determine Optimal Z= [Max z,, Max z,,...,Max z,,Min z,..4,...,Min z.].
Step--6: Select Z optima= {ay, &5, ..., .} .

Step--7: Optimize the collective purposes function as:

=i

=
MaxZ=Xxl_,—+ — X2 ., =
i 1‘1’[ i=r+l o

Below the same restraints by repetition Steps 2 & 3.

5.2 Algorithm for S. N. Advanced Technique

Step--1: Determine the value of individually goal function that needs to be either max. or min.
Step--2: Solve the 1st goal function using RSM.

Step--3: Label the optimal value of the first goal function z, by a;.

Step--4: Replication step-2 for i=2,3,...,s .

Step--5: Choice m=min {m,m,, ..., M., M2q, ..., M}, Where m, = |a;| ,i=1,..., s

. . 1
Step--6: Choice m=min {m,,m,, ...,m,, M4, ..., m_} and calculate O, = +—
fm

Step--7: Optimize the combined goal function as

Max Z = iz

=
Zi—Lizres B

Oar
Below the same restraints by repetition Steps 2 & 3.
5. Example:
Assume the following Multi-Objective Linear Programming problem:
Max Z1 = 5x1 + 3X2
Max Z; = 9x1 + 5X2
Max Z3 = 3x1 — 4X2
Max Z4 = 3X1 + 2X2

Subject to

15
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X1+ X2 =3

2X1+ X2 =5

Solution:

1- The given problematic in the revised simplex method for first objective function form may be
expressed by presenting the slack variables s1, sz and s3 as:

Max Z1=5x1 + 3%

Subject to
X1+X2=3
2X1+ X2 =5
X1 =2
X1,%X2=0
Max Z = 5x1 + 3x2 + 0sy + 0s2+0s3
s.t. X1+ X2 +S1=3
2X1+ X2 +82=5
X1+S3=2
X1,X2,81,82,8=>0
And Z — 5X1-3Xo+0s1+0s+0s3= 0

X1+X2 + 51 =3
2X1+X2+ 52 =5
X1 +53=2

X1,X2,81,52,%3>0

16
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The constraint equations of the system represented by the following matrix form:

H

1 -5 -3
0 1 1
o 2 1
o 1 1]

o T e R

Lo R [ e

|l R

[+ LN W o

|

Determine to first table in Revised simplex method (RSM):

No: 10, Vol: 1\December\ 2025

Basic variable Bo B1 B2 Bs XB | Xk Ratio
XB/Xk
z 1 0 0 0 0 -5 -
S1 0 1 0 0 3 1 3
S2 0 0 1 0 5 2 2.5
— S3 0 0 0 1 2 1 2¢
-5 -3
7=(1,0,0,0) * ; i = min{-5-3}=-5
1 0
Final table in Revised simplex method (RSM):
Basic variable Bo B B Bz XB | Xk Ratio
XB/Xk
Z 1 3 0 2 13
X2 0 1 0 -1 1
S2 0 -1 1 -1 0
= X1 0 0 0 1 2

di a2
-5 -3
1 1
2 1
1 0
ai az
0 0
0 1
0 0
1 0

17
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Z=(1,3,0,2) * = min{2, 3} = 0. It is optimal solution.

= o oo
T T

X1=2,x2=1and Z;=Q:=13

Thus Max Z; =13 at (2, 1).

e After discovery the value of apiece of individual goal function by using Revised simplex
method (RSM), the numerical outcomes are given in Table 1.
Tablel. Numerical results for given example.

| Z; xy(4, %) @; 04,
1 13 (2,1) 13 13
2 23 (2,1) 23 23
3 6 (2,,0) 6 6
4 8 (2,1) 8 8

Tablel

e Applied Sen’s,Ch. Approach of this example :
By Sen’s,Ch. Approach, and by Table 1.

- = =

MaxZ=3}2_, %K _ %2 _ “k

E’*-imm k=3 gyl
MaxZ=2+&2. % 5%
y @p @ @y

— 5x1::-331'2 + Exl;Exﬂ _ 311;412 _ Ex._-si-ﬂxz - 1.64 xy +0.04 x-
Using Sen’s, Ch. Approach, the structure converts,
Max Z =1.64 x4 + 0.04 x,
Subject to
X1+ X2 =3
2X1+ X2 =5

X1 %2

18
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X1,X2=0
Solving by Revised simplex method (RSM):
Max Z = 1.64x1 + 0.04x2 + 0s1 + 0s2+0s3
s.t. X1+ X2 +51=3
2X1+X2+S2=5
X1+83=2
X1,X2,81,52,8=>0
And Z — 1.64%1-0.04x2+0s1+0s2+0s3= 0
X1+X2 +51=3
2X1tX2+S2=5
X1 +53=2
X1,X2,81,82,8=>0

The system of constraint equations represented in the following matrix form:

7
1 —1.64 —0.04 0 0 0] |x4| [oO
0 1 1 1 0 0f,|x|_|3
0 2 1 0 1 o| [s4] |5
0 1 0 0 0 1l |[s, 2
L5,

19



Journal of Natural and Applied Sciences URAL

Determine to first table in Revised simplex method (RSM):

No: 10, Vol: 1\December\ 2025

Basic variable Bo B B2 Bs XB Xk Ratio a1 a2
XB/Xk
Z 1 0 0 0 0 -1.64 - -1.64 | -0.04
S1 0 1 0 0 3 1 3 1 1
S2 0 0 1 0 5 2 2.5 2 1
— S3 0 0 0 1 2 1 2¢ 1 0
—1.64 —0.04
7=(1,0,0,0) * ; . |= min{-164,-0.04} =-1.64
1 0
Final table in Revised simplex method (RSM):
Basic variable Bo Bi1 B2 Bs XB Xk Ratio ar | a
XB/Xk
z 1 004 O 1.6 3.32 0 |0
X2 0 1 0 -1 1 0 1
) 0 0 1 -1 0 0 |0
= X1 0 0 0 1 2 1 0
0 0
2=(1,0.040,16)*|) o|= min{1.6,0.04} = 0. Itis optimal solution
1 0

Max Z optimat = 3.32 at (2,1)
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e AppliedS.N.Advanced Technique of this example :
Using proposed Technique , and by Table 1.
m; =min|ea;| where i=1,...,4
m=min {Qy, Q;, 3. Q.}
m=min {13,23,6,8} = 6
L 1

Oar=1,—=5-=6
I m ,-'E.

TPLE Bxl + 3x24%9x1 + Bx2+3x1 - 4x2+3x1 + 2x2
Max Z = === = . =3.33x; +x;
AT

Max Z =3.33 x, + x,
Subject to
X1+X2 =3
2X1+ X2 =5
X1 =2
X1,%X2=0
Solving by Revised simplex method (RSM):
Max Z = 3.33x1 + X2 + 0s1 + 0s+0s3
s.t. X1+ X2 +51=3
2X1+ X2 +82=5
X1 +53=2
X1,X2,81,52,5>0
And Z — 3.33X1 - X2+0s1+0s,+0s3= 0
X1+X2 +51=3
2X1tX2+S2 =5

X1 +53=2

21
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X1,X2,81,52,%=>0

The system of constraint equations represented in the following matrix form:

7
1 —333 —1 0 0 0] |x.| [0
0 1 1 1 0 0f,|x|_]|3
0 2 1 0 1 o| |54 |5
0 1 0 0 0 1] |s; 2
_.5'3_

Determine to first table in Revised simplex method (RSM):

Basic variable Bo B1 B2 Bs XB Xk Ratio a1 a
XB/Xk

Z 1 0 0 0 0 -3.33 - -3.33 -1

s1 0 1 0 0 3| 1 3 1 1

s2 0 0 1 0 5 | 2 25 2 1

« s 0 0 0o 1 2 |1 2 1 0
-3.33 —1

2=(1000)* 5 1 |= min{-333-1}=-3.33

1 0

22
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Final table in Revised simplex method (RSM):

Basic variable Bo B B> Bs XB Xk Ratio ar | a
XB/Xk
Z 1 1 0 2.33 7.66 0 0
X2 0 1 0 -1 1 0 1
S2 0 -1 1 -1 0 0 0
= X1 0 0 0 1 2 1 0
0 0
7=(1,1,0,2.33) * g 3 = min{2.33, 1} = 0 . It is optimal solution .
1 0

Max Z optimal = 7.66 at (2,1)

6. Results:

Because the path to analyzing reservations is very long, we have only emphasized one multi-
example, including the oldest and the latest the path in my name is (S.N.Advanced Technique ).
If we look closely, both approaches become optimal at the same point, but the difference is in the
maximum price.

We got very good results with a very clear and beautiful difference between them.

As shown in the table 2. below.
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7. Results comparation between Chandra Sen’s Techniques and
S.N.Advanced Technique

Example Chandra Sen’s Techniques N.S.Advanced Technique
Z opt. = 3.33 Z Opt =7.66
Example X1=2 X1 =2
X2=1 X2=1
Table 2

8. Conclusion:

The study revealed that the results from the numerical examples were identical for both the
traditional Chandra Sen Techniques and the S.N. Advanced Techniques, as shown in Table 2.
However, the results from the S.N. Advanced Techniques were achieved in less time compared
to the traditional methods. Therefore, we conclude that the S.N. Advanced Techniques are more
efficient for application.
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Abstract:

This study is concerned with finding a statistical distribution that deals with a
Neutrosophic random variable and Neutrosophic parameters called Neutrosophic Hybrid Weibull
Inverse Weibull (NHWIW) distribution. The basic functions of proposed distribution are found,
as well as many statistical properties of distribution with an estimation of the model parameters
in three different techniques, with a Monte Carlo simulation to determine the estimation
efficiency of NHWIW distribution, with a comparison with three measures to determine the best
method for estimation. A practical application is also conducted on two types of Neutrosophic
real data, the first represented by mortality data for children under five years of age, and the
second is COVID-19 in Netherlands for thirty days, where the analysis efficiency of the
NHWIW distribution is determined by comparing it with six other distributions using 4
information criteria and 4 statistical measures, which showed the efficiency and flexibility of
NHWIW distribution.

Keywords: HWG-family, Neutrosophic data, Bias, Cramér-von Mises, and flexibility.

1. Introduction:

Probability distributions are a fundamental tool in statistical modeling used to describe and
analyze various phenomena in many fields. One of the most prominent methods recently
developed to expand the scope of basic distributions is the T-X method, which provides a
flexible framework for creating new distributions with improved mathematical properties,
making them more accurate in representing real-world data. The methods is based on forming a
family of complex distributions using transformation functions, which contributes to enhancing
the flexibility and ability to deal with complex properties, such as heterogeneous or
asymmetrically distributed data [1]. Examples of this method include: BHIEE-X family [2],
NOGEE-G family [3], WEE-X Family [4], OLG family [5], NGOF-G Family [6], EOIW-G
Family [7], GOM-G family [8], and HOE-® family [9]. This study based on HWG family which
was has a CDF function by form [10]:

FHWG (I; a, b, {:] =1— e[—ﬂ[—EI:I:E}.:GQ"::L_EI:I:E}:I] _}! x=0,ab>0 (1)
And PDF function by form:

fHWG(x;CI, b,{) =ab glx;£) §(x;s]

m — iﬂg[l — QEI; E:]) (2)
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N .'.-1’_.'x-h

X [-G(x; ).log(1 — G(x: E])]b le[_ﬂ[_g‘x"}mg"-l ga)l’)
Where G(x;=), and g(x;=) are CDF and PDF functions for any baseline distribution and
a, b = 0 are shapes parameters for HWG family.

On other hand, the Neutrosophic logic (N.L) is a recent development in the field of fuzzy
and uncertain data analysis. This logic aims to address ambiguity and uncertainty in data by
introducing three main dimensions: Truth (T), falsehood (F), and indeterminacy (I). this
framework provides an effective way to model data that cannot be conclusively characterized
using traditional methods. There are two types of N.L: the traditional method, in which the data
is divided into three parts and then dealt with by using, for example, the triangular function, in
which the peaks represent the T values and the troughs represent F values and what is an
between represents | values, or trapezoidal function in the same manner. As for the second
method, which depends on the values of intervals and contains all parts of N.L, which called the
direct method, and it’s the method used in forming the proposed distribution.

Focuses on finding a statistical distribution that deals with a Neutrosophic variables and
parameters. The main gap is the lack of previous research that integrates Neutrosophic data with
complex distributions such as a distribution based on a hybrid family of Weibull distribution and
a hybrid integral limit. Existing studies often focus on traditional data or on specific distributions
without considering Neutrosophic data of an uncertain or ambiguous nature. The aim of the
study is to develop a " Neutrosophic Hybrid Weibull Inverse Weibull" and test its efficiency and
flexibility on real Neutrosophic data using multiple estimation methods, and compare with other
distributions to determine the efficiency and flexibility in dealing with Neutrosophic data.

2. Neutrosophic Hybrid Weibull Inverse Weibull (NHWIW) distribution
Let X be a random variable, then the CDF and PDF functions for Inverse Weibull distribution

has a forms [11]: _
Gxiqp)=e™ " ,qpx>0 (3)
g(x:q,p) = qpx~ Ve " g p x>0 (4)
Where g, p are shape parameters for Inverse Weibull distribution.
To get the CDF function for Hybrid Weibull Inverse Weibull we combine equation (1)
with equation (3) .by form: X
F(x)=1-— eli__ﬁ['ﬂ_q“ “rog(1-a= "] }’ xabgp=0 (5)
The PDF function for Hybrid Weibull Inverse Weibull (HWIW) we combine equation (2)
with equation (3) and (4) to get it by form:

—( - —ax~P
F() = ab gpr @0 eme7 [~ log(1 — &™)

' —n —m B
- —poqb=1 [—g|-g—9%7F —gax7F
x[—e_'” F.iog[l—e"” "}] e[ “[ y '05[1 y }] }
In order to integrate the HWIW distribution with N.L, the random variable and
parameters of HWIW distribution are converted to Neutrosophic random variable and
Neutrosophic parameters as follows:
Let X, =d+tl, tI € [X,,X,], where X, X,, are lower and upper values of the

neutrosophic random variable having determined part d and indeterminate part tI, tI € [I,,I;;].

(6)
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Note that the NHWIW distribution reduces to classical HWIW distribution when X; = X;;. The

neutrosophic cumulative density function (NCDF) of NHWIW has a Neutrosophic shape
parameters ay, € [a;, ay], by € [b;. by], ax € [9..94), and py € [p;, py], has the form:

[ PN Ny 1PN
(en|em i sng{1-emers ™) [T )
Flaxy)=1—e" s Xy Ay Dy Py = 0

i i

To obtain the nature of NCDF, the function is plotted with different intervals of
parameters and in 2-dimentional and 3-dimensional forms as follows:

Parameters Interval: Parameters Interval: Parameters Interval:
Line1:a=13,b=08,q=05,p=06 Line1:a=06,b=03,q=03,p=1 Line1:a=13,b=14 q=05,p=04
Line2:a=17,b=12,q=09,p=08 Line2:a=16,b=09,q=13,p=15 Line2:a=19,b=02,gq=05,p=07
~ 1.00 = ~ 1.00 = ~ 1.00
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Z 050 Z 050 = Z 050
s
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0 2 4 0 2 4 0 2 4
X X X
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Linel:a=14,b=03,q=07,p=08 Line1:a=17,b=04,q=09,p=06 Linel:a=18,b=05,q=07,p=09
Line2:a= ’17 b=04,q=18,p=06 Line2:a=21,b=06,q=14,p=18 Line2:a= I5h 05,9=17,p=09
~ 1.00 ~ 1.00 = — 1.00
2 2 =
= 0.75 = 0.75 = = 0.75
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< 050 Z 050 || , Z 050
< < ‘ <
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© o000 © o000 O o000
0 2 4 0 2 4 o] 2 4
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Figure 1. plot of NCDF for NHWIW distribution

And the probability density function (NCDF) of NHWIW has a form:

-BN

r
. —anxy o
PN (=] N EN
— }\+1:' o — g NX
flxy) = quoyx e IN¥y = lag(l e IN¥y )

i}

1— e IN*N
PN 15N
x[ eaNy | iog(l—e aNEy )] £

To obtain the nature of NCDF, the function is plotted with different intervals of
parameters and in 2-dimentional and 3-dimensional forms as follows:
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Parameters Interval: Parameters Interval: Parameters Interval:
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Figure 2. plot of NPDF for NHWIW distribution

While the survival function foe NHWIW distribution given by formula [12]:

! —ma —mar TEN
e R
(—EN[—E INEN .Er.:-g(l—s INEN J] )

stxﬁj =g" (9)
And the hazard function has a formula:
—EN
ti —ql '::‘J.
q,-.,.p,-,. '\+1:'e q‘-\x\ PN [ e N*ty — iﬂg(l — e qhx‘.\ \)]
ql 9
h(xy) = l—e "X (10)

-pN 117N
[ e —anxy | iag[l—e INTy )]

3. Properties for NHWIW distribution

In this section we will prove some statistical properties for NHWIW distribution, and show

what changing of classical IW distribution.
3.1 NCDF and NPDF expansion

Due to the difficulty of NCDF and NPDF functions in equations (7) and (8) respectively,
these functions are simplified in order to simplify the proof of NHWIW distribution properties.
This is done using binomial expansion, the exponential function expansion, and the logarithm

expansion. Therefore, the simplified NCDF function is obtained as follows:
iy Jt2iby
Flay) =1—9(eovn )
¢ 1}[+[h;~;+_." i
Where Y= im0 Gy Gy
a1 m':fbx‘l'ﬂ_}.
dib;\',_;l' =1 m=1 m41

By same way we can expansion NPDF function to get a form:

for j= 0and dz’b;q,l} =1

—[ e 2 = —BN J oy - . -
f[x.v_j — MX I"-pN+j':IE_I\leN+LbN+J+k}quw — Nx '~ﬂm+ﬂe—|\L:bN+‘bN+}+3}I?NIN

J.'II-
(- 1}[+[h,\;+hp;—'_+j+k i+1d b
. Qyy iby, by—1. In NPy

Where M = X% ;- =

- 1}L+[h,1;+h;;—'_+_r' a1
L
And N =27 —¢- . Ayl w1812 By APy

30

(11)

and

FN

(12)
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As dy,=z"" -:n=1 1:_;11 forz=0 andd,,
- i mlibyg byl—j .
iy by—17 = J "X ,;11\' forjz0 anddy, ;. 10=
3.2 Moment
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and

Let X,; be any Neutrosophic random variable, then the n** moment for NHWIW distribution

is given by form [13], [14], [15], [16]

By = E(xX3) e = J- xyf [ij dx

By putting equation (12) in equation (13) we have got a form:

— M_r n= IFN+1} —|¢le+¢bN+]+k}qu FN

To get a final form:

- N [ e

N

Hyy =Py T=FN

pyay PN [(2iby, Zby+j+k) PN

T—Px

(2iby, 2by+j+s) BN

(13)

—lgzb\_'_ b\+_;l+z}q?.x dx.v

(14)

The first four moments are found by substituting the value of n and as follows:

A-PN. [
ST, M N
Hy = 1-7N PN -7y
pyay PN L(2iby, 2by+j4K) BN (2iby,2by+j+z) BN |
2-pN. [
ST, M N
Hz = 2PN PN DN
oyay BN Liziby,2by+j+k) BN (Ziby,2by+j+z) FN |
R I |
I ) M N
b3 = E—PN PN PN
pyay PN Liziby, 2by+ j+x) PN (Ziby,2by+j+z) BN ]
AN
I ) M N
gy = TR TN TN

pyay PN L(2iby 2by+jt+k) PN

(Ziby,2by+j+z) BN ]

(15)

(16)

(17)

(18)

From it, we can obtain the skewness and Kurtosis of NHWIW distribution respectively as

follows [16]:

PN M

N

=R =P
pnan PN liziby,zby+j+k) PN (zibyizby+j+z) PN

n\ M

b1

B—FJ\.

i-PBN Z-FN J
vonagy EN Lizibp,zhy+j+k) PN (zibyizhy+j+z) PN

=P
rf2ZEN
TEw M
E o, PN = E
; PN | (zibpy, zhp++i) P (zibpy, zhpp+ j+2) F

( \ FEL ;‘; M

\ENEN FN _[EI:E'N+ :;I.EIN+_|-'+ ;ﬂ PN

(zibpy 2+ j+2) FN
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To know the change in the moments of NHWIW distribution with change in intervals of
Neutrosophic parameters, table 1 shows a set of moments with variance, skewness, and Kurtosis
as follows:

Table. 7 some intervals of moments for NHWIW

ay | by | Gv | Pv By iz fay fay o Sy Ky
_-ﬁ [2.146064, | [4.723157, | [10.64869, | [24.5692,3 | [0.117566, | [1.037403, | [1.101352,
— 2 2.857927] 10.57421] 52.02946] 54.4007] 2.406463] 1.513134] 3.169558]
} eed
!\’ ~
= s | [20717, | [4.391856, | [9.518114, | [21.06914, | [0.099915, | [1.034139, | [1.092322,
— > | 2.593549] | 8.343002] | 33.94803] | 179.7407] | 1.616506] | 1.408741] | 2.58227]
; e
!\) ~
= _-5 [2.077192, | [4.406707, | [9.540035, | [21.05919, | [0.09198,1 | [1.031285, | [1.084459,
— x 2.651157] 8.434903] 32.68622] 157.4864] 40627] 1.334273] 2.213517]
.:m e
!\) 1
= _52 [2.014016, | [4.135742, | [8.652692, | [18.43118, | [0.079482, | [1.028777, | [1.077572,
— z 2.458261] 7.066473] 24.02667] | 98.13544] 1.023426] 1.279056] 1.965262]
on el
!\) 1
00)
= _-E [2.047589, | [4.257436, | [8.983496, | [19.22557, | [0.064815, | [1.022641, | [1.060677,
— E 2.552581] 7.198049] 22.42205] 77.17473] 0.682379] 1.161056] 1.489517]
‘;” | -
[\) ~
= & | [1.991347, | [4.022199, | [8.235853, | [17.08652, | [0.056736, | [1.020971, | [1.056152,
— > | 2.400354] | 6.28886] | 17.98276] | 56.13042] | 0.527161] | 1.140246] | 1.419235]
S
O Lo |
= _f. [1.966076, | [3.916789, | [7.902665, | [16.14081, | [0.051334, | [1.019479, | [1.052119,
—_ ﬁ 2.347823] | 5.956809] | 16.33094] | 48.38371] | 0.444536] | 1.123287] | 1.363552]
= —
©
N
@ —
= | % | [1.894836, | [3.634783, | [7.055468, | [13.85253, | [0.04438,0 | [1.018141, | [1.048509,
g 2.153215] 5.001715] 12.54589] | 34.02125] .36538] 1.121561] 1.359917]

Table 1 presents the different values of statistical moments (mean, variance, skewness,
kurtosis) for the NHWIW distribution with changes in the upper and lower boundary parameters
of the unspecified variables. The values show that the moments of the distribution change
significantly when the boundaries are modified. Skewness and kurtosis are used to assess the
shape of the distribution. The mean expresses the expected center of the distribution and changes
with the variation of the ambiguous parameters. The variance. High values indicate that the
distribution can handle disparate and scattered data, while it indicates the level of concentration
in the values. Low values indicate that the distribution can handle data with a wide range. Low
values indicate that the distribution is balanced, which enhances its suitability to realistic data.
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3.3 Moment Generating Function
Let X, be any Neutrosophic random variable, then the Moment Generating Function (MGF)

for NHWIW distribution is given by form [17] , [18] :
M, (t) = E(e™) = J. e™ fx,)dx

M, () = T%,=

r=0_,

3.4 Quantile function of NHWIW distribution

— oo

From equation (14) and using exponential expansion we get a final form:

J_I,-'I—FN

" FN

N

pyay PN

-0

(Ziby, 2by+j+k) FN

TN ~

T—FN

(Ziby, 2by+i+s) BN

(21)

The Quantile function has a major role in application of Monte Carlo simulation and
represents the inverse of NCDF function Q(w) = F~*(w) [19], which is obtained for the

NHWIW distribution as follows:

aN

. 8 BN 1
P8 g w_, (e —loglil-ul]oy
0(w) =[ [EI :1__.939]] ,E}=[ 911 }]m

(22)

Table 2 expresses a set of intervals of the Quintile function values of NHWIW for
different intervals as follow:

(B By G Bw)

Table 2: Quintile function values of NHWIW for different intervals

¥ T[04,08],[ L1, 1.9] [0.6, 1.6],[1, 1.5] [0.51.5],[ 1.1.1,6] [1.2,1.7],[1,1.5] [1.1,1.7][1.9,1.9]
[0.4,1.4],[ 1.2, 1.7] [0.4, 1.4],[1, 1.5] [0.51.5][1.1,1.6] | [0.8,1.8],[1.2,1.7] [0.7,1.7],[1.5,2]

0.1 | [0.5880204,1.50829] | [0.407121, 1.194348] | [0.622559, 1.33252] | [0.669702, 3.3304] | [0.9420654, 3.28916]
0.2 | [0.8511505,1.75326] | [0.6020268, 1.40746] | [0.898051, 1.54565] | [0.86103, 1.38635] | [1.1027903, 1.56190]
0.3 | [1.1616532, 1.95887] | [0.8308531, 1.50006] | [1.214072, 1.72384] | [1.047516, 1.5928] | [1.2370894, 1.68682]
0.4 | [L.5748618, 2.15671] | [1.1324191, 1.76916] | [1.621220, 1.89484] | [1.253187, 1.7644] | [1.3657090, 1.80121]
0.5 | [2.1794962, 2.36248] | [1.5680264, 1.95911] | [2.07237,2.194616] | [1.499006, 1.9283] | [1.4988826, 1.91481]
0.6 | [2.590992,3.165274] | [2.174631,2.267291] | [2.26927,3.086756] | [1.816802, 2.0979] | [1.6459544, 2.03529]
0.7 | [2.863979,5.033473] | [2.43857,3.5705340] | [2.50435,4.680039] | [2.270645, 2.2853] | [1.8204959, 2.17226]
0.8 | [3.226530,0.576866] | [2.800418,6.695981] | [2.816750,8.25737] | [2.50855,3.02963] | [2.0505678, 2.34410]
0.9 | [3.821110,28.62166] | [3.423055,10.87242] | [3.33042,21.51546] | [2.804254.80523] | [2.4236659, 2.60524]

Table 2 presents the values of the quantile function for the NHWIW distribution for different

probability intervals. The different values reflect changes in the range of the data distribution
based on the probability. Narrower intervals show greater accuracy in representing the data,
while wider intervals reflect greater flexibility. Small values indicate the distribution's ability to
provide accurate boundaries for the intervals.

3.5 Renyi entropy

The Renyi entropy is given by form [20], [21] :

1 P

Tciﬂﬂf f ey )odx

I () warwrw = 1
0
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fxtcjﬁmvnvz log_r (Mx,, ~lon+ 1) - by 2oy 4RIy
Nx;li?l;q+1} —|ﬂzb\+‘b\+_;l+z}qh:r :] dx
Then the final form:
=L 1-clpy+1) ]
I —" log[ﬂ-r{ i)
1
R = Z': 1" Mr "NT _fu_n:.+1_‘1+L —rl.nz-+ﬂ+i (23)

Pyyg Pw Pﬁ'{Efch+2cBN +cj+ck—nk+ nz) Ew Pn

4. Estimation

4.1maximum likelihood estimation

The NHWIW distribution parameters are determine using maximum likelihood estimation
approach. For sample xy.,xy.,, ... %, the random sample [22], [23], [24], [25], [26] The
NHWIW distribution NPDF is followed:

-PN
i _ —-EN —ANXp . o _,FN
L[E"‘”x"") ITZ1 qupnx N; T, [—lr}T iﬂg(l—e NN )]
—ANXN
1_
' ] f _ —-pN o 1PN
- 11_'?‘1\1 _ 11—}"}\‘ by—1 (‘EN[—E‘ QJ\“‘\E .!og(l—a N TN )] )
X[—e INTH .log(l—e INTN )] N \ N
we compute the log- likelihood:
L= mlog(mj + miﬂ‘Q’(ij - 1:]2 lug[x ) Z g X 4"-'1
_q\x\r'\ B
+Zlc"g lﬂ'g‘(l—e INEN )
N —guz PN I (24

4.2 east square estimation

The following formula can be used to estimate a parameters using the Least square
estimation (LSE) method [27], [28]:
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r e . — iy BN 2
FN FN ‘
—ANXy. —AN¥N.
m (—EN[—E Ny .!pg( 1-e N; )] } 1

0(8) =) |1-e

i=1

U

n+1 (25)

4.3Weighted Least square estimation
The following formula can be used to estimate a parameters using the Weighted Least square
estimation (WLSE) method [29]:

-

. T
PN oo B
INN; logl 1-s NN )] )

- -8
— (nt1)*(n+2) ( i [ i
W) =25 0o [t e el LD

Estimates of the parameters for the three previously described methods may be obtained by
finding the partial derivative of four parameters and setting it to zero. Computer technologies such
as the R language are used since it is difficult to find these values in numerical solutions.

5.  Simulation

To demonstrate the efficieny of the estimation of NHWIW distribution, a Monte Carlo
simulation is conducted for the three methods presented in a fourth section, where the sizes of
generated samples were relied upon at n=50, 100, 150, and 200, to 1000 with the calculation of
the values of mean square error (MSE), and its root (RMSE) [30], and the calculation of the bias
in the estimated parameters, where Table 3 shows the simulation values as follows:

Table 3 : Monte Carlo simulations conducted for the NHWIW

ry = [0.4.1.4], uy = [0.5,1.5], by = [0.7.1.7], cy = [0.8,1.8]

N | Est E;? MLE LSE WLSE
& [2.71415, 3.8807] [1.81833, 2.2308] [2.18454, 2.62480]
Vean B [2.14886, 3.4619] [2.00585, 2.14894] [2.28999, 2.41772]
Gv | [198333 2.030004] | [1.68494, 2.65528] [1.49501, 2.36023]
B [1.78887, 2.01288] [1.74966, 2.63342] [1.46794, 2.40224]
a [22.2105,25.1223] [1.40892, 1.91622] [2.77863, 3.67925]
e B [2.20026, 5.72680] [0.44948,1.0952] [0.98082,1.91795]
i [3.88680, 5.14601] [0.96725, 2.38973] [1.04593, 2.03972]
i P [1.26702, 2.03484] [0.96801, 1.11202] [0.64689, 0.95739]
& [4.7128,5.01222] [1.18698, 1.38427] [1.66692, 1.91813]
o [1.48332, 2.3930] [0.67043,1.04654] [0.99036,1.38490]
& [1.97149, 2.26848] [0.98348, 1.54587] [1.02270, 1.42818]
B [1.12562, 1.42648] [0.98387, 1.05452] [0.80430, 0.97846]
& [1.314151, 1.9807] [0.33082,0.41833] [0.72480,0.78454]
sias | Bv [0.64886, 1.4619] [0.14894,0.50585] [0.41772,0.78999]
i [0.26999,0.28333] [0.015057, 0.35528] [0.06023,0.20498]
Fx [0.01112, 0.48711] [0.05033, 0.13342] [0.33205, 0.09775]
& [2.31534, 3.4201] [1.85065, 2.25892] [1.96960, 2.52434]
100 | Mean == [1.6431, 2.78082] [1.95885, 2.19012] [1.95962, 2.37243]
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[2.04081,2.10196]

[1.54758, 2.51858]

[1.44971, 2.36524]

[1.80824, 2.09797]

[1.62019, 2.56520]

[1.48308, 2.427468]

[6.10985, 16.8563]

[1.28531, 1.92259]

[1.61472, 2.84221]

[0.52321, 2.10325]

[0.42942,0.75540]

[0.67244, 0.73143]

150

200

Ay
i
Ly
MSE E:lr
(v iy [1.90643, 2.19297] [0.51869, 1.71932] [0.362008, 1.65003]
By [0.70767,0.72883] [0.52677, 0.82273] [0.32772, 0.84436]
By [2.47181, 4.10565] [1.13371, 1.38657] [1.27071, 1.68588]
RMSE Er [0.72333, 1.45026] [0.65530,0.86914] [0.82002, 0.85523]
Gy [1.38073, 1.48086] [0.72020, 1.31123] [0.60167, 1.28453]
By [0.84123,0.85372] [0.72579, 0.90704] [0.57247, 0.91889]
iy [0.91534, 1.52011] [0.35892,0.45065] [0.56960, 0.62434]
Bias E, [0.14319, 0.78082] [0.19012,0.45885] [0.37243,0.45962]
Hy [0.25918,0.40196] [0.15241, 0.21858] [0.06524,0.25028]
B [0.00824, 0.40202] [0.065207,0.17980] [0.07253,0.31691]
iy [2.39295, 2.59663] [1.69799, 2.28928] [1.84874, 2.51742]
Mean Er [1.48475, 2.38927] [1.84251, 2.22170] [1.82141, 2.36527]
Gy [2.32242, 2.26305] [1.56125, 2.38488] [1.55411, 2.22098]
B [1.83872, 2.33146] [1.62906, 2.47499] [1.61889, 2.31876]
iy [5.19190,6.34498] [0.76663, 1.61336] [1.38675, 2.57476]
MSE E, [0.36447, 0.76441] [0.41032,0.45602] [0.17093, 0.63993]
(v iy [1.85714,2.85060] [0.39942, 0.41032] [0.39838, 1.05506]
B [0.30307, 0.49069] [0.29310, 1.01496] [0.40961, 0.52287]
iy [2.27857,2.51892] [0.87557, 1.27018] [0.27180, 1.60460]
RMSE Er [0.60371, 0.8743] [0.64056,0.67529] [0.63118, 0.79996]
Gy [1.36277,1.68837] [0.63200, 1.00745] [0.64001, 1.02716]
B [0.55052, 0.70049] [0.54139, 0.75893] [0.52135, 0.72310]
fy [0.69663,0.99295] [0.38928,1.17760] [0.44874,0.61742]
Bias E, [0.015245, 0.38927] [0.22170,0.29799] [0.32141, 0.36527]
Gy [0.036943,0.62242] [0.08488,0.34251] [0.07901,0.14588]
By [0.03872, 0.16853] [0.025003,0.13874] [0.18110, 0.18123]
iy [2.56066, 2.69271] [1.65731, 2.22683] [1.74361, 2.39868]
Mean Er [1.428845, 2.33717] [1.77586, 2.16486] [1.70362, 2.29352]
(i [2.19764,2.30402] [1.61052, 2.37936] [1.65621, 2.25097]
By [1.77657, 2.30401] [1.68037, 2.492011] [1.66439, 2.36508]
iy [6.98059,8.23299] [0.73184, 1.36073] [0.941745, 2.21622]
MSE Er [0.25652, 0.56396] [0.31173,0.35832] [0.28724, 0.46309]
Gy [1.12979,2.25599] [0.351277, 0.86185] [0.39563, 1.00733]
By [0.15658, 0.33635] [0.29343, 0.49330] [0.19297, 0.43221]
By [2.64208,2.86931] [0.85547, 1.16650] [0.97043, 1.48869]
RMSE Er [0.506478, 0.75097] [0.55833,0.59860] [0.53595, 0.68050]
gy [1.06291,1.50199] [0.59268, 0.92836] [0.62899, 1.00366]
B [0.39571, 0.57996] [0.54169, 0.70235] [0.43929, 0.65742]
By [0.79271,1.16066] [0.25731, 0.32683] [0.34361, 0.49868]
Bias E, [0.071154, 0.33717] [0.16486,0.27586] [0.20362, 0.29352]
Gy

[0.10235,0.60402]

[0.07936,0.08947]

[0.043784, 0.04902]
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| ] | By | [0.023423,0.19598] | [0.00798,0.11962] | [0.13491,0.13560] |

Table 3 shows the lowest MSE and RMSE values for the MLE method, indicating that it
is the most accurate. Bias is low in all methods, reflecting the quality of the estimates. MLE
(Maximum Likelihood Estimation) showed superior performance, especially with large sample
sizes, making it the best fit for the distribution. LSE and WLSE perform well with small sample
sizes but are less accurate as the size increases.

6. Application
To demonstrate the extent of the quality of the distribution and its efficiency in practical
applications, the practical aspect is an important aspect to show this, as in this part a practical
applications is conducted on real neutrosophic data that is used [31], with a comparison of the
results obtained between the proposed distribution and six other distribution represented by:
. Neutrosophic beta inverse Wiebull (NBelW)
Neutrosophic Kumaraswamy inverse Wiebull (NKulW)
Neutrosophic Exponeted generalized inverse Wiebull (NEGIW)
Neutrosophic log-Gamma inverse Wiebull (NLGamIW)
Neutrosophic Gompertz inverse Wiebull (NGolW)
o Neutrosophic inverse Wiebull (NIW)
This comparision required the use of four information criteria, which are (AIC [19],
CAIC [32], [33], HQIC [34], [35], , and BIC [36]) in addition to four statistical measures, which
are (Kolmogorov-Smirnov (KS), Anderson- Darling (A), Cramér-von Mises (W), and p-value

[37], [38]).
Data set-1
The first represented by mortality data for children under five years of age [31].
Var | N | Mean | SD | Median | Trimmed | Mad | Min | Max | Range | SK | KU | Se
e N I - U s |z
e (BB |N BT | 8% |3 |2 |BE|RE |2 |8 |5
728 |3 |8k | 2R | g |3 [E8 28 |° & |8
N A R 8 |&

The results of the criteria for the distributions were displayed in Table 4, while Table 5
expressed the value of the statistical measures, while Table 6 displayed the values of the
estimated parameters for each distribution.

Table 4. results of the criteria for the distributions

Dist. 2L AIC CAIC BIC HQIC
HWIW [85.40969,85.5326] | [178.8194,179.06] | [180.7241,180.97] | [183.851,184.097] | [180.268,180.514]
BelW [86.0416, 87.6206] | [180.089, 183.302] | [181.994, 185.207] | [185.122, 188.334] | [181.538, 184.751]
Kulw [86.1110, 86.5381] | [180.234, 181.085] | [182.139, 182.990] | [185.267, 186.118] | [181.683, 182.535]
EGIW [86.2713,86.31197] | [180.564,180.649] | [182.469,182.554] | [185.597,185.681] | [182.014,182.098]
LGamIW | [85.63031,85.8919] | [179.260,179.785] | [181.165,181.690] | [184.293,184.818] | [180.709,181.235]
GolW [87.0561, 87.2476] | [182.112, 182.495] | [184.017, 184.400] | [187.144, 187.527] | [183.561, 183.944]
W [96.1148, 104.916] | [196.24, 213.9324] | [196.761, 214.454] | [198.756, 216.448] | [196.9645, 214.65]

From Table 4, NHWIW achieved the lowest values for most of the criteria, indicating its
high fit to the data. The IW distribution was the least efficient due to its high values, as low
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values of the criteria enhance the stability of the distribution when comparing models with
different complexities .

Table 5. value of the statistical measures

Dist. W A K-S p-value
HWIW [0.03774283,0.0473640] [0.313303,0.341763] [0.103911, 0.106321] [0.900544,0.9142441]
BelW [0.04349193,0.0582771] [0.3464307,0.40208] [0.088246, 0.119375] [0.8107124,0.9765447]
Kulw [0.04234476,0.0551776] [0.341253,0.386771] [0.081400, 0.094516] [0.9572919,0.9896749]
EGIW [0.04774075,0.0614708] [0.370513,0.420625] [0.082911, 0.090155] [0.9714649,0.9874063]
LGamIW [9.373411,9.426508] [52.44084, 52.46839] [0.9483765, 0.94545] 5.551115e-16
GolW [0.0627775,0.06469447] [0.461921, 0.464890] [0.12449, 0.1460138] [0.5858848,0.7699224]
W [0.04225913,0.0575322] [0.339643,0.397695] [0.227421, 0.364774] | [0.001313552,0.1155558]

Table 5 shows that NHWIW achieved the highest p-value and lowest W and A values,
reflecting its high fit to the data. Other distributions showed poorer performance compared to

NHWIW .
Table 6. Estimator value interval for parameters by MLE
Dist. a N E;":’ a v ﬁ;.,r
HWIW [0.013462, 0.0280360] [3.3452479,3.5492839] | [7.5562016, 12.242277] | [1.918304,1.948398]
BelW [5.941547,6.880572] [3.479567, 3.568686] [6.136480,7.531162] | [0.966692,1.129877]
W i [5.85491, 5.858095] [4.048258,4.141243] [6.026946, 6.382458] [1.111050,1.119379]
EGIW [3.8376168, 4.5794689] | [6.6182216, 7.6331922] | [7.205414,7.2723604] | [0.789913,0.848330]
LGamIW [7.337486, 8.415236] [5.380997, 6.665243] | [7.4194373, 8.495675] | [1.17855,1.194137]
GolwW [0.006215729,0.00781413] | [1.4543039, 1.4894439] | [1.9634420,1.9943284] | [1.486703,1.493761]
W [6.1610960,13.242297] | [0.8713852,1.14196]

Table 6 shows the estimated intervals of the main parameters of the NHWIW distribution

compared to other distributions (such as BelW, KulW, etc.) using the maximum likelihood
estimation (MLE) method for the first dataset. The NHWIW distribution showed narrow
intervals of the parameters, indicating the stability of the estimates, while other distributions such
as BelW and KulW showed greater variation in the intervals of the parameters, which may

indicate their poor efficiency compared to NHWIW.
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Figure 3: (a) Fitting pdfs NHWIW with histogram data set, (b) Empirical Fitted CDFs
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Figure 3 (a) shows how well the probability density function (PDF) of the NHWIW
distribution matches the actual data for the first set. The distribution shows a strong fit with the
structural distribution of the data, with the curve following the shape of the experimental data.
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This indicates the ability of NHWIW to accurately and flexibly represent real data. Figure 3 (b)
shows the empirical CDF compared with the theoretical CDF. The strong fit between the
distributions reflects the efficiency of NHWIW in representing the cumulative probability of the

data.
Data set-2
The second is COVID-19 in Netherlands for thirty days [39]
Var | N | Mean | SD | Median | Trimmed | Mad | Min | Max | Range | SK | KU | Se
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Table 7. results of the criteria for the distributions
Dist. 2L AlIC CAIC BIC HQIC
HWIW | [76.43589,77.09943] | [160.8718, 162.1989] | [162.4718,163.7989] | [166.4766,167.8036] | [162.6648,163.9919]
BelW | [76.48142,77.32048] | [160.9628, 162.641] | [162.5628,164.241] | [166.5676,168.2457] | [162.7559,164.434]
Kulw | [76.59179, 77.27442] | [161.1836, 162.5488] | [162.7836,164.1488] | [166.7884,168.1536] | [162.9766,164.3419]
EGIW | [78.25885, 79.37512] | [164.5248, 166.7519] | [166.1248,168.3519] | [170.1296,172.3567] | [166.3179,168.545]
LGamIW | [76.56406, 77.31349] | [161.1281, 162.627] | [162.7281,164.227] | [166.7329,168.2318] | [162.9211,164.42]
GolW | [77.94244, 79.25779] | [163.9185, 166.5239] | [165.5185,168.1239] | [169.5233,172.1287] | [165.7115,168.3169]
IW [80.90795, 81.86503] | [165.8159, 167.7301] | [166.2603,168.1745] | [168.6183,170.5325] | [166.7124,168.6266]

Table 7 compares NHWIW with other distributions using informative criteria such as
AIC, BIC, CAIC, and HQIC for the second dataset. NHWIW distribution had the lowest values
for all criteria compared to other distributions. Other distributions, such as IW and GolWw,
showed high values, indicating their poor performance in fitting the data.
Table 8. value of the statistical measures

Dist.

W

A

K-S p-value
HWIW [0.0233792, 0.0241559] | [0.1664448, 0.1756536] | [0.070432, 0.0770078] [0.9881955, 0.99588]
BelW [0.02499, 0.02863132] [0.185047, 0.2137449] | [0.08221554,0.085797] [0.96637, 0.977128]
Kulw [0.0217852, 0.0257614] | [0.1728076, 0.1938708] | [0.0685944, 0.076441] [0.9891058,0.9971004]
EGIW [0.0612384, 0.082723] [0.4535322, 0.57210] [0.1106459, 0.114588] [0.784162,0.8173854]
LGamIW [9.976712,10.01212] [60.25735,60.30363] [0.9854649, 0.987072] 1.221245e-15

GolW [0.0474965, 0.0719870] | [0.3674051, 0.5081394] | [0.0990987, 0.105585] [0.8571036,0.9018158]

IW [0.1411036, 0.1590753] [0.940501, 1.032139] [0.1517456, 0.153257] [0.4380138,0.4503734]

Table 8 NHWIW had the highest p-value and the lowest values for W, A, and K-S,
indicating that this distribution is superior to other distributions and provides an excellent fit to
the data and there is no evidence to reject the hypothesis of the distribution. Distributions such as
IW showed high values for the criteria, reflecting their poor representation of the data.
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Dist. a N Eﬁ:’ a v ﬁ;.,r

HWIW [5.837801, 6.1923656] [4.02133, 4.2564547] [0.8979603,0.91083] [0.3596752,0.37002]
BelW [0.326699, 0.5555232] [23.3992253,26.28143] | [13.330017,19.726555] | [0.642861,0.746774]
Kulw [3.5882782,9.1795205] [65.592337, 74.372615] | [1.0179446, 2.7114185] | [0.421744,0.426545]
EGIW [4.458458,5.3694787] [2.5368242, 2.864744] | [3.8798198,4.1462443] | [0.652446,0.696044]
LGamIW [0.4306123, 0.5999024] [21.714107, 25.562351] | [12.796964,15.607732] | [0.624186,0.698871]
GolW [7.8853573,8.9050606] [0.9466685, 1.2100697] | [7.3119639,8.3552368] | [0.706303,0.712820]
W --- -- [7.869781, 8.576315] | [1.553003, 1.564124]

Table 9 NHWIW distribution showed more accurate and stable estimation intervals
compared to other distributions. Distributions such as GolW and BelW showed wide variations
in estimates.

Neutrosophic HWIW with Histogram data Empirical Fitted NHWIW CDFs

0.75

025

(b)
Figure 4: (a) Fitting pdfs NHWIW with histogram data set2, (b) Empirical Fitted CDFs
NHWIW with data set2

@

Figure 4 (a) shows how well the PDF of the NHWIW distribution fits the real data of the
second group (COVID-19 data). The curve shows that NHWIW captures the main characteristics
of the data. The good fit indicates the flexibility of the distribution in dealing with different types
of data. Figure 4 (b) compares the empirical CDF with the theoretical NHWIW CDF for the
second group of data. The close fit between the two curves reflects the accuracy of NHWIW in
predicting the cumulative probabilities of the data. This enhances the reliability of the
distribution and its relevance to real-world data such as COVID-109.

Conclusion

The NHWIW distribution showed high efficiency in representing real data compared to 6
other distributions. NHWIW outperformed in information criteria (AIC, BIC, CAIC, HQIC) and
statistical criteria (K-S, W, A, p-value). The distribution has great flexibility that enables it to
adapt to uncertain or ambiguous data using neutrosophic parameters. The maximum likelihood
method (MLE) was the most accurate in estimating the parameters, indicating the stability of the
model. Simulations proved that NHWIW provides accurate estimates even with small or medium
sample sizes. The distribution is suitable for representing real data such as under-five mortality
and COVID-19 data in the Netherlands. NHWIW showed high agreement with experimental
data as shown in the figures. NHWIW represents an important step in applying neutrosophic
logic in statistical modeling and bridges the research gap in integrating ambiguous data with
complex mathematical distributions.
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Abstract.

This study introduces the multi-objective single-machine approach. Reducing the three
criteria of maximum earliest time E,,,..., tardiness (ZT;), and total completion time (ZC;) will

solve the machine scheduling problem (MSP). It is an NP-hard problem.

In this paper's theoretical section, we give the mathematical formulation of. Next, we'll
look at how the dominance rule may help you make the most informed decisions. In the practical
part, the Branch and Bound method is one of the most important exact approaches. A collection
of optimal determination issues for 1//F(ZC; + IT; +E, .} are generated, and the provided
MSP goal is solved. In a fair amount of time, the BAB approach finds the best resolution issues
to the problem. In addition, we provide two heuristic methods to address the Issue and provide

appropriate estimates. The two suggested determination issues work well, according to the
results of the practical investigation.

Keywords. Branch and Bound, Multi-Objective, Total Completion Time, Heuristic
Approaches.
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1-Introduction

The difficulty of allocating a group of tasks to a group of machines under a specific time
constraint is known as the scheduling Issue [1-3]. A given number of jobs, n, each requiring a set
number of operations to be planned on one or more machines over a particular amount of time
about a specific target to be lowered, may be characterized as the machine scheduling Issue
(MSP) [4] and [16].

A single objective Issue has been the focus of most research until the late 1980s. Actually, in
order to provide decision makers about more practical options, scheduling choices should
consider a number of elements. Modeling and solving scheduling Issues (SP) becomes more
difficult when several objectives (criteria) are required. In many cases, using the same choice
variables won't optimize several goals. There is hence a trade-off between several goals. A Multi
Objective Scheduling Issue (MOSP) is the term for this type of Issue [5, 6].

is used to solve the Tricriteria

The multicriteria goal’s function 1// (XC; + Ry + Tpa.)
Machine Scheduling Issue (SMSP), which is done about BAB and a few heuristic strategies [7].
Effective determination Issues to the Issues at hand are demonstrated in a number of particular
examples. To find good or optimal determination Issues, they employed both heuristic and exact

techniques to address the 1// (ZC; + R, + T Issue [8].

?‘J‘IEI]

Determine  the sequence that minimizes this MOF by investigating the
1// (Z[E}- +T;+C + U+ Lj-) Issue [9] and [16]. They give a BAB determination Issue

for this issue. Additionally, they employ fast LSMs, yielding almost perfect Outcomes. They
report on computation experience and evaluate the performance of exact and LSMs on a variety
of test Issues.

In order to decrease a multi-objective function, this article discusses arranging the number of
tasks (n) on one machine. This may be expressed as follows: A separate machine, capable of
performing one job at a time, will manage the whole load. A processing time and a due date are
assigned to every job. All tasks are completed and prepared for execution at time zero. The
objective is to resolve the 1//F(ZC; + ZT; + E, issue.

?‘J‘IEI:]
Section two demonstrates various machine scheduling Issue (MSP) principles. Section 3 will
cover the mathematical formulation of 1//F(ZC; + IT; + E,.). Section 4 presents special

cases. Section 5 illustrates our proposed determination Issues. Section six discusses the practical
and comparative outcomes. In section seven, we shall present the most important conclusions
and recommendations.
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1- Machine Schedule Issue Concept
2.1 Important Notations

This research employs many notations:

This research employs many notations:

n number of jobs.

pj:  processing time of jobs .

d;:  due date of jobs j.

Ci: completion time of job j, where C; = Eéﬂ Pr
XC;:  total completion time.

L;:  latenessof job j, L; = C; — d;.

T;:  tardiness of job j, T; = max {L;, 0}.

2.2 Important Definition Machine Scheduling Issue
A number of terms are necessary in this study:

Shortest Processing Time [10]: Using a non-decreasing order of processing time (p;). The Issue
1 // ZC; is resolved by using this process.

Minimum Slack Time [11]: Jobs are arranged according to the slack time s; = d; — p;, which
means that (s, < s, <s; <--=5,_) ,in non— decreasing order Applying this rule will
minimize E....

Definition (1) [12] and [14]: The matrix A(G) represents the adjacency matrix of an n-vertices

graph, whose 1,j™ element is 1 in the instance that V, and V; have a minimum one edge, and
nothing else.

Emmon's Theorem (1) [13]: For the 1/ /(XC;,XT;) issue, if p; = p; and d; = d;, then task i
occurs first.
2- Mathematical Formulation of Multi-Objectives Function

The following is the formulation of the suggested Issue: When considering a particular schedule,
o= (1,.2,..,n), where n is how many tasks SCSTEP completed.

n n
i=1 i=1

St

Ci = Doty

CJ = cl:j‘l:' - pu:l:j:"j = 2’3’ weay 11
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L, =C —dgyy.i = 1.2,...,n ...(SCSTEP)

TJ E C] _dﬁl:]} _,j = 1_,2, ....,Il

E; =dg— Cui =12 .n

Emex = max{d, — G 0}L,j=12,...,n

max

C,T,z0,E;=0,j=12,...,n

The SCSTEP challenge aims to minimize the overall number of completion times, total tardiness
and maximum Earliest(X7-; C 5 + Z7=1 To¢sy + Emax) DY scheduling the tasks on one
machine. ¢ € 5 (S represents a set of all possible determination Issues), is the Issue's objective.
As a result, the complexity of our issue is n! due to the T, function, it is considered an NP-hard
issue.

3- Special Cases for SCSTEP -Issue
Case (1): For Issue (SCSTEP) if p; =p and d; =d . VJ if so, we offer a special determination
Issue:

1-d = C;,Vjthen (EC; + ET, + E_,,) =n(p(n+ 1) —d)

2- d> C,,¥then (SC, + ST, + B, )= p2224g
Proof: dueto p; =p. then C;, = jp ,then

__nint+1)
ECj =p ; (1)
Ford, =d if:

1- d = C;,V]jthat’s mean all jobs are tardy and L; = C; —d = jp — d, then
T; = max{jp —d,0} =jp —d

. n(n+1)
ETj=EJp—Ed=pT—nd )
E; =max{d —C,0}=0,vj
Emrzx =0 (3)
From (1), (2) and (3) we obtain:

___nin+1) nin+1) _ _

EC + ETj+ Bpox =p— — +p—, — —nd+0 =pn(n+ 1) —nd = n(p(n+ 1) — d)
2— d= C; , ¥j that’s mean all jobs are early then T; = max{jp —d,0} = 0,¥j then:
ET, = 0 e (4)
E, =max{d—ﬂj,l]}= d—Cj =d—jp
Ema.x:d_p [:5:]
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From (1), (4) and (5) we obtain:

n(n+ 1) n®+n-—2
P

+0+ d—p)=p—+d

5C, + ET, + Epg, = >

Case (2): For the Issue (SCSTEP):

1- If d;=¢C, ,¥j, then the Issue changed to (EC; + E,g,) ,this Issue has just one

determination Issue if SPT and MST are the same.
2- If d,<C, ,v¥j€eN then the Issue changed to (EC;,+ZT;) ,this Issue has just one

determination Issue if SPT and EDD are the same.
3- If d; =C; ,¥j € N then the Issue changed to (EC, ) ,this Issue has a unique determination

Issue according to the SPT rule.
Proof:

1- dueto dj =G, Vi, then all jobs are early T.=0,v] ,then IT, =0 then
EC, + IT, + Epay = £C; + E

due to d; < C; then all jobs are tardy for all j , this Issue solved in p— type if 0 =5SPT =
5. MST ,then o will minimize both C; and ET, about unique Significant
EG,+ ET, + Ep., = EG + ET;+ 0= ZG + ET;

due to dj =G for all j in the SPT schedule (this means T, =0 ,E; = 0,V] then IT, =
3. 0 and E__., =0 then
G + ET, + E,p.. = ZG;

]

Now if o =SPT Significant is applied, then we obtain optimal determination Issue depend on
ZC; only

Case (3): For the Issue (SCSTEP) if p; = p for ¥j, Consequently, if o = EDD, we could

have an efficient determination Issue.
proof:
E = max{dj — Cj,l]} = max{d; — jp, 0}
Ifd; = p and jp = d;, thenall jobs arelate and E; =0,V and

E_.=0 - (6)
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Then by  using Relations 1) and (6), the

[ECJ- + ETJ- + l:l) = (p n(n+1) + ETJ) — (IJ nint+1)

Issue changes to
2 2 t Eﬂ)

If we apply o = EDD for the Issue, then the £T;(o) = ET,(w) where many

sequence and due to p ""”fﬂ is constant then p ""”fﬂ + ET;(o) has an optimal determination
Issue for
the Issue.

Case (4): For the Issue (SCSTEP) if d;, =d , ¥j:

1- Ifd< G, Vjthen (¢, + IT, + E,,.. ) = IC,+ n(C, —d).

2- Ifd> C,,¥jthen (C, + IT, + E,.. ) =3C+ d—p

The issues described above can be solved using the SPT rule.
Proof:

1-Ifd = C;,¥jthen all jobs are late

~L;=C —d ,vj then

T, = max{C, — d,0 } =C, —d then , IT,= IC, —=d then
ET, = n(C, — d)

..(?j
E, = max{d—C; +0}=0,Vj then

Emax =10

..(B]
From (7) and (8) we obtain:

SPT rule can solve this Issue due to n(C, — d}is constant.
2-1fd = C;.Vij ,then T.=0.,v], then all jobs are early ,
- (9)
E, =max{d—ﬂj ,D}=d—ﬂ1 then
Ema_x =d— pu:{i}

..(10)
From (9) and (10) we obtain:
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EC;+ ITj+ Epy =ZC+0+d—p; = EC+d—pyy
This issue can be resolved using the o =SPT rule due to d — p_4; is constant.

In Table 1, Instances are provided to clarify the special cases for the (SCSTEP) Issue, by
calculating the objective functions(F).

Table 1. Special Cases of Issue (SCSTEP)In the following examples.

Case p; and d Conditions | F
p=d=5 . (130
.=pand d. =d,¥
Case 1 p=5d=7p<d| O ¥ J SRNCED)
. =43221,d = 14956,23
P, | i=c (39)
CaSe 2 p] = 3.!4!5.!618.1-9 .!dj = 315161?191 10 d :: C (126]
p; = 8,52,6,4,3,d, = 30,14,2,21,10,6 1= (83)
Case 3 p; =3 ,dj = 3,4,6,7,89 p; =P for ¥j (72)
p, =543211,d =6 @ (62)
Case 4 p, =7,654321,d =7 j (123)

The multi-objective function of the Issue (SCSTEP) is denoted by (F).

4- Propose Approaches for Solving SCSTEP-Issue
4.1 Exact Approaches for SCSTEP-Issue

Below this part, we use the classic Branch and Bound (BAB) approach, often known as BAB, to
try to identify a set of Pareto optimal determination Issues for the SCSTEP issue. The following
are the steps involved in BAB:

Algorithm: BAB Method

Step (1): INPUT n, p; and d; forj = 1,2, ...,n ..

Step (2): SET S = &, define F(o) = EC,(; + ET,(0) + E, (o) ,foranyo.

Step (3): The upper bound (UB) is obtained by applying the ¢ = SPT rule. Determine F(o),
which is equal to 1, 2, ..., n. Lastly, place the upper bound UB= F(o) at the parent

node of the search tree.

Step (4): Set a lower bound LB (&) every node in the BAB tree of searches and component

Job sequence. The LB (&) calculation combines the costs of the sequence jobs (&)
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About those produced by sequencing the tasks in the SPT rule.

Step (5): When LB < UB, begin at every node and branch out.
Step (6): STOP.

5- Heuristic Approaches for SCSTEP-Issue
Start by applying the heuristic strategy, where the goal function is calculated and the Issue is

resolved by the SPT rule. Next, use the SPT rule to organize the remaining jobs and find out
what the goal is. Up until the completion of n series, this process is repeated. The following are
the main steps of SCSTE,,,...P:

Algorithm (2): SCSTE_,...P Heuristic Method
Step (1): INPUT n, p;and d; ,j=12,....,n, 8 =¢.

Step (2): Assign tasks according to the SPT rule (&y) and calculate F,, (&), where
5=58U {Fy, (ok

Step (3): To obtain g;, place job i at the forefront of o;,_; for j = 2, ...,n. Then, compute
Fy(0;)8 =38V {Fy (o)}

END;

F, = min{Fy(g;)}

Step (4): Determine F,; (my), 8 = 8U { F,, () }; then arrange jobs according to MST rule

(7).
Step (5): To obtain m;, place job j in the first position of m;_, for j= 2, ..., n. Then, compute
Fy(m;).8 = 8U {Fy(m)}-
F, = min{F(m;)}
END;
F = min{F,,F,}
Step (6): A set of efficient SCSTE,,...P -issue determination Issues is provided by filter set 5.

Step (7): OUTPUT best F
Step (8): STOP.
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The concept behind the following heuristic technique is summed up by calculating the target

function and identifying an ordered list about the fewest p; and d; which is not in disagreement

about dominance rule. The following are the primary steps of SCSTE,,,....P:

Algorithm (3): DR- SCSTE,,...P Heuristic Method

Step (1): INPUT: n, p, and d, ,j=1,2,...,n, §=0

Step (2): To get the DR adjacency matrix A, use theorem (1), where N ={1,2, .....,n },

5=0

Step (3): If more than one job break tie randomly, then & = 8 U {g; }. Construct a pattern o,

about a minimal p; which is not in disagreement about DR (matrix A).

Step (4): If more than one job break tie randomly, then & = & U {g, } . Determine a sequence o ,
about a minimal d; which is not in disagreement about DR (matrix A).

Step (5): Determine which order is set 5 from &.
Step (6): Calculate F(&),F = min{F(8)}.

Step (7): OUTPUT best F.

Step (8): END.

6- Practical Outcomes of the Issue (SCSTEP)
We provide a few key abbreviations before displaying all of the outcome tables:

AT/S  Average of CPU-Time per second.
AMAE Average of Minimum Absolute Error.
BS BS Significant of Issue (SCSTEP).

OP Optimal Significant of Issue (SCSTEP).
R 0 <Real < 1.

F Objective Function of Issue (SCSTEP).

After demonstrating how the recommended approaches (exact and estimation) are put into
practice, we must first demonstrate that we compare the outcomes of the suggested strategies
about the full enumeration method (CEM), which tries every possible variant of events to find

the most efficient one.

Example (1): Using the following table, let's utilize MSP about five jobs, processing time, and
due date:
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Table 2. Thep; .d;, and s;data for the Issue (SCSTEP)

1 2 3 4 5
P; 1 8 10 4 9
d; 14 28 27 23 12
5 13 20 17 19 3

Shown in Figure (1) may be obtained using theorem (1).

5

4 \

n

2

3

Figure (1): The DRs of the example (1)

The following (6) DRs may be seen from theorem (1): 152, 1— 3,154, 16, 2— 6, 452, 4—

3, 4— 6,5>3. There are seven possible sequences in Table 2, some or all of which are

susceptible in addition to what already mentioned DRs. The following are the adjacency matrix

A:
0 1 1 1 ag
0 0 a3m 0 ay 1,ifa; =0
AG)=|0 2 0 0 0 |.wherea;=1,. _
0 1 1 0 a, 0,if a; =1
A5y  Agp 1 ag, O

Table 3. Under DR, optimal sequences for example (1)

EF-SQ SCSTEP
Seq | POS1 [ POS2 [ POS3 [ POS4 | POS5 | £C; + XT, + Eyppy
1 |1 4 2 5 3 129

2 | 1 4 5 2 3 116

3| 1 4 5 3 2 114

4 | 1 5 4 2 3 114

5 | 1 5 4 3 2 113

6 | 5 1 4 2 3 114

where POS stands for position and EF-SQ for efficient sequence.

As can be seen in Table 3, the sequences (1-7) present the issue an optimal Significant for the
Issue (SCSTEP).
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Table (4) shows the Outcomes of solving the SCSTEP-Issue, n=3:10, using CEM and BAB.

Table (4): SCSTEP-Issue BAB and CEM Overviews, n = 3:10.

BAB CEM

n Optimal Time F Time

Av(F) AT/s Av(F) AT/s
3 47.2 R 47.2 R
4 57 R 57 R
5 85 R 85 R
6 103.8 R 103.8 R
7 156.6 R 156.6 R
8 259.6 5.1824 259.6 R
9 299.4 45.8577 299.6 R
10 361.4 477.8011 361.8 R

Table (5): Discussion featuring SCSTE,..P and SCSTE_,..P (DR) about CEM for
SCSTEP -lIssue, n=3:10.

CEM SCSTE,,_.P SCSTE,___P (DR)
n |oP TIME | BS AT/s | BS AT/s
AV(F) | ATIs AMAE AMAE

3 47.2 R 8.8 R 49.8 R
4 57 R 9 R 58.4 R
5 85 R 14.6 R 89.4 R
6 103.8 R 23.6 R 112 R
7 156.6 R 32 R 166.8 R
8 259.6 | 5.1824 | 528 R 271.6 R
9 2994 | 458577 | 622 R 305.4 R
10 3614 | 477.8011| 68.6 R 367 R
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Table (6): Summary between SCSTE,,..P and SCSTE_,..P (DR) for SCSTEP -Issue,

n=0:4000.
SCSTE,,_.P SCSTE,._.P (DR)
n BS AT/s BS AT/s
AMAE AMAE
30 5742 R 3447 R
I 35 1120.6 R 4429.6 R
40 1367.8 R 6222.4 R
45 1408.6 R 7026.6 R
50 1900.8 R 9233.6 R
55 2143.4 R 1202.8 R
60 2685.6 R 14473 R
100 7527 R 37802 1.1889
150 19342 R 8475.2 2.0571
200 3179.1 R 1560.2 2.4966
400 11822 | 1.0088 6060.0 5.8263
500 19055 | 1.3040 9703.6 10.0629
600 28055 | 1.7679 13495 13.3215
700 37011 | 23175 1893.1 16.0939
800 48201 | 2.9208 24457 19.5225
900 5962.2 | 3.6512 3069.4 271716
1000 | 78959 | 4.4668 3846.0 44.6153
2000 | 30489 | 19.5043 1543.0 2223472
4000 | 12405 | 109.6704 6153.6 963.4205

Conclusions and Future Works

1. According to this study, we use the BAB algorithm about DR to determine the best
determination Issue up to n = 10 jobs. Outcomes from the BAB algorithm is compared to those
from CEM.

2. We offer two effective and simple heuristic techniques for solving the SCSTEP Issue:
SCSTE,,...P and SCSTE_...P (DR), both of which perform well.

3. For further study, we suggest using some techniques such as (PSO algorithm, Genetic
algorithm, etc.) to identify efficiency and approximate determination Issues for the SCSTEP
Issues.

4. For more research, we recommend utilizing local search algorithms about multi-criteria and
about multi-objective or together.
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Abstract

The present article argues about a prey-predator model where the two species are
harvested autonomously with constant or variable rates that have been well thought-out.
According to the theory of logistic growth, the prey population is increasing. The Lotka-Volterra
predator-prey model is modified and adapted into this model. The model has reached its
equilibrium points, and the dynamical behavior of the suggested system was examined to display
the phase portrait. Model simulations are analyzing, bifurcation diagrams are examined, and the
behavior of the solutions' locally and globally is examined. The impacts of logistic and
harvesting on the steadiness of stability states are inspected. The main purpose of the article is to
implement a mathematical investigate of the model, and it can be obtained that the effect of
activities in harvesting is more effective on the dynamical behaviour in the current model. At the
end, solution curves are plotted by utilizing the Maple program to explore the dynamical
behaviour of the model regarding to the time.

Keywords: Logistic, Harvesting, Predator-Prey, Lotka-Volterra, Jacobian Matrix, Linearization.
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1 Introduction

A.J. Lotka and V. Volterra was originally proposed the predator-prey’s problem, which is
traditional and well-known problem [1]. The Italian mathematician Vito Volterra, in order to talk
about the population dynamics of interacting species and predator-prey relationships in the
1920s, he projected a system of differential equations. He wanted to look at the growth of
predators, or the decline in prey.

The mathematical modelling works on the study of increasing the population rates, and the
environmental diseases and the ecotoxicological problems [2]. One of the main investigations is
the model of harvest-population. Nowadays, the problems are identified with harvesting of
multispecies fisheries have bed drawing consideration of researchers. The problem of combining
harvesting of both independent species ecologically, the rate of harvesting can be used as the
parameter’s control [3]. Moreover, the investigation of harvested of dynamic’s population is
more realistic. Rahmani and Saraj [4] studied the efficiency of harvested factor in predator-prey
model without having logistic factor in prey or predator. A model with two predators fighting for
a single prey species subjected to logistic growth was provided by Ang and Safuan [3] in order to
examine the effects of harvesting on a single predator species up to the model's critical point. The
effects of harvesting operations on prey-predator populations may be determined by logistical
considerations. Ghosh, Chandra [2] improved a fishery model of a prey- predator to study the
research of the relation between the population’s concentration, as well as the equilibrium of fish
populations in areas where harvesting activities expose predator species. Different harvesting
efforts and activities are encountered for prey and predatory species [5-6].

The primary goals of this research are to investigate the dynamical behaviors of a predator-
prey model in the harvesting environment. The prey population establishes the law of logistic
growth, and both species have varying harvesting rates. The effects of harvesting on the two
species are investigated in order to establish further assumptions about persistence and extinction
behaviors. A mathematical model via Jacobian matrix to analysing equilibrium points is used. A
numerically study of the model through Maple software to stability analysis, and bifurcation
results was used.

The remaining sections of the paper as follows. Next section is about adding logistic factor to
the model, and the non-dimensional model and its stability is presented. In section 3 consider the
model with constant and effort harvest factor and discuss equilibria and their stability are
investigated, respectively. Finally, in section 4 numerical simulation results and analysis
discussed. And the paper end with and conclusion.

2 Methods and Materials

The dynamical interaction between predator and prey species is defined using the
traditional Lotka-\olterra model. The linear differential equations for the Lotka-\Volterra model
are as follows.
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dx

2 -~ bxy
dy 4
dr cxy ¥

The functions x(t) ,and ¥(t) express the populations of prey, and predator at time t respectively
[3, 7]. Each parameter (a. b, c,d) are positive constants. The natural growth rate of the prey in
the absence of predator represented by the parameter a. The effect of the predator on the prey
species is represented by parameter b. Furthermore, predators will consume prey if b is the only
factor affecting the prey species. The effect of prey on the predator species is shown by
parameter c. In addition, the predator population will increase according to the amount of food
available if c is the only factor affecting population growth. The biological mortality rate of the
predator in the absence of prey was denoted by the parameter . In the case of =10 it is
assumed that the prey species would growth indefinitely in the absence of predators. The classic

Lotka-\Volterra assumptions are unrealistic, where one of the alternative solutions is to take on
logistic growth behaviour in the prey population which is discussed in this section [8].

The modification of the traditional system of differential equations, by adding the law of
logistic growth on prey species as follow:

dx

— _Ey ,
dt—a:x(l K] bxy

(1)

dy
— =cxyv —dy
dt . -

The parameter (K) means environmental carrying capacity of the prey species. In the absence of
predator populations, the prey population grows logistically. All parameters are assumed to have
positive values. Introducing the new variable to simplify the model for overall understanding,
and reduce the number of parameters. We introduce new variables « and v and let

u=2%x, wv=2y and <T=aFt where F=(1—§j

c aF

The dimensional system (1) becomes.

du
dr

= U —uw

= _av + auv (1) Where a = ip

dt fal

In system (2) a: is a quotient between the growth rate of v to times of the growth rate of u and
environmental limit carrying capacity of .

Now, by using the Jacobian matrix which is one of the useful technique, we can discuss the
behavers of equilibrium points, and the stability of system (2). By applying the Jacobean matrix
to the system, we have
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1 —w —u

/= [ ar —a+ c:r:u:|
The system (2) has two steady states in orbit of solutions of the model, as occurs: (0,0) and
(1,1). Now, by using Jacobean matrix then simplify eigenvalues in equilibrium point (0,0) are
identified as 4, = 1,4, = —a. As regards to equilibrium point (0,0) is a saddle point for the
system. However, by linearize at the equilibrium (1,1) Jacobian matrix obtained as

o -1
Joo = [cx 0 ]

So, at this point the phase portrait has a nonhyperbolic critical point as shown in finger (1)

Y T ———————

\\%1:\ RN "0 7o

=
g, iy, i, iy, ey,

Figure 1: Phase portrait of system (1) where & = 3.

The above figure shows the phase portrait trajectories of equilibrium point (0,0) is a saddle point,
and the system has non-hyperbolic critical point at equilibrium point (1,1). See appendix (A) for
maple codes to plot phases portrait of the system. It illustrated that both of the species are
induced by a harvesting effort. The behaviour of the solutions in the global and local stability
aspect have been examined in section 3.

3 Having Constant Harvest Factors to the Predator - Prey Model
3.1 Constant Harvest Factors

Consider Lotka -Volterra model that has constant harvest factor for prey and predator species.

du B
77 - 4w
dv
— =—av+tauv—I (3)
T
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Where «, is a quotient between the growth rate of v to times of the growth rate of u, and
environmental limit carrying capacity of w and h, i are constant harvest factors. This model is

known as a predator-prey model with constant harvesting. To the system above, we will analyse
local stability. As the result we analyse points of equilibrium of the system, the u and v null lines

h . - . .
arew=———and v =7 ‘1} and it has two equilibrium points (u§,v;) and (5, v3), where:
w— L — o
gt = JaRtit ot )lh— 10"+ 2i(h+ La+ i ut = Jir—10%a"+ 2ilh+ La +i° #(h-1)a—i
1 ah-itas /-1 2ilh+Nar 2 2 JTh-10%a%+ 2ilh+ Dat 24 (h-1)ati

—ah—i+aty(h—10"a" +2ilh+ Va+i®

2o

—ah—i+a— . (h—10%a" + 2ilh+ Va+i®

2o

L
'Ui_

And v; =

After we substate equilibrium points (u3, ;) and (u3,v3) in Jacobian matrix given below

T+ 1 —u
'! - [ e au — ﬂ!]
also, by lemma (3.1) we have negative real part eigenvalues to equilibrium point (u3,v7) so that

this point is a stable critical point. And (u3.%3) is unstable equilibrium point. Thus, the phase
portrait of system (3) is shown in finger (2)

a=20h=6,i=5

Lemma 3.1.1: To a real matrix N, If tr(N), det(N) and det(N*) are all negative, then all the
eigenvalues of N have a negative real part. The proof can find in [9] and [10].

One of the most distinctive cases of the system (3) is

du B
2 U
dv
— = —av + auv (4)
T
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Where we have only harvesting factor on pray population. And the second specially case of
model (3) is

du

2p YT W

dv

— =—av taur—1i (5)
T

It is defined as a predator-prey system with a constant harvest factor for predators. The analysis
of the above models can be obtained by the same method.

3.2 Having Variable Harvest Factor to the Predator - Prey Model.

Considering the predator-prey model with having effort rate harvested factor for prey and
predator. In the following model e,,e, are positive constants that show effort rate to tong prey

and predator, respectively.

du
dr
dv

— = —av tauv —e,v (6)
T

=u—uv—e;u

Two particular cases of the system (6) are known as a predator-prey model including prey
harvesting (corresponding to prey population) and a predator-prey model with predator
harvesting (corresponding to predator population), which can be written as follows, respectively.

du
77 T w e
dv
e + auv (7)
And
du
Jp o Tw
dv
P + auv —e,v (8)

To study the stability of the equilibrium points for the above system (6), by using the
linearization technique. We find the Jacobean matrix for this purpose, which might be found as
follows:

fz(_91;v+1 —u )

v au — @ — &,

For equilibrium point (0,0) Jacobean matrix is given by:

—e, + 1 0
L},Dz( 10 )
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So (A;=—e;,+1 ) and (4, = —a —e;) are eigenvalues of above matrix, as regarding to
assumption e, = 1 thus equilibrium point (0,0) is a stable equilibrium point for the system (6).

At equilibrium point (—e; + 1,1+ : ) Jacobean matrix is found out as follows:

€2
J= _El_E g;— 1
at e, —ae; — e,
therefor (A1=—el—%‘") and (4, = —me, — e,) are eigenvalues of above matrix, thus

equilibrium point (—e; + 1,1 + %) IS a stable point for system (6).

Figure 3: Phase portrait of system (6) where @ = 0.75,h = 5,i = 6

We identified the following proposition by substituting equilibrium points of the system (7) and
(8) and simplifying them.

Proposition 3.2.1. To the system (7) these statements are true:

(i)  The point (0,0) is a stable equilibrium point to the system.
(i)  Equilibrium point (—e; + 1,1) is locally asymptotically stable in the system (7).
Proposition 3.2.2. Following statements about system (8) are holds:

(1)  The point (0,0) is a saddle equilibrium point for system the (8).
(i)  Let (%“ = 0) the equilibrium point (1,2, + 1) is locally asymptotically stable in the system

(8).

Now, we will mix two harvest factors which is called complexed harvest model.
3.3 Complex Harvested Model:

Consider following system with diseases occurs in an environment or there is interspecific
rivalry for the predator-prey model. In the present system, harvested factors are u* and v* for
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prey and predator population, separately. However, we may also assume that the following
system is a model with having interaction interspecies between prey, and predator species. which
may be written as follow:

du .

— = U —uUr —e;u

dr t

v + z 9
— = —aV + aur — e, v

dT & ( j

To the above system, we can identify the following theorem.
Theorem 3.3.1. The system (9) has two steady states.

(1)  The point (0,0) is saddle equilibrium point, i.e., stable provided (a = 0)

(i) This system is locally asymptotically unstable at its other equilibrium point.
Proof. One of the steady states is (0,0) and the next one is presented by (u*, 7).

By using linearization method to show its eigenvalues at equilibrium point (u*, v*) are
__ Be. (ot ey
.A-l - -
8,8, T

al(—2a+ e2{sl— 3})

gl+a2 + @

and 4, = , and so, the point is locally asymptotically unstable .

The behaver of the system is shown in figure (3) provided (z = 0.8,e, = 2,2, = 3)

Figure 4: Phase portrait of system (9) where @ = 0.8,e, = 2, and e, =3

4 Results and Discussions

In the proves systems, we have considered that each of the two species is harvested by
constant and effort harvest. In section (3), we calculate the equilibrium points and discussed the
state stability of them, also phase portrait of the system (1), (3), (6), and (9) are shown. Here, we
sketch the solution curves of different harvest strategies, constant and effort harvest affect.
However, for all types of the systems quantitatively relevant data are rarely available. Therefore,
we are taking out some hypothetical data, and to explain the results we consider some numerical
illustrations and the related solution curves are studied of the models.
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Case 4.1. In the suitable units. Instead, the parameter values as & = 0.78, the solution curves for
Prey-Predator models in the system (2) as follows.

0 1 2 3 4 =1 (5] 7
.
| Preyv Predoaror |

Figure 5: Solution curves of system (2) to the prey—predator model for a period t = 0—7 weeks.
See appendix (B) for maple codes to sketch the solution curves of the system.

Case 4.2. In this illustration, as in the above case, for the parameter a we set
a = 0.78 and i = 1, the solution curves for Prey-Predator models in the system (5) as follows.

0 1 2 3 4 5 5 7
T
I Prev Predaror I

Figure 6: Solution curves of system (5) to the prey—predator model for a period t = 0—7 weeks.

But if we take £; = 1 in the system (8) then the solution curves shown below.

66



Journal of Natural and Applied Sciences URAL No: 10, Vol: 1\December\ 2025

[

1 2 3 4 =1 =3 7
T
Predoarorr I

I_ P

Figure 7: Solution curves of system (8) to the prey—predator model for a period t = 0—7 weeks.

Now, we compare the two harvest strategies constant and effort harvesting of the figures (6)
and (7), By looking at the stationary states, from its figures, the population size of both the
predator-prey population decline as the harvesting impacts on prey increases. This occurs
because of the harvesting impacts which reduces the amount of prey in the environment and
therefore reduce predator-on-prey food supplies, leading both populations to decline.

5 Conclusion

In the presented research, we studied the impact of various harvest rates on Lotka-\Volterra
predator-prey population which the pray population is governed by the logistic law of growth to
hesitate effect of harvest rate, as a realistic parameter. Therefore, in this project, we have shown
that the harvest rate has a positive impact on the Lotka-Volterra model predator-prey population
increasing global stability. In addition, we have seen that the impact of harvesting activity is
more significant in the system. The purpose of this impact can be explained by combining two
types of prey and predator. The dynamical behaviour of the unexploited system is studied. It is
found to possess two equilibria (0,0) and (u*, v*). This assumption may be used to describe the
positive efficacy of controlled use of nature.

Appendix A : Maple codes to skitch phase portrait of the system (2)

> restart; with(DETools); with(plots); with(LinearAlgebra);

> sys = {diff(u(t), t) = u(t) - u(t)*v(t), diff(v(t), t) = -alpha*v(t) + alpha*u(t)*v(t)};

>ics :=seq(seq([0, 1,j],1=-2..2),j=-2 .. 2);

> DEplot(subs({alpha = 3}, sys), {u(t), v(i}, t=-1..4,u=-3 .. 3,v=-3.. 3, [ics], linecolor =
blue);

Appendix B: Maple codes to skitch the solution curves the system (2)

> restart; with(DETools); with(LinearAlgebra); with(plots);

> sysl ;= {diff(u(t), t) = u(t) - u(t)*v(t), diff(v(t), t) = -alpha*v(t) + alpha*u(t)*v(t)};

>ics:=[[0, 3, 1]];

> figu := DEplot(subs({alpha = 0.78}, sysl), {u(t), v()},t=0..7,u=0..4,v=0.. 4, ics, scene
= [t, u()l);

> figv := DEplot (subs({alpha = 0.78}, sys1), {u(t), v()}, t=0. 7, u=0.4,v=0 .. 4 ics,
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scene = [t, v()]);
> display([figu, figv], color = ["red", "blue"], legend = [Prey, Predator]);
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Abstract

The Covid-19 pandemic has always affected all life facilities, dental clinics, like other
institutions. research goal is to reach the patient's evaluation of the competency of the service
offered to him in the clinic during the pandemic.

Three classification- data mining algorithms -decision tree, logistic regression and cluster
analysis- were used to rank clinic reviewer opinions.
Using the programming languages (HTML, PHP, My-SQL) an electronic system has been
created that provides services and facilitates the procedures for organizing reservations and
making appointments.....Etc., according to the necessary, safety instructions during the
pandemic. The System Development Lifecycle (SDLS) methodology is used to determine the
level of service efficiency, and ODBC is used to send data from the database to SPSS-V26.
The study variables, like the possibility of returning to the clinic, which has the greatest
potential to classify observations and is contributing the most to differentiating for each of the
two clusters, have a statistically significant relationship with the likelihood that you will
recommend this clinic to others, A list of findings were included in the research's conclusion..
Keywords: Database, Relational Database, SQL, ODBC, Multivariable Analyses , CHIAID
algorithm, Logistic Regression algorithm, Two-Step Clustering algorithm, Dental Clinics.

Introduction

Health institutions seek to prove their existence, by providing the best possible services,
especially providing the best is the key to achieving progress and excellence to reach the highest
levels of satisfaction, as the patient has become the focus of attention.

many clinics have stopped working due to the risks faced by health workers, at a time when
demand has decreased due to patients’ “fear” of resorting to services. And while the dentists are
taking more precautions at the moment, many of these procedures are just an extension of their
regular routine. A spokesperson for the American Dental Association stated: "In dentists’
offices, we used to take comprehensive preventive measures, such as disinfection and personal
protective equipment (PPE), before they became common.™

The patient’s condition, “may be unprepared, worried about his health, or looking after an
elderly relative, or afraid to see a doctor, so he acts cautiously and does not want to take risks”,
Thus, the person responsible for fixing the reservation in the clinic is constantly working to deal
with the many postponed appointments, and communicates with patients who are scheduled to
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undergo treatment to organize alternative appointments. In our research, we highlight the level of
services in government and private dental clinics during the COVID-19 pandemic and their
opinion of the preventive and curative services provided. In this research , Data mining
techniques were used, such as algorithm of (CHAID tree, logistic regression and clustering), to
reach the goal of the search.

There are some studies were done in the same filed but in another place ,such as a study got
in a “Valencia primary dental care facility- SPINE” to assess parents' contentment with the
dental care their kids, by using CHAID algorithm and decision tree , the researchers conclude the
parents who participated in study were contented with the of their children received[1]. Also, by
using the statistical modeling and CHAID analysis ,. et.al. [2] . conclude that there is an urgent
need to create inclusive public policies because the state's epidemic is getting worse. Another
study for [3] . It uses conventional psychometric measures to assess healthcare personnel's
reported psychological well-being by using the decision tree model

Not only in the health field, the CHAID algorithm was applied. A case study: the National
Opinion Research Center of the U. S. chose to assess the job satisfaction in the U. S. and and the
factors affecting it.[4].

In order to better the education institution, researchers took refuge to use the CHAID
algorithm and decision tree to examine students' perceptions of the academic program and
student services offered by the university to discuss how to upgrade their establishment.[5].

1. Theoretical Part

There are several techniques in data mining, the selection of the appropriate ones depends
on the nature and size of the data under study[6], Data mining can be implement in comparison
with the data market and data store. Fig(1) showing the data mining technique which can use .

e

A atabase

Figl:Data Mining Technique
Sourc:[6]

There is no specific theory based on to choose the appropriate data minig technique,
Usually the choice is made based on the experience in this field and the actual techniques
effective, the superlative between traditional techniques and modern techniques to the extent that
the appropriate tools are available, However, with the increase of experience, we can evaluate
the options and select the appropriate ones for the application. [7] .

1.1 Data Mining Models

As fig(2) showe, the Predictive Model : It works on the future prediction of the
mechanism of data work, based on a model whose data has been previously trained.[8][9] .
The Descriptive Model : It analyzes the data in order to extract the relationships and
correlations between them, and to reveal the characteristics of the data to build a model that did
not exist previously. For instance, Clustering Analysis<Association Rules Analysis «..etc
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1.2 Data Mining Technique
Research progress in data mining and knowledge discovery, has led to the many of data
mining techniques coming to lights , which are built on three strong technical pillars: database,
mathematical statistics, and artificial intelligence, our interest in this researchare
1.2.1 Classification
The major goals of a Classification algorithms are to make the predictive accuracy obtained as
large as possible by the classification model[6] [10] .
1.2.2. Decision Tree
"uses as a predictive model which maps observations about an item to conclusions
about the item's target value™.[11] [12], The algorithm which used in this research is CHAID
(“Chi-squared Automatic Interaction Detection™) [13], it’s a technique depends on the 2 test
- eg.1- and employs a step-by-step procedure
The creating of nodes and sub-nodes among the predictor variables is significant.[14] [15].

. (B - 0y)
xi= Z; IIIIIIIII {1:]
E;

1.2.3. Logistic regression
is "a method in which the Y response variable has a binomial distribution. To
determine probabilities of success P(Y = 1|X), and defeat P(Y = 0|X).[16] [17] The odds are
defined as in eq.2" .[18] .
@) — P(Y = 1|X)]| N P(Y = 1|X)
O P(Y =0|1X) 1—-P(Y = 1|X) 77"
"The linear dependencies between log-odds-logit- and input variables are analyzed as" in
eq.3

(2)

&%
T1—gRETTT :

where § = (f1,...,8m) € R™. From Equation (3) [19]

Two-Step Cluster algorithm

"Is a statistical method[9] for assigning data into subgroups with related
characteristics" [7].
The procedure is performed by constructing a cluster feature (CF) tree, which contains the
cluster centers.
"To automatically determine the number of groups, the method uses BIC (Schwartz Bayesian
Information Criterion) or AIC (Akaike Information Criterion) which is calculated for each

r — b -
PiY = 1% J:xﬂ .-—P(X.B)

Ini@) =1 n(m
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number of clusters from a given range; This indicator is then used to find a preliminary estimate
of the number of clusters."[20] For groups J, the two indicators are calculated according to
equations (4) and (5) below:

BIC(]) = —22 Ei+myplogN .. (4)
J=l

my =] {264 + TE2, Ly — 1} .. (6)
L A ¢ )

2.Materials & Methods

In order to obtain the necessary data, a questionnaire - with three point Likert Scale (Agree,
Neutral, Disagree)- was designed that includes factors of interest to dental clinic references during
the Covid-19 pandemic, and distributed to reviewers in different dental clinics.

Xi:Gendar, X2:Age(20-,30-,40-,50-59), Xs: Kind's clinic (Private, general), X4: Help in
booking an appointment at the clinic, Xs: The receptionist pays attention to you and obliges you
to follow prevention methods (wearing a mask and gloves), Xs: The time between your request
for an appointment and your presence at the dentist, X7z: Adequate working hours, Xas:
Cleanliness of the clinic and the provision of means of dusting, sterilization and appropriate
ventilation, Xo: Conducting a preliminary examination for those who enter the clinic as an
indicator of temperature or something else, Xio: Not allowing the patient to accompany him,
except in critical cases, Xi1: Availability of a waiting room with social distance, Xi2: acceptable
waiting period for the patient to see the dentist, X13: Availability of a worker responsible for
wiping surfaces and door knobs periodically during working hours, Xia: Measures taken to
prevent infection in the patient's examination room, Xis: The measures taken by the clinic staff
to protect you from infectious diseases and radiation, Xie: The period of stay for the dentist with
you, Xi7: The interest shown by the dentist about your questions or concerns, Xis: Explain your
treatment options in an understandable manner, Xi9: The competence of the dental assistant and
his interest in guiding and educating you to maintain oral and dental health, X2o: Information
provided on ways to avoid dental problems in the future, X21: Comprehensive examinations and
treatment, X22: The interest shown by the dentist in general, X23: Overall evaluation of the care
provided in the dental clinic, X24: Collaboration and teamwork demonstrated by the dentist's
team, X2s: General assessment of the skill of the dentist, X2s: Your trust in the dentist, X27:
Possibility to review the clinic again when needed, Y: Chances that you will recommend this
clinic to others. Reliability was calculated using Cronbach’s alpha.

2.1 Databases System

Databases are designed to suit the movement and flow of data in addition to organizing the
operations of saving, recovery and modification, in consideration the availability of access and
protection, and the possibility of expanding these databases, whether in terms of the increase in
the number of users or data or tables and the resulting complexity in query sentences, Fig(3)
shows — respectively- the database table and relation database of our system
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Fig(3): Relational Database
To take advantage of the volume of available data and the above-mentioned databases, an has
been created, in line with modern technology in the use of databases, which can be linked to

other systems.

Patient \ ~ Analyse Syster

Fig.(4): analyze system( User Case)
When logging in, and in order to be ensure about the protection of information, the user is
allowed to log into the system with his name, password and doctor ID number.
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The system, not only doesn’t allow its users to access the account of others and see their
private information, but also restricts the content of the screens according to the user permission.

The (PHP) language ensures protection by rejecting repeated attempts to log in, NOSQL
Injection, and activating all authentication functions to ensure the correct entry.

Some features of the system are Adding, Viewing, Modifying, Deleting, And Searching.

The doctor or his assistant are allowed to add everything new to the patient’s visit profile,
starting from the status of his booking - new, confirmed, postponed, canceled - and the required
data on the visit schedule, new patient mean new file open, View the patient's medical record by
entering his number , modify or delete the patient's medical record , Allow users to inquire about
doctors or patients by number, full name, or username of the doctor or patient.

2.2 CHAID Algorithm

Table (2-2-1) : Model Summary of CHAID method
Dependent Variable Y
Independent Variables X1~ Xar
Validation none
Specifications |Maximum Tree Depth 3
i lord s Camvmey 1y Prererd Mo 100
Minithum Cases in Child Node
MMinimum Cases in Child Node 50
mdependent Variables Included X,%, Xy
Number of Nodes
Results Number of Terminal Nodes
Depth 3

Tree diagram in figure (5) show, the most significant independent variable is Xz7: “Possibility
of revisiting the clinic”,

Xz7 at a=0.001: (#* = 165.221,df =2 ,p,_;,,. = 0.000 ). As the first steep, it splits the
sample of (407) responses, into 2 groups containing different groups of X2z presented as node 1
& 2. The first node, included (215) respondents from the variable X>7 which coded (3: disagree),
while the second one is terminal node included (92) respondents from the variable Xz7, which
coded (1: agree, and 2: neutral) within tree's second level , one statistically significant variable
Adequate working hours (X7) is identified at a=0.05, (»* = 14.853,df = 2,p,4,. = 0.002 ),
which in turn leads us to the third and fourth node. Node3, included (150) respondents from the
variable X7 which coded (3: disagree), while Node4, included (50) respondents from the variable
X7 which coded (1: agree, & 2: neutral).

Within tree's third level(final)

Gender: Xi, it is significant for splitting of Nodes5 and Nodes6 at 0=0.05,
#? =6.253,df =1,p,,,, = 0.012

Generally, the leaf tree frame, (fixed as 4, 5 & 6) pertain to (3: disagree with recommend this
dental clinic to others), and one (marked as 2) pertain to (2: indifferent to recommend this dental
clinic to others).

In fact, the track from the root to the leaf nodes produce some rules for classifying reviewers'
opinions (in one of the variable-specific categories, for example, the rule in Node6: Who does
not want to visit the dental clinic again, and the working hours are not suitable for him , 89.6%
would not advise anyone else to visit this clinic, and the other rules derived can be explained by
a similar tactic.
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To finish the process of classification, all its performance have been assessed. Our findings
suggest that if the reviewers’ opinions in terms of the 3 indep.var. are known, the hazard of
inaccurately classified -based on entire sample- is 17.9%, with std. Error is 0.02.
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Fig. (5) Decision tree analysis with CHAID model.
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Table (2-2) presents the classification CHAID

Table (2-2-2): Classification CHAID
Reviewers’ Opinions Predicted Corre_c_t ly
Agree Neutral Diss. agree Classified
1:Agree 0 20 4 0.0 %
Observed 2:Neutral 0 57 16 78.1 %
3:Diss-agree 0 15 195 92.9 %
% Over all 0.0 30.0 70.0 82.1%

In accordance with the table (2-2-2), It can be said that in general the accuracy of the model
is 82.1%, the model accurately ranked (252) out of (297) in the sample under discuss. Significant
differences can be observed in the classification accuracy, according to the categories of the
variable.

2.3 Multinomial Logistic Regression (MLR) Algorithm

The(MLR) model's estimation and testing steeps is "The chances that you will
recommend this clinic to others".

Independent categorical variables (27) were selected for inclusion in the multivariable
logistic regression model. As shown in Table (2-3-1), the 2 test for the last model, the 2 - Log
Likelihood for the full model (86.835) less than it is for the null model (491.546), the likelihood
ratio represents the unexplained variance in the outcome variable.

The Likelihood Ratio chi-square test which is a test of goodness-of-fit, for model predicts, 2
(106) = 404.710, p < 0.001,

Table (2-3-1) :Model Fitting Information
. Model Fitting Criteria Likelihood Ratio Tests
Model = s : -
-2 Log Likelihood Chi-Square df Sig
Intercent Only 491.546
Final RGBS 404.710 106 SN0

the resp. var. explained by the predictors indep.var., 73.2% of the variance in dep. variables
(the proportion of variance) according to "Cox and Snell R? " value, 91.7 % according to "
Nagelkerke R? " value, and 82.3% according to "McFadden R?" value.
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Table (2-3-2) illustrates the likelihood ratio test, As the results shown, it can be seen that
relationship between some of the independent variables (X27,X26,X24,X21 respectively) and the
dependent variable is a statistically significant

[Table (2-3-2): Evaluate the relationship between independent variables and the dependent variable.
Model Fitting Criteria Likelihood Ratio Tests
Eifect 2 Log Likelihood of Reduced Model Chi-Square DF Sig.
Intercept 86.835 .000 0 .
X1 88.918 2.082 2 .353
X2 90.194 3.358 6 763
X3 90.223 3.387 2 .184
X4 94.973 8.138 4 .087
Xs 92.836 6.001 4 199
Xs 88.825 1.990 4 .738
X7 88.648 1.813 4 770
Xs 87.794 .959 4 916
Xo 87.979 1.143 4 .887
X10 86.845 .009 4 1.000
X11 88.213 1.378 4 .848
X12 89.333 2.497 4 .645
X13 94.873 8.038 4 .090
X14 90.868 4.033 4 402
X5 88.836 2.001 4 736
X6 88.023 1.188 4 .880
X7 91.994 5.159 4 271
X8 88.067 1.232 4 873
Xi9 88.015 1.179 4 .881
X20 89.694 2.859 4 .582
Xa1 96.904 10.068 4 .039
Xa2 92.380 5.545 4 .236
Xa23 88.697 1.862 4 761
Xo4 96.790 9.955 4 .041
X5 86.933 .098 4 .999
X26 101.653 14.817 4 .005
Xar 394.129 307.294 4 .000

Correct classification rates for the MLR model as shown in Table (2-3-3), It indicate that the
accuracy of the model is 95.4, and the expected values according to the dep. variable (7.8, 22.5,
69.7) % isn’t significantly different from that in the main data (100.0, 87.7, 97.6) %.

Table(2-3-3) :classification rates for the MLR model
Predicted -
Observed Agree Neutral Disagree Correctly Classified
1:Agree 24 0 0 100.0%
2:Neutral 0 64 9 87.7%
3:Diss-agree 0 5 205 97.6%
% Over all 7.8% 22.5% 69.7% 95.4%
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2.4 Cluster Analysis

As shown in table (2-4-1), although the lowest "BIC coefficient™ is for 7 clusters, according
, the optimal No. of clusters is two, because the lowest value of the Schwarz’s Bayesian Criterion
as well as the largest proportion of space is for two clusters.

Table (2-4-2): Cluster Distribution
Schwarz's Bayesian Criterion Eatio of BIC | Ratio of Distance
Number of Clusters {El’fm BIC Change Change Momsaa:
1 13879.447
2 12679.278 -1200.170 1.000 2.198
3 12304.983 -374.295 312 1579
4 12183.328 -121.654 101 1117
5 12107.391 -75.937 .063 1.239
6 12106.766 -625 .001 1.382
7 12193.355 86.589 -072 1.052
8 12291.273 97.917 -.082 1.070
9 12403.394 112122 -.093 1.130
10 12538.898 135.504 -113 1.065
The clusters distribution is shown in Table (2-4-2
Table (2-4-2): Cluster Distribution Stmter Size=
N % of Combined | % of Total >
1 240 78.2% 78.2% ——
Cluster 2 67 21.8% 21.8% . .
Combined 307 100.0% 100.0% Rl e Ema
Total 307 100.0%

From cluster quality in fig (6) show the value of average silhouette is 0.358

| o= F =wir e ]

Fig. (0): Silhoutte measure of cohesion separatiom

As our interest is to know the important variables that affect the opinion of reviewers to visit

the dental clinic during the Covid-19 pandemic, fig (7) show that Xa7 , Xo1 then Xoe,X7,Xo24,

X13,X17 are the most contribute to differentiating the first cluster and Xz7 , Xoa , Xa1, then Xis,
X7, X1 differentiate the second

L =]

0.0 o2 o4 =] 0.8 1.0

Chi-Square Chi-Square

Fig (7) : Variables Importance for Clusters one & cluster 2

2. Conclusion

In accordance with CHAID Algorithm, In general the model accuracy is very good.
Although the differences can be observed in the classification accuracy, the our data the variable
Xa7: Possibility of revisiting the clinic has the biggest potential to classify observations
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In accordance with Multinomial Logistic Regression Algorithm (MLR), The change value of
Model Fitting Criteria for the final model and the null model indicate better fit, and the test of
goodness-of-fit indicates significant model predicts. From Cox and Snell R2 value, Nagelkerke
R? value, McFadden R? value, the predicted model was able to explain the variance in the
conviction of individuals well. There is a statistically significant relationship between: (Xai:
Comprehensive examinations and treatment), (Xz4: Collaboration and teamwork demonstrated by
the dentist's team), (Xz26: Your trust in the dentist), (X27: Possibility to review the clinic again
when needed) and the dependent variable (y: Chances that you will recommend this clinic to
others). The correct classification rates for the MLR model are highly valued, on other hand,
there is no significant different between the expected values of the dep. variables and the main
data.

In accordance with 2-steeps cluster algorithm indicate that The optimal number of clusters is
two, with size 78.2% and 21.8% respectively. From silhouette measure, the cluster quality is fair.
The categorical variables which contribute the most of differentiating for each two cluster are:
(X27: Possibility to review the clinic again when needed) ,( X24: Collaboration and teamwork
demonstrated by the dentist's team) and (X21: Comprehensive examinations and treatment).
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Abstract:

The purpose of this work is to construct the (k, r)-caps in the projective 3-space
PG(3,11). We found that PG(3,11) has an ovaloid maximum complete (k,2)-cap when
k = 40. Furthermore the maximum (k,3)-caps, (k,4)-caps, (k,5)-caps,(k,6)-caps,

(k,7)-caps, (k,8)-caps, (k,9)-caps, (k,10)-caps, (k,11)-caps, (k,12)-caps.
Key words: Maximum Complete (k, r)-cap in Projective Space over Galois Field.
Introduction:

(k, n)-arcs in the projective planes PG(2, P), where 2 <P < 17. [ am now studying finite
projective spaces PG(3,q) over the Galois field GF(q), which is the greatest projective plane over
a Galois field. Hirschfeld [1] provides the fundamental definitions and theorems of projective
geometry over finite fields, whereas Al Mukhtar, A.SH. [2] presents full arcs and surfaces in
three-dimensional projective space over Galois fields, as well as (k, r)-caps in PG(3,q) for Galois
fields GF(q) where q equals 2, 3, or 5. and F. F. Kareem in reference [3] A comprehensive (K, r)-
cap in PG(3,p) over the Galois Field GF(4), and A. A. Abdulla and N. Y. Kasm in [4],
application of algebraic geometry in three-dimensional projective space PG(3,7).

This study constructs the (k, r)-caps in PG(3,p). Concerning Galois Field GF(11) This work
comprises five sections: Section one presents the preliminaries of projective 3-space, including
relevant definitions and theorems, while sections two through five detail the building of
maximum complete (k, r)-caps forr=2,3,4,5,6,7,8,9, 10, 11, and 12. I have
completed this work manually, without the aid of a computer software.

1- Preliminaries
Definition 1.1 : ""Projective 3-Space", [3]

A projective 3-space PG(3,k) over a field k is a three-dimensional projective space comprising
points, lines, and planes, together with the incidence relations among them. The projective three-
dimensional space adheres to the subsequent axioms:

A) Any two distinct points lie on a singular line.

B) Any three separate non-collinear points, along with any line and a point not on that line,
define a unique plane. C) Any two separate coplanar lines converge at a single unique place.
D) Any line not contained inside a specified plane intersects the plane at a singular point.

Any two separate planes intersect at a singular line. A projective space PG(3,p) over the Galois
field GF(p), where p = g™ for a prime number g and an integer m, constitutes a three-
dimensional projective space. Every point in PG(3,p) is represented as a quadruple

83



Journal of Natural and Applied Sciences URAL No: 10, Vol: 1\December\ 2025

(X1,X2,X3,X4), Where x1,X2,X3,X4 are elements of GF(p), excluding the quadruple composed entirely
of zeros. Two quadrables (X1, X2, X3, X4) and (Y1, Y2, Y3, Ya) represent

In a similar manner, any plane in PG(3,p) is represented as a quadrable [X1,X2,X3,Xa], where
X1,X2,X3,X4 are elements of GF(p), excluding the quadrable comprising four zero elements. Two
quadrables [x1,X2,X3,X4] and [y1,Y2,Yy3,y4] represent the same plane if there exists a non-zero scalar
A in GF(p) such that [X1,X2,X3,X4] = A [y1,Y2,y3,ya]. A point p(X1, X2, X3, Xa) is incident with the
plane nt[a1, a2, a3, as] if and only if aix1 + axx2 + asxz + asxs = 0.

Definition1.2: "Plan ", [1] A plan & in PG(3,p) comprises all locations p(x1,X2,X3,X4) that fulfill
the linear equation uiXx: + uzX2 + Usxs + Usxs = 0. This plane is represented by

7 [ul, u2, u3, ud].

Theorem 1.3: [2] Four distinct points A(X1,X2,X3,X4), B(Y1,Y2,y3,y4), C(z1,22,23,24) and
X1 Xy X3 Ry

] ¥ ¥z ¥z Ya)

D(w1,W2,ws,w4) are coplanar if and only if z, zi z3 zZi =0

Wy Wy Wy W,
Corollary 1.4: [2] If four distinct points A(X1,X2,X3,X4), B(Y1,Y2,Y3,Y4), C(21,22,23,24) and
D(w1,w2,Ws3,w4) are collinear, then A= 0.
Theorem 1.5: [2] The points of PG(3,p) possess distinct representations: (1,0,0,0), (x,1,0,0),
(x,y,1,0), and (x,y,z,1) for all x, y, z in GF(p).
Theorem 1.6: [2] The planes of PG(3,p) possess distinct representations: [1,0,0,0], [x,1,0,0],
[x,y,1,0], and [x,y,z,1], where X, y, and z are elements of GF(p).
Theorem 1.7: [2] A projective 3-space PG(3,p) possesses the subsequent characteristics:
A) Each line has precisely p + 1 points, and each point resides on exactly p + 1 lines.
B) Each plane has precisely p2 + p + 1 points (lines), and every point is on exactly
p? + p + 1 planes. There exists p3 + p2 + p + 1 points and p3 + p2 + p + 1 planes.
D) Any two planes meet at precisely p + 1 points, each line resides on exactly p + 1 planes, and
any two points lie on exactly p + 1 planes.
Theorem 1.8: [2] There are (p2 + 1)(p2 + p + 1) lines in PG(3, P).
Definition 1.9: [2] A (k,0)-set in PG(3,p) constitutes a collection of k spaces nl. A k-set is
a (k,0)-set including k points.
Definition 1.10: "*(k, r)-cap™, [1] An (k, r)-cap is a collection of k points in PG(n, p) where
n > 3, such that no more than r points lie on any given line. A (k,2)-cap is a collection of k points
in PG(3,p) such that no three points are collinear.
Definition 1.11: ""Complete (k, r)-cap™, [2] A (K, r)-cap is considered complete if it is not a
subset of a (k+1, r)-cap.
Definition 1.12: [2] Let C; denote the quantity of points of index i in PG(3,p) that are not
situated on a (k, r)-cap; thus, the constants Ci of the (k, r)-cap adhere to the subsequent
conditions:
i) XF Ci=pd +p2 +p+1- k

i) 2 ic, :k"k_ﬂ"k_f:""':k_n+1} .(p?+p+1-n) where a denotes the smallest index i for which Ci

# 0, and P signifies the biggest index i for which Cj # 0.

Remark 1.13: [3] The (k, r)-cap is complete if and only if Co = 0.

Definition 1.14: [2] The i-secant of a (k, r)-cap is a line intersects the cap in exactly i points,
that is 0-secant is an external line, 1-secant is a unisecant line,

2-secant is a bisecant line and 3-secant is atrisecant line.

84



Journal of Natural and Applied Sciences URAL No: 10, Vol: 1\December\ 2025

Remark 1.15:[3] A (k, r)-cap is maximum if and only if every line in PG(3,p) is a 0-secant or r-
secant.
Theorem 1.16: [1] A maximal (k,2)-cap in PG(3,p) is classified as an ovaloid.
2- The (k,2)-caps in PG(3,11):

PG (3,11) contains 1464 points and 1464 planes such that each point is on 133 planes and
every plane contains 133 points and every line contains 12 points and it is the intersection of 12
planes, (table 1 and 2). In t able (1), the set

| A | 12 [ 2 | 13 | 134 | 267 |

3 - 12 14 - 25 | 27 - 35 [ 37 - 148 ] 50
- |62 | 64 - 82 | 84 - 110 | 112 | - 130 | 132 | 133
135 | - | 145 | 148 - 156 | 158 | - |169| 171 | - | 183 185
- | 203 205 | 231 | 233 - 251 | 253 | - | 257 | 259 | - | 266
268 | - | 278 | 280 - 287 | 289 | - [305]| 307 | - | 335 337
- 35| - 383 | 385 - 389 | 391 | - | 404 | 406 | - | 420
422 | - | 436 | 438 - 484 | 486 | - |513| 515 | - | 530 532
- | 556 | 558 - 576 | 578 - 602 | 604 | - | 822 |822]| -

951 | 953 | - | 1023 | 1025 | - | 1196 | 1198 | - | 1260 | 1262 | - | 1464

is taken which is the set of unit and reference points 1(1,0,0,0), 2(0,1,0,0), 13(0,0,1,0),
134(0,0,0,1), 267(1,1,1,1), this set is a (5,2)-cap since no three points of A are collinear as in
table (2).A is a (5,2)-cap, which is not complete since there exists some point of index zero for it,
which are

Subsequently, one can incorporate some of them into A to achieve a complete (40,2)-cap B.

26 36 49 63 83 | 111 | 131 | 147 | 157 | 170 | 184 | 204

la | 232 | 252 | 258 | 279 | 288 | 306 | 336 | 384 | 390 | 405 | 421 | 437

485 | 514 | 531 | 557 | 577 | 603 | 821 | 952 | 1024 | 1197 | 1261

B=AulLi=

1 2 13 26 36 49 63 83 | 111 | 131 | 134 | 147

157 | 170 | 184 | 204 | 232 | 252 | 258 | 267 | 279 | 288 | 306 | 336

384 | 390 | 405 | 421 | 437 | 485 | 514 | 531 | 557 | 577 | 603 | 821

952 | 1024 | 1197 | 1261
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B is the maximal (40,2)-cap in PG(3,11); since every line is either a 0-secant or a 2-secant, B is
referred to as an ovaloid. Let B be a (40,2)-cap. The indices at zero are
3- The (k,3)-caps in PG(3,11):
The distinct (k,3)-cap can be constructed by adding some points of index zero for B, which are

3 14 24 40 53 64 77 137 145 162 171 185
256 [ 266 [280 |295 |[305 [325 [326 |376 [388 |402 |415 |419
L2 |420 |434 |477 |498 |499 |512 |527 |528 |533 |562 |578 |592
636 |641 |642 |651 |655 |678 |[680 |[693 |703 |705 |788 |963
976 [980 [995 | 1009 | 1035 | 1036 | 1042 | 1211 | 1279 | 1437
Then C=BuL; =
1 2 3 13 14 24 26 36 40 49 53 63
64 77 83 | 111 | 131 134 | 137 | 145 147 | 157 | 162 170
171 | 184 | 185 | 204 | 232 252 | 256 | 258 266 | 267 | 279 | 280
288 | 295 | 305 | 306 | 325 326 | 336 | 376 384 | 388 | 390 | 402
C | 405 | 415 | 419 | 420 | 421 434 | 437 | 477 485 | 498 | 499 | 512
514 | 527 | 528 | 531 | 533 557 | 562 | 577 578 | 592 | 603 | 636
641 | 642 | 651 | 655 | 678 680 | 693 | 703 705 | 788 | 821 | 952
963 | 976 | 980 | 995 | 1009 | 1024 | 1035 | 1036 | 1042 | 1197 | 1211 | 1261
1279 | 1437

C is a complete (98.3)-cap, as there are no points of index zero, i.e., Co=0. C is a maximal full
(k,3)-cap.
4- The (k,4)-caps in PG(3,11):
We can construct complete (k,4)-caps by incorporating additional points of index zero for C,

which are
4 15 28 35 50 58 78 84 103 135 146 | 156
169 | 186 | 196 | 202 | 221 | 257 | 270 | 277 | 289 | 302 | 312 | 315
Ls 316 | 370 | 378 | 387 | 403 | 410 | 423 | 439 | 444 | 461 | 503 | 511
519 | 530 | 545 | 546 | 548 | 574 | 594 | 618 | 624 | 638 | 644 | 656
673 | 699 | 713 | 725 | 747 | 748 | 754 | 762 | 767 | 787 | 822 | 823
832 | 845 | 856 | 864 | 895 | 905 | 965 | 1056 | 1155 | 1331 | 1347
Then D=CulLs =
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1 2 3 4 13 14 15 24 26 28 35 36
40 49 50 53 58 63 64 77 78 83 84 103
111 131 134 135 137 145 146 147 156 157 162 169
170 | 171 | 184 | 185 | 186 | 196 | 202 | 204 | 221 | 232 | 252 | 256
257 | 258 | 266 | 267 | 270 | 277 | 279 | 280 | 288 | 289 | 295 | 302
305 | 306 | 312 | 315 | 316 | 325 | 326 | 336 | 370 | 376 | 378 | 384
387 | 388 | 390 | 402 | 403 | 405 | 410 | 415 | 419 | 420 | 421 | 423
D | 434 | 437 | 439 | 444 | 461 | 477 | 485 | 498 | 499 | 503 | 511 | 512
514 | 519 | 527 | 528 | 530 | 531 | 533 | 545 | 546 | 548 | 557 | 562
574 | 577 | 578 | 592 | 594 | 603 | 618 | 624 | 636 | 538 | 641 | 642
644 | 651 | 655 | 656 | 673 | 678 | 680 | 693 | 699 | 703 | 705 | 713
725 147 748 754 762 767 787 788 821 822 823 832
845 | 856 | 864 | 895 | 905 | 952 | 963 | 965 | 976 | 980 | 995 | 1009
1024 | 1035 | 1036 | 1042 | 1056 | 1155 | 1197 | 1211 | 1261 | 1279 | 1331 | 1347
1437
D is a complete (169,4)-cap, as there are no points of index zero, i.e., Co=0. D is a maximal full
(k,4)-cap.
5- The (k,5)-caps in PG(3,11):
Complete (k,5)-caps can be constructed by incorporating additional points of index zero for D.
5 16 25 37 46 60 71 98 136 | 149 | 159 | 167
181 | 201 | 206 | 248 | 250 | 251 | 255 | 268 | 278 | 297 | 307 | 313
329 | 379 | 389 | 398 | 416 | 424 | 435 | 452 | 504 | 521 | 535 | 555
La 565 | 583 | 625 | 626 | 630 | 631 | 643 | 659 | 664 | 676 | 689 | 694
709 | 743 | 744 | 753 | 764 | 774 | 779 | 782 | 796 | 802 | 803 | 806
824 | 846 | 865 | 907 | 911 | 917 | 927 | 930 | 941 | 951 | 956 | 961
1002 | 1022 | 1051 | 1071 | 1072 | 1147 | 1218 | 1242 | 1397 | 1401 | 1412
Then E=DuUL4
1 2 3 4 5 13 14 15 16 24 25 26
28 35 36 37 40 46 49 50 53 58 60 63
64 71 77 78 83 84 98 103 | 111 | 131 | 134 | 135
136 | 137 | 145 | 146 | 147 | 149 | 156 | 157 | 159 | 162 | 167 | 169
170 | 171 | 181 | 184 | 185 | 186 | 196 | 201 | 202 | 204 | 206 | 221
248 | 250 | 251 | 252 | 255 | 256 | 257 | 258 | 266 | 267 | 268 | 270
E 232 | 277 | 278 | 279 | 280 | 288 | 289 | 295 | 297 | 302 | 305 | 306
307 | 312 | 313 | 315 | 316 | 325 | 326 | 329 | 336 | 370 | 376 | 378
379 | 384 | 387 | 388 | 389 | 390 | 398 | 402 | 403 | 405 | 410 | 415
416 | 419 | 420 | 421 | 423 | 424 | 434 | 435 | 437 | 439 | 444 | 452
461 | 477 | 485 | 498 | 499 | 503 | 504 | 511 | 512 | 514 | 519 | 521
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527 | 528 | 530 | 531 | 533 | 535 | 545 | 546 | 548 | 555 | 557 | 562
565 | 574 | 577 | 578 | 583 | 592 | 594 | 603 | 618 | 624 | 625 | 626
630 | 631 | 636 | 638 | 641 | 642 | 643 | 644 | 651 | 655 | 656 | 659
664 | 673 | 676 | 678 | 680 | 689 | 693 | 694 | 699 | 703 | 705 | 709
713 725 743 744 147 748 753 754 762 764 767 | 774
779 | 782 | 787 | 788 | 796 | 802 | 803 | 806 | 821 | 822 | 823 | 824
832 | 845 | 846 | 856 | 864 | 865 | 895 | 905 | 907 | 911 | 917 | 927
930 | 941 | 951 | 952 | 956 | 961 | 963 | 965 | 976 | 980 | 995 | 1002
1009 | 1022 | 1024 | 1035 | 1036 | 1042 | 1051 | 1056 | 1071 | 1072 | 1147 | 1155
1197 | 1211 | 1218 | 1242 | 1261 | 1279 | 1331 | 1347 | 1397 | 1401 | 1412 | 1437
E is a complete (252,5)-cap, as there are no points of index zero, i.e., Co=0. E is a maximal
complete (k,5)-cap.
6- The (k,6)-caps in PG(3,11):
We can create complete (k,6)-caps by incorporating additional points of index zero for E, which
are
6 17 27 39 47 66 73 74 90 92 106 | 138
148 | 158 | 173 | 188 | 200 | 216 | 219 | 259 | 271 | 281 | 290 | 300
310 | 328 | 335 | 337 | 339 | 341 | 383 | 393 | 404 | 411 | 425 | 431
445 | 446 | 447 | 476 | 493 | 500 | 508 | 509 | 520 | 536 | 542 | 549
Ls 558 | 582 | 587 | 598 | 620 | 634 | 646 | 652 | 671 | 681 | 685 | 686
695 | 723 | 745 | 752 | 755 | 759 | 775 | 778 | 783 | 786 | 830 | 867
876 | 884 | 886 | 890 | 904 | 912 | 923 | 934 | 942 | 944 | 948 | 950
996 | 1030 | 1045 | 1054 | 1108 | 1124 | 1128 | 1153 | 1196 | 1306 | 1417 | 1420
1421 | 1428 | 1444
Then F=EULs =
= 1 2 3 4 5 6 13 14 15 16 17 24
25 26 27 28 35 36 37 39 40 46 47 49
50 53 58 60 63 64 66 71 73 74 77 78
83 84 90 92 98 103 | 106 | 111 | 131 | 134 | 135 | 136
137 138 145 146 147 148 149 156 157 158 159 162
167 169 170 171 173 181 184 185 186 188 196 200
201 | 202 | 204 | 206 | 216 | 219 | 221 | 232 | 248 | 250 | 251 | 252
255 | 266 | 257 | 258 | 259 | 266 | 267 | 268 | 270 | 271 | 277 | 278
279 | 280 | 281 | 288 | 289 | 290 | 295 | 297 | 300 | 302 | 305 | 306
307 | 310 | 312 | 313 | 315 | 316 | 325 | 326 | 328 | 329 | 335 | 336
337 | 339 | 341 | 370 | 376 | 378 | 379 | 383 | 384 | 387 | 388 | 389
390 | 393 | 398 | 402 | 403 | 404 | 405 | 410 | 411 | 415 | 416 | 419
420 | 421 | 423 | 424 | 425 | 431 | 434 | 435 | 437 | 439 | 444 | 445
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446 | 447 | 452 | 461 | 476 | 477 | 485 | 493 | 498 | 499 | 500 | 503
504 | 508 | 509 | 511 | 512 | 514 | 519 | 520 | 521 | 527 | 528 | 530
531 | 533 | 535 | 536 | 542 | 545 | 546 | 548 | 549 | 555 | 557 | 558
562 | 565 | 574 | 577 | 578 | 582 | 583 | 587 | 592 | 594 | 598 | 603
618 | 620 | 624 | 625 | 626 | 630 | 631 | 634 | 636 | 638 | 641 | 642
643 | 644 | 646 | 651 | 652 | 655 | 656 | 659 | 664 | 671 | 673 | 676
678 | 680 | 681 | 685 | 686 | 689 | 693 | 694 | 695 | 699 | 703 | 705
709 | 713 | 723 | 725 | 743 | 744 | 745 | 747 | 748 | 752 | 753 | 754
755 | 759 | 762 | 764 | 767 | 774 | 775 | 778 | 779 | 782 | 783 | 786
787 | 788 | 796 | 802 | 803 | 806 | 821 | 822 | 823 | 824 | 830 | 832
845 | 846 | 856 | 864 | 865 | 867 | 876 | 884 | 886 | 890 | 895 | 904
905 | 907 | 911 | 912 | 917 | 923 | 927 | 930 | 934 | 941 | 942 | 944
948 | 950 | 951 | 952 | 956 | 961 | 963 | 965 | 976 | 980 | 995 | 996
1002 | 1009 | 1022 | 1024 | 1030 | 1035 | 1036 | 1042 | 1045 | 1051 | 1054 | 1056
1071 | 1072 | 1108 | 1124 | 1128 | 1147 | 1153 | 1155 | 1196 | 1197 | 1211 | 1218
1242 | 1261 | 1279 | 1306 | 1331 | 1347 | 1397 | 1401 | 1412 | 1417 | 1420 | 1421
1428 | 1437 | 1444

F is a complete (351,6)-cap, as there are no points of index zero, i.e., Co=0. F is a maximal full

(k,6)-cap.

7- The (k,7)-caps in PG(3,11):

We can construct complete (k,7)-caps by incorporating additional points of index zero for F, which are

7 18 29 38 48 57 69 89 100 107 109 130
139 150 160 168 178 190 191 192 194 | 195 209 238
261 | 269 | 283 | 292 | 299 | 318 | 322 | 323 | 350 | 363 | 372 | 377
391 | 399 | 409 | 428 | 433 | 448 | 460 | 497 | 513 | 522 | 537 | 547
Le | 553 | 571 | 579 | 619 | 640 | 654 | 669 677 | 687 | 698 728 742
751 | 769 | 772 | 799 | 800 | 805 | 811 | 813 | 827 | 858 | 861 | 862
866 | 887 | 889 | 896 | 899 | 900 | 913 | 920 | 940 | 947 | 958 | 959
962 | 973 | 990 | 1015 | 1023 | 1028 | 1064 | 1066 | 1076 | 1082 | 1089 | 1092
1093 | 1158 | 1212 | 1213 | 1227 | 1240 | 1313 | 1393
Then G=FuUlLs =
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1 2 3 4 5 6 7 13 14 15 16 17
18 24 25 26 27 28 29 35 36 37 38 39
40 46 47 48 49 50 53 57 58 60 63 64
66 69 71 73 74 77 78 83 84 89 90 92
98 100 | 103 | 106 | 107 | 109 | 111 | 130 | 131 | 134 | 135 | 136
137 | 138 | 139 | 145 | 146 | 147 | 148 | 149 | 150 | 156 | 157 | 158
159 | 160 | 162 | 167 | 168 | 169 | 170 | 171 | 173 | 178 | 181 | 184
185 | 186 | 188 | 190 | 191 | 192 | 194 | 195 | 196 | 200 | 201 | 202
204 | 206 | 209 | 216 | 219 | 221 | 232 | 238 | 248 | 250 | 251 | 252
255 | 256 | 257 | 258 | 259 | 261 | 266 | 267 | 268 | 269 | 270 | 271
277 | 278 | 279 | 280 | 281 | 283 | 288 | 289 | 290 | 292 | 295 | 297
299 | 300 | 302 | 305 | 306 | 307 | 310 | 312 | 313 | 315 | 316 | 318
322 | 323 | 325 | 326 | 328 | 329 | 335 | 336 | 337 | 339 | 341 | 350
363 | 370 | 372 | 376 | 377 | 378 | 379 | 383 | 384 | 387 | 388 | 389
390 | 391 | 393 | 398 | 399 | 402 | 403 | 404 | 405 | 409 | 410 | 411
415 | 416 | 419 | 420 | 421 | 423 | 424 | 425 | 428 | 431 | 433 | 434
477 | 485 | 493 | 497 | 498 | 499 | 500 | 503 | 504 | 508 | 509 | 511
512 | 513 | 514 | 519 | 520 | 521 | 522 | 527 | 528 | 530 | 531 | 533
535 | 536 | 537 | 542 | 545 | 546 | 547 | 548 | 549 | 553 | 555 | 557
558 | 562 | 565 | 571 | 574 | 577 | 578 | 579 | 582 | 583 | 587 | 592
594 | 598 | 603 | 618 | 619 | 620 | 624 | 625 | 626 | 630 | 631 | 634
636 | 638 | 640 | 641 | 642 | 643 | 644 | 646 | 651 | 652 | 654 | 655
656 | 659 | 664 | 669 | 671 | 673 | 676 | 677 | 678 | 680 | 681 | 685
686 | 687 | 689 | 693 | 694 | 695 | 698 | 699 | 703 | 705 | 709 | 713
723 | 725 | 728 | 742 | 743 | 744 | 745 | T47 | 748 | 751 | 752 | 753
754 | 755 | 759 | 762 | 764 | 767 | 769 | 772 | 774 | 775 | 778 | 779
782 | 783 | 786 | 787 | 788 | 796 | 799 | 800 | 802 | 803 | 805 | 806
811 | 813 | 821 | 822 | 823 | 824 | 827 | 830 | 832 | 845 | 846 | 856
858 | 861 | 862 | 864 | 865 | 866 | 867 | 876 | 884 | 886 | 887 | 889
890 | 895 | 896 | 899 | 900 | 904 | 905 | 907 | 911 | 912 | 913 | 917
920 | 923 | 927 | 930 | 934 | 940 | 941 | 942 | 944 | 947 | 948 | 950
951 | 952 | 956 | 958 | 959 | 961 | 962 | 963 | 965 | 973 | 976 | 980
990 | 995 | 996 | 1002 | 1009 | 1015 | 1022 | 1023 | 1024 | 1028 | 1030 | 1035
1036 | 1042 | 1045 | 1051 | 1054 | 1056 | 1064 | 1066 | 1071 | 1072 | 1076 | 1082
1089 | 1092 | 1093 | 1108 | 1124 | 1128 | 1147 | 1153 | 1155 | 1158 | 1196 | 1197
1211 | 1212 | 1213 | 1218 | 1227 | 1240 | 1242 | 1261 | 1279 | 1306 | 1313 | 1331
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| 1347 | 1393 | 1397 | 1401 | 1412 | 1417 | 1420 | 1421 | 1428 | 1437 | 1444 |

G is a complete (455,7)-cap, as there are no points of index zero, i.e., C0=0. G is a maximal full
(k,7)-cap.
8- The (k,8)-caps in PG(3,11):

8 19 30 41 51 59 68 80 82 85 87 141

151 | 164 | 172 | 180 | 197 | 203 | 218 | 263 | 272 | 282 | 291 | 304

314 | 321 | 333 | 35 | 360 | 361 | 371 | 381 | 394 | 400 | 412 | 426

438 | 442 | 458 | 459 | 465 | 501 | 510 | 532 | 541 | 556 | 559 | 563

567 | 568 | 580 | 589 | 591 | 610 | 621 | 629 | 633 | 649 | 657 | 667

668 | 670 | 702 | 719 | 740 | 750 | 765 | 773 | 794 | 801 | 809 | 812

828 | 831 | 868 | 872 | 882 | 883 | 893 | 910 | 926 | 933 | 937 | 946

954 | 969 | 981 | 983 | 992 | 999 | 1001 | 1005 | 1006 | 1012 | 1019 | 1020

1026 | 1038 | 1041 | 1044 | 1048 | 1059 | 1074 | 1075 | 1161 | 1178 | 1187 | 1193

Then H=GuULy =

17 18 19 24 25 26 27 28 29 30 35 36

37 38 39 40 41 46 47 48 49 50 51 53

57 58 59 60 63 64 66 68 69 71 73 74

77 78 80 82 83 84 85 87 89 90 92 98

100 | 103 | 106 | 107 | 109 | 111 | 130 | 131 | 134 | 135 | 136 | 137

138 | 139 | 141 | 145 | 146 | 147 | 148 | 149 | 150 | 151 | 156 | 157

158 | 159 | 160 | 162 | 164 | 167 | 168 | 169 | 170 | 171 | 172 | 173

178 | 180 | 181 | 184 | 185 | 186 | 188 | 190 | 191 | 192 | 194 | 195

196 | 197 | 200 | 201 | 202 | 203 | 204 | 206 | 209 | 216 | 218 | 219

221 | 232 | 238 | 248 | 250 | 251 | 252 | 255 | 256 | 257 | 258 | 259

261 | 263 | 266 | 267 | 268 | 269 | 2/0 | 271 | 272 | 277 | 278 | 279

280 | 281 | 282 | 283 | 288 | 289 | 290 | 291 | 292 | 295 | 297 | 299

300 | 302 | 304 | 305 | 306 | 307 | 310 | 312 | 313 | 314 | 315 | 316

318 | 321 | 322 | 323 | 325 | 326 | 328 | 329 | 333 | 335 | 336 | 337

339 | 341 | 350 | 356 | 360 | 361 | 363 | 370 | 371 | 372 | 376 | 377

378 | 379 | 381 | 383 | 384 | 387 | 388 | 389 | 390 | 391 | 393 | 3%
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398 399 400 402 403 404 405 409 410 411 412 415
416 419 420 421 423 424 425 426 428 431 433 434
435 437 438 439 442 444 445 446 447 448 452 458
459 460 461 465 476 477 485 493 497 498 499 500
501 503 504 508 509 510 511 512 513 514 519 520
521 522 527 528 530 531 532 533 535 536 537 541
542 545 546 o547 548 549 553 555 556 557 558 559
562 563 565 567 568 571 574 ST 578 579 580 582
583 587 589 591 592 594 598 603 610 618 619 620
621 624 625 626 629 630 631 633 634 636 638 640
641 642 643 644 646 649 651 652 654 655 656 657
659 664 667 668 669 670 671 673 676 677 678 680
681 685 686 687 689 693 694 695 698 699 702 703
705 709 713 719 723 725 728 740 742 743 744 745
747 748 750 751 752 753 754 755 759 762 764 765
767 769 772 773 774 775 778 779 782 783 786 787
788 794 796 799 800 801 802 803 805 806 809 811
812 813 821 822 823 824 827 828 830 831 832 845
846 856 858 861 862 864 865 866 867 868 872 876
882 883 884 886 887 889 890 893 895 896 899 900
904 905 907 910 911 912 913 917 920 923 926 927
930 933 934 937 940 941 942 944 946 947 948 950
951 952 954 956 958 959 961 962 963 965 969 973
976 980 981 983 990 992 995 996 999 1001 | 1002 | 1005
1006 | 1009 | 1012 | 1015 | 1019 | 1020 | 1022 | 1023 | 1024 | 1026 | 1028 | 1030
1035 | 1036 | 1038 | 1041 | 1042 | 1044 | 1045 | 1048 | 1051 | 1054 | 1056 | 1059
1064 | 1066 | 1071 | 1072 | 1074 | 1075 | 1076 | 1082 | 1089 | 1092 | 1093 | 1108
1124 | 1128 | 1147 | 1153 | 1155 | 1158 | 1161 | 1178 | 1187 | 1193 | 1196 | 1197
1211 | 1212 | 1213 | 1218 | 1227 | 1240 | 1242 | 1261 | 1270 | 1275 | 1279 | 1292
1306 | 1313 | 1331 | 1347 | 1390 | 1393 | 1397 | 1401 | 1412 | 1417 | 1420 | 1421
1424 | 1428 | 1437 | 1444

H is a complete (568,8)-cap, as there are no points of index zero, i.e., C0=0. H is a maximal
complete (k,8)-cap.
9- The (k,9)-caps in PG(3,11):
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We can construct complete (k,9)-caps by incorporating additional points of index zero for H,
which are

Ls 108 140 152 161 174 179 189 205 212 213 214 220

229 260 273 285 294 301 319 332 340 355 362 373

380 392 401 413 422 432 450 457 463 464 469 471

480 502 517 523 524 538 543 552 566 569 570 581

586 | 622 632 645 660 | 662 663 675 682 691 692 696

701 710 741 756 761 763 766 776 795 810 815 816

819 820 837 847 860 873 874 875 877 878 879 885

902 938 949 964 982 984 987 989 991 993 | 1008 | 1011

1016 | 1021 | 1027 | 1032 | 1037 | 1039 | 1057 | 1058 | 1067 | 1077 | 1085 | 1086

1109 | 1118 | 1120 | 1130 | 1136 | 1154 | 1157 | 1163 | 1169 | 1173 | 1174 | 1188

1189 | 1185 | 1208 | 1221 | 1352 | 1380 | 1410 | 1413 | 1418

Then I=HULg =

16 17 18 19 20 24 25 26 27 28 29 30

31 35 36 37 38 39 40 41 42 46 47 48

49 50 51 52 53 57 58 59 60 61 63 64

66 68 69 71 72 73 74 77 78 79 80 82

83 84 85 87 89 90 91 92 93 95 98 99

100 103 | 106 | 107 | 108 | 109 | 111 | 130 | 131 | 134 | 135 | 136

I 137 138 139 140 141 145 146 147 148 149 150 151

152 156 | 157 | 158 | 159 | 160 | 161 | 162 | 164 | 167 | 168 | 169

170 171 | 172 | 173 | 174 | 178 | 179 | 180 | 181 | 184 | 185 | 186

188 189 | 190 | 191 | 192 | 194 | 195 | 196 | 197 | 200 | 201 | 202

203 204 | 205 | 206 | 209 | 212 | 213 | 214 | 216 | 218 | 219 | 220

221 229 | 232 | 238 | 248 | 250 | 251 | 252 | 255 | 256 | 257 | 258

259 260 | 261 | 263 | 266 | 267 | 268 | 269 | 270 | 271 | 272 | 273

277 278 | 279 | 280 | 281 | 282 | 283 | 285 | 288 | 289 | 290 | 291
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292 | 294 | 295 | 297 | 299 | 300 | 301 | 302 | 304 | 305 | 306 | 307
310 | 312 | 313 | 314 | 315 | 316 | 318 | 319 | 321 | 322 | 323 | 325
326 | 328 | 329 | 332 | 333 | 335 | 336 | 337 | 339 | 340 | 341 | 350
355 | 356 | 360 | 361 | 362 | 363 | 370 | 371 | 372 | 373 | 376 | 377
378 | 379 | 380 | 381 | 383 | 384 | 387 | 388 | 389 | 390 | 391 | 392
393 | 394 | 398 | 399 | 400 | 401 | 402 | 403 | 404 | 405 | 409 | 410
411 | 412 | 413 | 415 | 416 | 419 | 420 | 421 | 422 | 423 | 424 | 425
426 | 428 | 431 | 432 | 433 | 434 | 435 | 437 | 438 | 439 | 442 | 444
445 | 446 | 447 | 448 | 450 | 452 | 457 | 458 | 459 | 460 | 461 | 463
464 | 465 | 469 | 471 | 476 | 477 | 480 | 485 | 493 | 497 | 498 | 499
500 | 501 | 502 | 503 | 504 | 508 | 509 | 510 | 511 | 512 | 513 | 514
517 | 519 | 520 | 521 | 522 [ 523 | 524 | 527 | 528 | 530 | 531 | 532
533 | 535 | 536 | 537 | 538 | 541 | 542 | 543 | 545 | 546 | 547 | 548
549 | 552 | 553 | 555 | 556 | 557 | 558 | 559 | 562 | 563 | 565 | 566
567 | 568 | 569 | 570 | 571 | 574 | 577 | 578 | 579 | 580 | 581 | 582
583 | 586 | 587 | 589 | 591 | 592 | 594 | 598 | 603 | 610 | 618 | 619
620 | 621 | 622 | 624 | 625 | 626 | 629 | 630 | 631 | 632 | 633 | 634
636 | 638 | 640 | 641 | 642 | 643 | 644 | 645 | 646 | 649 | 651 | 652
654 | 655 | 656 | 657 | 659 | 660 | 662 | 663 | 664 | 667 | 668 | 669
670 | 671 | 673 | 675 | 676 | 677 | 678 | 680 | 681 | 682 | 685 | 686
687 | 689 | 691 | 692 | 693 | 694 | 695 | 696 | 698 | 699 | 701 | 702
703 | 705 | 709 | 710 | 713 | 719 | 723 | 725 | 728 | 740 | 741 | 742
743 | 744 | 745 | 747 | 748 | 750 | 751 | 752 | 753 | 754 | 755 | 756
759 | 761 | 762 | 763 | 764 | 765 | 766 | 767 | 769 | 772 | 773 | 774
775 | 776 | 778 | 779 | 782 | 783 | 786 | 787 | 788 | 794 | 795 | 796
799 | 800 | 801 | 802 | 803 | 805 | 806 | 809 | 810 | 811 | 812 | 813
815 | 816 | 819 | 820 | 821 | 822 | 823 | 824 | 827 | 828 | 830 | 831
832 | 837 | 845 | 846 | 847 | 856 | 858 | 860 | 861 | 862 | 864 | 865
866 | 867 | 868 | 872 | 876 | 873 | 874 | 875 | 877 | 878 | 879 | 882
883 | 884 | 885 | 886 | 887 | 889 | 890 | 893 | 895 | 896 | 899 | 900
902 | 904 | 905 | 907 | 910 | 911 | 912 | 913 | 917 | 920 | 923 | 926
927 | 930 | 933 | 934 | 937 | 938 | 940 | 941 | 942 | 944 | 946 | 947
948 | 949 | 950 | 951 | 952 | 954 | 956 | 958 | 959 | 961 | 962 | 963
964 | 965 | 969 | 973 | 976 | 980 | 981 | 982 | 983 | 984 | 987 | 989
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990

991

992

993

995

996

999

1001

1002

1005

1006

1008

1009

1011

1012

1015

1016

1019

1020

1021

1022

1023

1024

1026

1027

1028

1030

1032

1035

1036

1037

1038

1039

1041

1042

1044

1045

1048

1051

1054

1056

1057

1058

1059

1064

1066

1067

1071

1072

1074

1075

1076

1077

1082

1085

1086

1089

1092

1093

1108

1109

1118

1120

1124

1128

1130

1136

1147

1153

1154

1155

1157

1158

1161

1163

1169

1173

1174

1178

1185

1187

1188

1189

1193

1196

1197

1208

1211

1212

1213

1218

1221

1227

1240

1242

1261

1270

1275

1279

1292

1306

1313

1331

1347

1352

1380

1390

1393

1397

1401

1410

1412

1413

1417

1418

1420

1421

1424

1428

1437

1444

| is a complete (709,9)-cap, as there are no points of index zero, i.e., Co=0. | am a maximum
complete (k,9)-cap.

10- The (k,10)-caps in PG(3,11):
We can construct complete (k,10)-caps by incorporating additional points of index zero for I,

which are

10 21 32 43 54 62 70 81 94 101 102 104
142 153 163 175 182 193 210 217 222 223 224 | 226
231 262 274 286 293 303 311 324 327 334 343 | 346
352 374 382 395 406 414 427 440 454 455 456 | 468
472 475 481 483 505 515 525 534 544 554 564 | 575
585 604 623 635 648 653 665 674 684 697 714 | 715

Lo 722 724 733 746 757 768 777 791 792 793 798 | 807

817 829 835 836 863 871 888 897 898 901 906 | 908
945 966 972 986 994 997 1007 | 1010 | 1014 | 1043 | 1047 | 1052
1065 | 1069 | 1070 | 1080 | 1094 | 1098 | 1102 | 1104 | 1106 | 1113 | 1122 | 1126
1127 | 1129 | 1131 | 1137 | 1138 | 1142 | 1148 | 1150 | 1156 | 1162 | 1165 | 1167
1171 | 1176 | 1184 | 1191 | 1192 | 1194 | 1195 | 1198 | 1201 | 1216 | 1311 | 1315
1327 | 1359 | 1394 | 1402 | 1432 | 1440 | 1442

Then J=I]L9 =
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352 | 355 | 356 360 361 | 362 363 | 370 | 371 | 372 | 373 374

376 | 377 | 378 379 380 | 381 382 | 383 | 384 | 387 | 388 389

390 | 391 | 392 393 394 | 395 398 | 399 | 400 | 401 | 402 403

404 | 405 | 406 409 410 | 411 412 | 413 | 414 | 415 | 416 419

420 | 421 | 422 423 424 | 425 426 | 427 | 428 | 431 | 432 433

434 | 435 | 437 438 439 | 440 442 | 444 | 445 | 446 | 447 448

450 | 452 | 454 455 456 | 457 458 | 459 | 460 | 461 | 463 464

465 | 468 | 469 471 472 | 475 476 | 477 | 480 | 481 | 483 485

493 | 497 | 498 499 500 | 501 502 | 503 | 504 | 505 | 508 509

510 | 511 | 512 513 514 | 515 517 | 519 | 520 | 521 | 522 523

524 | 525 | 527 528 530 | 531 532 | 533 | 534 | 535 | 536 537

538 | 541 | 542 543 544 | 545 546 | 547 | 548 | 549 | 552 553

554 | 555 | 556 557 558 | 559 562 | 563 | 564 | 565 | 566 567

568 | 569 | 570 571 574 | 575 577 | 578 | 579 | 580 | 581 582

583 | 585 | 586 587 589 | 591 592 | 594 | 598 | 603 | 604 610

618 | 619 | 620 621 622 | 623 624 | 625 | 626 | 629 | 630 631

632 | 633 | 634 635 636 | 638 640 | 641 | 642 | 643 | 644 645

646 | 648 | 649 651 652 | 653 654 | 655 | 656 | 657 | 659 660

662 | 663 | 664 665 667 | 668 669 | 670 | 671 | 673 | 674 675

676 | 677 | 678 680 681 | 682 684 | 685 | 686 | 687 | 689 691

692 | 693 | 694 695 696 | 697 698 | 699 | 701 | 702 | 703 705

709 | 710 | 713 714 715 | 719 722 | 723 | 724 | 725 | 728 733

740 | 741 | 742 743 744 | 745 746 | 747 | 748 | 750 | 751 752

753 | 754 | 755 756 757 | 759 761 | 762 | 763 | 764 | 765 766

767 | 768 | 769 772 773 | 774 75 | 776 | 777 | 778 | 779 782

783 | 786 | 787 788 791 | 792 793 | 794 | 795 | 796 | 798 799

800 | 801 | 802 803 805 | 806 807 | 809 | 810 | 811 | 812 813

815 | 816 | 817 819 820 | 821 822 | 823 | 824 | 827 | 828 829

830 | 831 | 832 835 836 | 837 845 | 846 | 847 | 856 | 858 860

861 | 862 | 863 864 865 | 866 867 | 868 | 871 | 872 | 873 874

875 | 876 | 877 878 879 | 882 883 | 884 | 885 | 886 | 887 888

889 | 890 | 893 895 896 | 897 898 | 899 | 900 | 901 | 902 904

905 | 906 | 907 908 910 | 911 912 | 913 | 917 | 920 | 923 926

927 | 930 | 933 934 937 | 938 940 | 941 | 942 | 944 | 945 946

947 | 948 | 949 950 951 | 952 954 | 956 | 958 | 959 | 961 962

963 | 964 | 965 966 969 | 972 973 | 976 | 980 | 981 | 982 983
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3 4 5 6 7 8 9 10 13 14

1 2
15 16 17 18 19 20 21 24 25 26 27 28
29 30 31 32 35 36 37 38 39 40 41 42
43 46 47 48 49 50 51 52 53 54 57 58
59 60 61 62 63 64 66 68 69 70 71 72
73 74 77 78 79 80 81 82 83 84 85 87
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89 90 91 92 93 94 95 98 99 100 | 101 102
103 | 104 | 106 107 | 108 | 109 111 130 131 | 134 | 135 136
137 | 138 | 139 140 | 141 | 142 145 146 147 | 148 | 149 150
151 | 152 | 153 156 | 157 | 158 159 160 161 | 162 | 163 164
167 | 168 | 169 170 | 171 | 172 173 174 175 | 178 | 179 180
181 | 182 | 184 185 | 186 | 188 189 190 191 | 192 | 193 194
195 | 196 | 197 200 | 201 | 202 203 204 205 | 206 | 209 210
212 | 213 | 214 216 | 217 | 218 219 220 221 | 222 | 223 224
226 | 229 | 231 232 | 238 | 248 250 251 252 | 255 | 256 257
258 | 259 | 260 261 | 262 | 263 266 267 268 | 269 | 270 271
272 | 273 | 274 277 | 278 | 279 280 281 282 | 283 | 285 286
288 | 289 | 290 291 | 292 | 293 294 295 297 | 299 | 300 301
302 | 303 | 304 305 | 306 | 307 310 311 312 | 313 | 314 315
316 | 318 | 319 321 | 322 | 323 324 325 326 | 327 | 328 329
332 | 333 | 334 335 | 336 | 337 339 340 341 | 343 | 346 350
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984 | 986 987 989 990 991 992 993 994 995 996 997
999 | 1001 | 1002 | 1005 | 1006 | 1007 | 1008 | 1009 | 1010 | 1011 | 1012 | 1014
1015 | 1016 | 1019 | 1020 | 1021 | 1022 | 1023 | 1024 | 1026 | 1027 | 1028 | 1030
1032 | 1035 | 1036 | 1037 | 1038 | 1039 | 1041 | 1042 | 1043 | 1044 | 1045 | 1047
1048 | 1051 | 1052 | 1054 | 1056 | 1057 | 1058 | 1059 | 1064 | 1065 | 1066 | 1067
1069 | 1070 | 1071 | 1072 | 1074 | 1075 | 1076 | 1077 | 1080 | 1082 | 1085 | 1086
1089 | 1092 | 1093 | 1094 | 1098 | 1102 | 1104 | 1106 | 1108 | 1109 | 1113 | 1118
1120 | 1122 | 1124 | 1126 | 1127 1128 | 1129 | 1130 | 1131 | 1136 1137 | 1138
1142 | 1147 | 1148 | 1150 | 1153 1154 | 1155 | 1156 | 1157 | 1158 1161 | 1162
1163 | 1165 | 1167 | 1169 | 1171 1173 | 1174 | 1176 | 1178 | 1184 1185 | 1187
1188 | 1189 | 1191 | 1192 | 1193 | 1194 | 1195 | 1196 | 1197 | 1198 | 1201 | 1208
1211 | 1212 | 1213 | 1216 | 1218 | 1221 | 1227 | 1240 | 1242 | 1261 | 1270 | 1275
1279 | 1292 | 1306 | 1311 | 1313 | 1315 | 1327 | 1331 | 1347 | 1352 | 1359 | 1380
1390 | 1393 | 1394 | 1397 | 1401 | 1402 | 1410 | 1412 | 1413 | 1417 | 1418 | 1420
1421 | 1424 | 1428 | 1432 | 1437 | 1440 | 1442 | 1444
J is a complete (860,10)-cap, as there are no points of index zero, i.e., C0=0. J is a maximal full
(k,10)-cap.
10- The (k,11)-caps in PG(3,11):
We can construct complete (k,11)-caps by incorporating additional points of index zero.
11 22 33 44 55 65 75 86 96 105 | 112 | 114
116 118 119 120 121 143 154 165 176 183 198 208
211 | 227 | 228 | 230 | 237 | 242 | 264 | 275 | 284 | 296 | 308 | 320
331 | 338 | 354 | 368 | 385 | 396 | 407 | 417 | 429 | 436 | 443 | 449
Lio 453 | 470 | 473 | 474 | 479 | 506 | 516 | 526 | 539 | 551 | 560 | 572
584 | 588 | 590 | 593 | 600 | 606 | 627 | 637 | 647 | 658 | 666 | 679
688 | 700 | 706 | 708 | 712 | 718 | 720 | 721 | 734 | 739 | 758 | 770
780 | 784 | 785 | 790 | 808 | 825 | 826 | 833 | 843 | 852 | 853 | 869
880 | 891 | 894 | 909 | 916 | 918 | 922 | 924 | 925 | 932 | 935 | 977
978 | 979 | 988 | 998 | 1004 | 1013 | 1017 | 1025 | 1033 | 1034 | 1040 | 1049
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1053 | 1061 | 1062 | 1068 | 1078 | 1079 | 1101 | 1103 | 1107 | 1110 | 1111 | 1112
1114 | 1115 | 1116 | 1117 | 1119 | 1123 | 1125 | 1132 | 1133 | 1135 | 1139 | 1141
1143 | 1144 | 1145 | 1146 | 1151 | 1152 | 1159 | 1164 | 1168 | 1170 | 1172 | 1175
1180 | 1181 | 1206 | 1209 | 1222 | 1236 | 1237 | 1243 | 1248 | 1255 | 1257 | 1262
1273 | 1276 | 1278 | 1281 | 1283 | 1286 | 1307 | 1312 | 1323 | 1336 | 1363 | 1425
1426

Then K=J UL =

1 2 3 4 5 6 7 8 9 10 11 13

14 15 16 17 18 19 20 21 22 24 25 26

27 28 29 30 31 32 33 35 36 37 38 39

40 41 42 43 44 46 47 48 49 50 51 52

53 54 55 57 58 59 60 61 62 63 64 65

66 68 69 70 71 72 73 74 75 77 78 79

80 81 82 83 84 85 86 87 89 90 91 92

93 94 95 96 98 99 100 | 101 | 102 | 103 | 104 | 105

106 | 107 | 108 | 109 | 111 | 112 | 114 | 116 | 118 | 119 | 120 | 121

130 | 131 | 134 | 135 | 136 | 137 | 138 | 139 | 140 | 141 | 142 | 143

145 | 146 | 147 | 148 | 149 | 150 | 151 | 152 | 153 | 154 | 156 | 157

158 | 159 | 160 | 161 | 162 | 163 | 164 | 165 | 167 | 168 | 169 | 170

171 | 172 | 173 | 174 | 175 | 176 | 178 | 179 | 180 | 181 | 182 | 183

184 | 185 | 186 | 188 | 189 | 190 | 191 | 192 | 193 | 194 | 195 | 196

197 | 198 | 200 | 201 | 202 | 203 | 204 | 205 | 206 | 208 | 209 | 210

211 | 212 | 213 | 214 | 216 | 217 | 218 | 219 | 220 | 221 | 222 | 223

224 | 226 | 227 | 228 | 229 | 230 | 231 | 232 | 237 | 238 | 242 | 248

250 | 251 | 252 | 255 | 256 | 257 | 258 | 259 | 260 | 261 | 262 | 263

264 | 266 | 267 | 268 | 269 | 270 | 271 | 272 | 273 | 274 | 275 | 277

278 | 279 | 280 | 281 | 282 | 283 | 284 | 285 | 286 | 288 | 289 | 290

291 | 292 | 293 | 294 | 295 | 296 | 297 | 299 | 300 | 301 | 302 | 303

304 | 305 | 306 | 307 | 308 | 310 | 311 | 312 | 313 | 314 | 315 | 316

318 | 319 | 320 | 321 | 322 | 323 | 324 | 325 | 326 | 327 | 328 | 329

331 | 332 | 333 | 334 | 335 | 336 | 337 | 338 | 339 | 340 | 341 | 343

346 | 350 | 352 | 354 | 355 | 356 | 360 | 361 | 362 | 363 | 368 | 370

371 | 372 | 373 | 374 | 376 | 377 | 378 | 379 | 380 | 381 | 382 | 383

384 | 385 | 387 | 388 | 389 | 390 | 391 | 392 | 393 | 394 | 395 | 396
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398 | 399 | 400 | 401 | 402 | 403 | 404 | 405 | 406 | 407 | 409 | 410

411 | 412 | 413 | 414 | 415 | 416 | 417 | 419 | 420 | 421 | 422 | 423

424 | 425 | 426 | 427 | 428 | 429 | 431 | 432 | 433 | 434 | 435 | 436

437 | 438 | 439 | 440 | 442 | 443 | 444 | 445 | 446 | 447 | 448 | 449

450 | 452 | 453 | 454 | 455 | 456 | 457 | 458 | 459 | 460 | 461 | 463

464 | 465 | 468 | 469 | 470 | 471 | 472 | 473 | 474 | 475 | 476 | 477

479 | 480 | 481 | 483 | 485 | 493 | 497 | 498 | 499 | 500 | 501 | 502

503 | 504 | 505 | 506 | 508 | 509 | 510 | 511 | 512 | 513 | 514 | 515

516 | 517 | 519 | 520 | 521 | 522 | 523 | 524 | 525 | 526 | 527 | 528

530 | 531 | 532 | 533 | 534 | 535 | 536 | 537 | 538 | 539 | 541 | 542

543 | 544 | 545 | 546 | 547 | 548 | 549 | 551 | 552 | 553 | 554 | 555

556 | 557 | 558 | 559 | 560 | 562 | 563 | 564 | 565 | 566 | 567 | 568

569 | 570 | 571 | 572 | 574 | 575 | 577 | 578 | 579 | 580 | 581 | 582

583 584 | 585 | 586 | 587 | 588 | 589 | 590 | 591 | 592 | 593 | 594

598 | 600 | 603 | 604 | 606 | 610 | 618 | 619 | 620 | 621 | 622 | 623

624 | 625 | 626 | 627 | 629 | 630 | 631 | 632 | 633 | 634 | 635 | 636

637 | 638 | 640 | 641 | 642 | 643 | 644 | 645 | 646 | 647 | 648 | 649

651 | 652 | 653 | 654 | 655 | 656 | 657 | 658 | 659 | 660 | 662 | 663

664 | 665 | 666 | 667 | 668 | 669 | 670 | 6/1 | 673 | 674 | 675 | 676

677 | 678 | 679 | 680 | 681 | 682 | 684 | 685 | 686 | 687 | 688 | 689

691 | 692 | 693 | 694 | 695 | 696 | 697 | 698 | 699 | 700 | 701 | 702

703 | 705 | 706 | 708 | 709 | 710 | 712 | 713 | 714 | 715 | 718 | 719

720 | 721 | 722 | 723 | 724 | 725 | 728 | 733 | 734 | 739 | 740 | 741

742 | 743 | 744 | 745 | 746 | 747 | 748 | 750 | 751 | 752 | 753 | 754

755 | 756 | 757 | 758 | 759 | 761 | 762 | 763 | 764 | 765 | 766 | 767

768 | 769 | 770 | 772 | 773 | 774 | 775 | 776 | 777 | 778 | 779 | 780

782 | 783 | 784 | 785 | 786 | 787 | 788 | 790 | 791 | 792 | 793 | 794

795 | 796 | 798 | 799 | 800 | 801 | 802 | 803 | 805 | 806 | 807 | 808

809 | 810 | 811 | 812 | 813 | 815 | 816 | 817 | 819 | 820 | 821 | 822

823 | 824 | 825 | 826 | 827 | 828 | 829 | 830 | 831 | 832 | 833 | 835

836 | 837 | 843 | 845 | 846 | 847 | 852 | 853 | 856 | 858 | 860 | 861

862 | 863 | 864 | 865 | 866 | 867 | 868 | 869 | 871 | 872 | 873 | 874

875 | 876 | 877 | 878 | 879 | 880 | 882 | 883 | 884 | 885 | 886 | 887

888 | 889 | 890 | 891 | 893 | 894 | 895 | 896 | 897 | 898 | 899 | 900

901 | 902 | 904 | 905 | 906 | 907 | 908 | 909 | 910 | 911 | 912 | 913

916 | 917 | 918 | 920 | 922 | 923 | 924 | 925 | 926 | 927 | 930 | 932

933 | 934 | 935 | 937 | 938 | 940 | 941 | 942 | 944 | 945 | 946 | 947

948 | 949 | 950 | 951 | 952 | 954 | 956 | 958 | 959 | 961 | 962 | 963
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964 | 965 | 966 | 969 | 972 | 973 | 976 | 977 | 978 | 979 | 980 | 981

982 | 983 | 984 | 986 | 987 | 988 | 989 | 990 | 991 | 992 | 993 | 994

995 | 996 | 997 | 998 | 999 | 1001 | 1002 | 1004 | 1005 | 1006 | 1007 | 1008

1009 | 1010 | 1011 | 1012 | 1013 | 1014 | 1015 | 1016 | 1017 | 1019 | 1020 | 1021

1022 | 1023 | 1024 | 1025 | 1026 | 1027 | 1028 | 1030 | 1032 | 1033 | 1034 | 1035

1036 | 1037 | 1038 | 1039 | 1040 | 1041 | 1042 | 1043 | 1044 | 1045 | 1047 | 1048

1049 | 1051 | 1052 | 1053 | 1054 | 1056 | 1057 | 1058 | 1059 | 1061 | 1062 | 1064

1065 | 1066 | 1067 | 1068 | 1069 | 1070 | 1071 | 1072 | 1074 | 1075 | 1076 | 1077

1078 | 1079 | 1080 | 1082 | 1085 | 1086 | 1089 | 1092 | 1093 | 1094 | 1098 | 1101

1102 | 1103 | 1104 | 1106 | 1107 | 1108 | 1109 | 1110 | 1111 | 1112 | 1113 | 1114

1115 | 1116 | 1117 | 1118 | 1119 | 1120 | 1122 | 1123 | 1124 | 1125 | 1126 | 1127

1128 | 1129 | 1130 | 1131 | 1132 | 1133 | 1135 | 1136 | 1137 | 1138 | 1139 | 1141

1142 | 1143 | 1144 | 1145 | 1146 | 1147 | 1148 | 1150 | 1151 | 1152 | 1153 | 1154

1155 | 1156 | 1157 | 1158 | 1159 | 1161 | 1162 | 1163 | 1164 | 1165 | 1167 | 1168

1169 | 1170 | 1171 | 1172 | 1173 | 1174 | 1175 | 1176 | 1178 | 1180 | 1181 | 1184

1185 | 1187 | 1188 | 1189 | 1191 | 1192 | 1193 | 1194 | 1195 | 1196 | 1197 | 1198

1201 | 1206 | 1208 | 1209 | 1211 | 1212 | 1213 | 1216 | 1218 | 1221 | 1222 | 1227

1236 | 1237 | 1240 | 1242 | 1243 | 1248 | 1255 | 1257 | 1261 | 1262 | 1270 | 1273

1275 | 1276 | 1278 | 1279 | 1281 | 1283 | 1286 | 1292 | 1306 | 1307 | 1311 | 1312

1313 | 1315 | 1323 | 1327 | 1331 | 1336 | 1347 | 1352 | 1359 | 1363 | 1380 | 1390

1393 | 1394 | 1397 | 1401 | 1402 | 1410 | 1412 | 1413 | 1417 | 1418 | 1420 | 1421

1424 | 1425 | 1426 | 1428 | 1432 | 1437 | 1440 | 1442 | 1444

K is a complete (1041,11)-cap, as there are no points of index zero, i.e., C0=0. K is a maximal
full (k,11)-cap.

11- The (k,12)-caps in PG(3,11):
We can construct complete (k,12)-caps by incorporating additional points of index zero.
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12 23 34 45 56 67 76 88 97 110 | 113 | 115

117 | 122 | 123 | 124 | 125 | 126 | 127 | 128 | 129 | 132 | 133 | 144

155 | 166 | 177 | 187 | 199 | 207 | 215 | 225 | 233 | 234 | 235 | 236

239 | 240 | 241 | 243 | 244 | 245 | 246 | 247 | 249 | 253 | 254 | 265

276 | 287 | 298 | 309 | 317 | 330 | 342 | 344 | 345 | 347 | 348 | 349

351 | 353 | 357 | 358 | 359 | 364 | 365 | 366 | 367 | 369 | 375 | 386

397 | 408 | 418 | 430 | 441 | 451 | 462 | 466 | 467 | 478 | 482 | 484

486 | 487 | 488 | 489 | 490 | 491 | 492 | 494 | 495 | 496 | 507 | 518

529 | 540 | 550 | 561 | 573 | 576 | 595 | 596 | 597 | 599 | 601 | 602

605 | 607 | 608 | 609 | 611 | 612 | 613 | 614 | 615 | 616 | 617 | 628

639 | 650 | 661 | 672 | 683 | 690 | 704 | 707 | 711 | 716 | 717 | 726

L1 727 | 729 | 730 | 731 | 732 | 735 | 736 | 737 | 738 | 749 | 760 | 771

781 | 789 | 797 | 804 | 814 | 818 | 834 | 838 | 839 | 840 | 841 | 842

844 | 848 | 849 | 850 | 851 | 854 | 855 | 857 | 859 | 870 | 881 | 892

903 | 914 | 915 | 919 | 921 | 928 | 929 | 931 | 936 | 939 | 943 | 953

955 | 957 | 960 | 967 | 968 | 970 | 971 | 974 | 975 | 985 | 1000 | 1003

1018 | 1029 | 1031 | 1046 | 1050 | 1055 | 1060 | 1063 | 1973 | 1081 | 1083 | 1084

1087 | 1088 | 1090 | 1091 | 1095 | 1096 | 1097 | 1099 | 1100 | 1105 | 1121 | 1134

1140 | 1149 | 1160 | 1166 | 1177 | 1179 | 1182 | 1183 | 1186 | 1190 | 1199 | 1200

1202 | 1203 | 1204 | 1205 | 1207 | 1210 | 1214 | 1215 | 1217 | 1219 | 1220 | 1223

1224 | 1225 | 1226 | 1228 | 1229 | 1230 | 1231 | 1232 | 1233 | 1234 | 1235 | 1238

1239 | 1241 | 1244 | 1245 | 1246 | 1247 | 1249 | 1250 | 1251 | 1252 | 1253 | 1254

1256 | 1258 | 1259 | 1260 | 1263 | 1264 | 1265 | 1266 | 1267 | 1268 | 1269 | 1271

1272 | 1274 | 1277 | 1280 | 1282 | 1284 | 1285 | 1287 | 1288 | 1289 | 1290 | 1291

1293 | 1294 | 1295 | 1296 | 1297 | 1298 | 1299 | 1300 | 1301 | 1302 | 1303 | 1304

1305 | 1308 | 1309 | 1310 | 1314 | 1316 | 1317 | 1318 | 1319 | 1320 | 1321 | 1322

1324 | 1325 | 1326 | 1328 | 1329 | 1330 | 1332 | 1333 | 1334 | 1335 | 1337 | 1338

1339 | 1340 | 1341 | 1342 | 1343 | 1344 | 1345 | 1346 | 1348 | 1349 | 1350 | 1351

1353 | 1354 | 1355 | 1356 | 1357 | 1358 | 1360 | 1361 | 1362 | 1364 | 1365 | 1366

1367 | 1368 | 1369 | 1370 | 1371 | 1372 | 1373 | 1374 | 1375 | 1376 | 1377 | 1378
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1379 | 1381 | 1382 | 1383 | 1384 | 1385 | 1386 | 1387 | 1388 | 1389 | 1391 | 1392
1395 | 1396 | 1398 | 1399 | 1400 | 1403 | 1404 | 1405 | 1406 | 1407 | 1408 | 1409
1411 | 1414 | 1415 | 1416 | 1419 | 1422 | 1423 | 1427 | 1429 | 1430 | 1431 | 1433
1434 | 1435 | 1436 | 1438 | 1439 | 1441 | 1443 | 1445 | 1446 | 1447 | 1448 | 1449
1450 | 1451 | 1452 | 1453 | 1454 | 1455 | 1456 | 1457 | 1458 | 1459 | 1460 | 1461
1462 | 1463 | 1464
Then L=KuUL11 =
241 242 243 244 | 245 246 | 247 248 249 250 251 | 252
253 254 | 255 256 | 257 258 | 259 260 261 262 263 | 264
265 266 | 267 268 | 269 270 | 271 272 273 274 | 275 | 276
277 278 | 279 280 | 281 282 283 284 | 285 286 287 | 288
289 290 | 291 292 293 294 | 295 296 297 298 299 | 300
301 | 302 303 304 | 305 306 | 307 308 | 309 310 | 311 | 312
313 | 314 | 315 316 | 317 318 | 319 320 | 321 322 | 323 | 324
325 | 326 | 327 328 | 329 330 | 331 332 | 333 334 | 335 | 336
337 | 338 | 339 | 340 | 341 | 342 343 344 | 345 346 | 347 | 348
349 | 350 | 351 | 352 353 | 354 | 355 356 | 357 358 | 359 | 360
361 | 362 363 | 364 | 365 | 366 | 367 368 | 369 370 | 371 | 372
373 | 374 | 375 376 | 377 378 | 379 380 | 381 382 | 383 | 384
385 | 386 | 387 388 | 389 390 | 391 392 | 393 394 | 395 | 396
397 | 398 | 399 | 400 | 401 | 402 | 403 | 404 | 405 | 406 | 407 | 408
409 | 410 | 411 | 412 | 413 | 414 | 415 | 416 | 417 | 418 | 419 | 420
421 | 422 | 423 | 424 | 425 | 426 | 427 | 428 | 429 | 430 | 431 | 432
433 | 434 | 435 | 436 | 437 | 438 | 439 | 440 | 441 | 442 | 443 | 444
445 | 446 | 447 | 448 | 449 | 450 | 451 | 452 | 453 | 454 | 455 | 456
457 | 458 | 459 | 460 | 461 | 462 | 463 | 464 | 465 | 466 | 467 | 468
469 | 470 | 471 | 472 | 473 | 474 | 475 | 476 | 477 | 478 | 479 | 480
481 | 482 | 483 | 484 | 485 | 486 | 487 | 488 | 489 | 490 | 491 | 492
493 | 494 | 495 | 496 | 497 | 498 | 499 500 | 501 502 | 503 | 504
505 506 | 507 508 | 509 510 | 511 512 | 513 514 | 515 | 516
517 518 | 519 520 | 521 522 523 524 | 525 526 | 527 | 528
529 530 | 531 532 533 534 | 535 536 | 537 538 | 539 | 540
541 542 543 544 | 545 546 | 547 548 | 549 550 | 551 | 552
553 554 | 555 556 | 557 558 | 559 560 | 561 562 | 563 | 564
565 566 | 567 568 | 569 570 | 571 572 | 573 574 | 575 | 576
577 578 | 579 580 | 581 582 583 584 | 585 586 | 587 | 588
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589 | 590 | 591 | 592 | 593 | 594 | 595 | 596 | 597 | 598 | 599 | 600
601 | 602 | 603 | 604 | 605 | 606 | 607 | 608 | 609 | 610 | 611 | 612
613 | 614 | 615 | 616 | 617 | 618 | 619 | 620 | 621 | 622 | 623 | 624
625 | 626 | 627 | 628 | 629 | 630 | 631 | 632 | 633 | 634 | 635 | 636
637 | 638 | 639 | 640 | 641 | 642 | 643 | 644 | 645 | 646 | 647 | 648
649 | 650 | 651 | 652 | 653 | 654 | 655 | 656 | 657 | 658 | 659 | 660
661 | 662 | 663 | 664 | 665 | 666 | 667 | 668 | 669 | 670 | 671 | 672
673 | 674 | 675 | 676 | 677 | 678 | 679 | 680 | 681 | 682 | 683 | 684
685 | 686 | 687 | 688 | 689 | 690 | 691 | 692 | 693 | 694 | 695 | 696
697 | 698 | 699 | 700 | 701 | 702 | 703 | 704 | 705 | 706 | 707 | 708
700 | 710 | 721 | 712 | 713 | 714 | 715 | 716 | 717 | 718 | 719 | 720
721 | 722 | 723 | 724 | 725 | 726 | 727 | 728 | 729 | 730 | 731 | 732
733 | 734 | 735 | 736 | 737 | 738 | 739 | 740 | 741 | 742 | 743 | 744
745 | 746 | 747 | 748 | 749 | 750 | 751 | 752 | 753 | 754 | 755 | 756
757 | 758 | 759 | 760 | 761 | 762 | 763 | 764 | 765 | 766 | 767 | 768
769 | 770 | 771 | 772 | 773 | 774 | 775 | 776 | 777 | 778 | 779 | 780
781 | 782 | 783 | 784 | 785 | 786 | 787 | 788 | 789 | 790 | 791 | 792
793 | 794 | 795 | 796 | 797 | 798 | 799 | 800 | 801 | 802 | 803 | 804
805 | 806 | 807 | 808 | 809 | 810 | 811 | 812 | 813 | 814 | 815 | 816
817 | 818 | 819 | 820 | 821 | 822 | 823 | 824 | 825 | 826 | 827 | 828
829 | 830 | 831 | 832 | 833 | 834 | 835 | 836 | 837 | 838 | 839 | 840
841 | 842 | 843 | 844 | 845 | 846 | 847 | 848 | 849 | 850 | 851 | 852
853 | 854 | 855 | 856 | 857 | 858 | 859 | 860 | 861 | 862 | 863 | 864
865 | 866 | 867 | 868 | 869 | 870 | 871 | 872 | 873 | 874 | 875 | 876
877 | 878 | 879 | 880 | 881 | 882 | 883 | 884 | 885 | 886 | 887 | 888
889 | 890 | 891 | 892 | 893 | 894 | 895 | 896 | 897 | 898 | 899 | 900
901 | 902 | 903 | 904 | 905 | 906 | 907 | 908 | 909 | 910 | 911 | 912
913 | 914 | 915 | 916 | 917 | 918 | 919 | 920 | 921 | 922 | 923 | 924
925 | 926 | 927 | 928 | 929 | 930 | 931 | 932 | 933 | 934 | 935 | 936
937 | 938 | 939 | 940 | 941 | 942 | 943 | 944 | 945 | 946 | 947 | 948
949 | 950 | 951 | 952 | 953 | 954 | 955 | 956 | 957 | 958 | 959 | 960
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1345

1346

1347

1348

1349

1350

1351

1352 | 1353

1354

1355

1356

1357

1358

1359

1360

1361

1362

1363

1364 | 1365

1366

1367

1368

1369

1370

1371

1372

1373

1374

1375

1376 | 1377

1378

1379

1380

1381

1382

1383

1384

1385

1386

1387

1388 | 1389

1390

1391

1392

1393

1394

1395

1396

1397

1398

1399

1400 | 1401

1402

1403

1404

1405

1406

1407

1408

1409

1410

1411

1412 | 1413

1414

1415

1416

1417

1418

1419
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1424 | 1425
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1429
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1434

1435

1436 | 1437
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1448 | 1449

1450

1451

1452

1453

1454

1455

1456

1457

1458

1459

1460 | 1461

1462

1463

1464

L is a complete (1041,12)-cap, as there are no points of index zero, i.e., CO=0. L is a maximal

complete (k,12)-cap.

Table (1) : The points and lines of PG(3,11)

| Ni T
13 24 35 46 57 68 79 90 101 112 123
134 145 156 167 178 189 200 211 222 233 244
255 266 277 288 299 310 321 332 343 354 365
376 387 398 409 420 431 442 453 464 475 486
497 508 519 530 541 552 563 574 585 596 607
1 (1,0,0,0) 618 629 640 651 662 673 684 695 706 717 728
e 739 750 761 772 783 794 805 816 827 838 849
860 871 882 893 904 915 926 937 948 959 970
981 992 1003 1014 1025 1036 1047 1058 1069 1080 1091
1102 1113 1124 1135 1146 1157 1168 1179 1190 1201 1212
1223 1234 1245 1256 1267 1278 1289 1300 1311 1322 1333
1344 1355 1366 1377 1388 1399 1410 1421 1432 1443 1454
13 14 15 16 17 18 19 20 21 22 23
134 135 136 137 138 139 140 141 142 143 144
255 256 257 258 259 260 261 262 263 264 265
2 (0,1,0,0) 376 377 378 379 380 381 382 383 384 38 386
497 498 499 500 501 502 503 504 505 506 507
618 619 620 621 622 623 624 625 626 627 628
739 740 741 742 743 744 745 746 747 748 749
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860
981
1102
1223
1344

861
982
1103
1224
1345

862
983
1104
1225
1346

863
984
1105
1226
1347

864
985
1106
1227
1348

865
986
1107
1228
1349

866
987
1108
1229
1350

867
988
1109
1230
1351

868
989
1110
1231
1352

869
990
1111
1232
1353

870
991
1112
1233
1354

(1,1,0,0)

12

13
134
255
376
497
618
739
860
981
1102
1223
1344

34
155
276
397
518
639
760
881
1002
1123
1244
1365

44
165
286
407
528
649
770
891
1012
1133
1254
1375

54
175
296
417
538
659
780
901
1022
1143
1264
1385

64
185
306
427
548
669
790
911
1032
1153
1274
1395

74
195
316
437
558
679
800
921
1042
1163
1284
1405

84
205
326
447
568
689
810
931
1052
1173
1294
1415

94
215
336
457
578
699
820
941
1062
1183
1304
1425

104
225
346
467
588
709
830
951
1072
1193
1314
1435

114
235
356
477
598
719
840
961
1082
1203
1324
1445

124
245
366
487
608
729
850
971
1092
1213
1334
1455

1464

(10,10,10,1
)

12

23
135
255
386
506
626
746
866
986
1106
1226
1346

33
145
276
396
516
636
756
876
996
1116
1236
1356

43
166
286
406
526
646
766
886
1006
1126
1246
1366

53
176
296
416
536
656
776
896
1016
1136
1256
1387

63
186
306
426
546
666
786
906
1026
1146
1277
1397

73

196
316
436
556
676
796
916
1036
1167
1287
1407

83
206
326
446
566
686
806
926
1057
1177
1297
1417

93
216
336
456
576
696
816
947
1067
1187
1307
1427

103
226
346
466
586
706
837
957
1077
1197
1317
1437

113
236
356
476
596
727
847
967
1087
1207
1327
1447

123
246
366
486
617
737
857
977
1097
1217
1337
1457
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464 200 332 24 596 728 739 871 1003 1135 1267 1399
475 167 321 46 508 662 816 970 1003 1157 1311 1344
486 200 343 508 35 651 794 937 1080 1102 1245 1388
497 156 310 464 46 651 805 959 992 1146 1300 1454
508 457 596 519 530 541 552 563 574 585 2 607
519 178 332 486 46 673 827 860 1014 1168 1322 1355
530 156 321 486 695 57 739 904 1069 1113 1278 1443
541 167 332 376 57 706 750 915 1080 1124 1289 1454
552 211 365 398 46 706 739 893 1047 1201 1234 1388
563 189 354 398 57 728 772 937 981 1146 1311 1355
574 200 365 409 57 618 783 948 992 1157 1322 1366
585 178 354 409 816 640 638 871 1047 1102 1278 1454
596 189 365 420 651 827 63 882 1058 1113 1289 1344
607 178 321 464 35 629 772 915 1058 1201 1223 1366
618 156 332 387 563 68 794 970 1025 1201 1256 1432
629 167 343 398 574 805 68 860 1036 1212 1267 1443
640 145 299 453 607 46 794 948 981 1135 1289 1443
651 222 299 376 574 849 1003 926 90 1201 1278 1355
662 244 288 453 497 57 827 871 1036 1201 1245 1410
673 211 266 442 497 68 849 904 1080 1135 1311 1366
684 145 310 475 519 57 849 893 1058 1102 1267 1432
695 233 288 464 519 750 68 926 981 1157 1333 1388
706 244 299 475 530 68 761 937 992 1168 1223 1399
717 178 343 387 552 57 761 926 1091 1135 1300 1344
728 618 629 640 651 662 673 684 695 706 717 2

739 222 277 453 508 684 68 915 1091 1146 1322 1377
750 739 761 2 772 783 794 805 816 827 838 849
761 189 255 442 508 695 948 79 1014 1201 1267 1454
772 200 266 453 518 706 79 959 1025 1212 1278 1344
783 211 277 464 530 717 79 970 1036 1102 1289 1355
7594 222 288 475 541 728 79 860 1047 1113 1300 1366
805 233 299 486 552 618 871 79 1058 1124 1311 1377
816 244 310 376 563 629 882 79 1069 1135 1322 1388
827 200 277 475 552 629 981 904 20 1179 1256 1454
838 145 332 398 585 651 904 79 1091 1157 1223 1410
849 156 343 409 596 662 79 915 981 1168 1234 1421
860 156 354 431 508 706 783 90 1058 1135 1333 1410
871 860 2 882 893 904 915 926 937 948 959 970
882 178 255 453 530 728 805 1080 90 1157 1234 1432
893 244 332 420 508 717 805 1190 981 101 1278 1366
904 244 354 464 574 634 794 1124 1014 1234 123 1344
915 211 238 486 563 640 838 90 992 1190 1267 1344
926 167 354 420 607 673 739 79 992 1179 1245 1432
937 178 365 431 497 684 750 79 1003 1190 1256 1443
948 244 321 398 596 673 750 1025 90 1102 1300 1377
959 189 277 486 574 662 750 101 1047 1135 1223 1432
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Table(2) : lines and planes for PG(3,11)

L1

2 134 145 156 167 178 189 200 211 222 233 244
13 2 24 35 46 57 68 79 90 101 112 123
24 134 266 398 530 662 794 926 1058 1190 1322 1454
35 134 277 420 563 706 849 871 1014 1157 1300 1443
46 134 288 442 596 629 783 937 1091 1124 1278 1432
57 134 299 464 508 673 838 882 1047 1212 1256 1421
68 134 310 486 541 717 772 948 1003 1179 1234 1410
79 134 321 387 574 640 827 893 1080 1146 1333 1399
90 134 332 409 607 684 761 959 1036 1113 1311 1388
101 134 343 431 519 728 816 904 992 1201 1289 1377
112 233 332 431 530 629 849 948 1047 1146 1245 1344
123 134 365 475 585 695 805 915 1025 1135 1245 1355
134 13 255 376 497 618 739 860 981 1102 1223 1344
145 277 24 409 541 673 805 937 1069 1201 1333 1344
156 13 277 398 519 640 761 882 1003 1124 1245 1366
167 299 24 431 563 695 827 959 1091 1102 1234 1366
178 13 299 420 541 662 783 904 1025 1146 1267 1388
189 13 310 431 552 673 794 915 1036 1157 1278 1399
200 13 321 442 563 684 805 926 1047 1168 1289 1410
211 13 332 453 574 695 816 937 1058 1179 1300 1421
222 365 35 387 530 673 816 959 981 1124 1267 1410
233 13 354 475 596 717 838 959 1080 1201 1322 1443
244 255 24 387 519 651 783 915 1047 1179 1311 1443
255 2 266 277 288 299 310 321 332 343 354 365
266 244 35 409 552 695 838 860 1003 1146 1289 1432
277 244 585 431 46 618 772 926 1080 1113 1267 1421
288 156 24 420 552 684 816 948 1080 1212 1223 1355
299 156 442 35 585 728 750 893 1036 1179 1322 1344
310 178 24 442 574 706 838 970 981 1113 1245 1377
321 189 24 453 585 717 849 860 992 1124 1256 1388
332 189 35 475 497 640 783 926 1069 1212 1234 1377
343 211 24 475 607 618 750 882 1014 1146 1278 1410
354 211 35 376 519 662 805 948 1091 1113 1256 1399
365 233 376 24 508 640 772 904 1036 1168 1300 1432
376 442 387 398 409 420 431 2 453 464 475 486
387 200 354 46 541 695 849 882 1036 1190 1223 1377
398 233 255 35 541 684 827 970 992 1135 1278 1421
409 222 255 46 563 717 110750 904 1058 1212 1245 1399
420 233 266 46 574 728 761 915 1069 1102 1256 1410
431 145 288 35 574 717 739 882 1025 1168 1311 1454
442 233 277 651 607 57 816 860 1025 1190 1234 1399
453 167 310 35 596 618 761 904 1047 1190 1333 1355
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L2

1 134 135 136 137 138 139 140 141 142 143 144
13 1 14 15 16 17 18 19 20 21 22 23
14 134 256 378 500 622 744 866 988 1110 1232 1354
15 382 258 136 505 628 740 863 986 1109 1232 1344
16 134 258 382 506 619 743 867 991 1104 1228 1352
17 134 258 384 498 623 748 862 987 1112 1226 1351
18 134 260 386 501 627 742 868 983 1109 1224 1350
19 134 261 377 504 620 747 863 990 1106 1233 1349
20 134 262 379 507 624 741 869 986 1103 1231 1348
21 134 263 381 499 628 746 864 982 1111 1229 1347
22 143 262 381 500 619 749 868 987 1106 1225 1344
23 134 265 385 505 625 745 865 985 1105 1225 1345
134 13 255 376 497 618 739 860 981 1102 1223 1344
135 13 256 377 498 619 740 861 982 1103 1224 1345
136 384 260 497 16 621 745 869 982 1106 1230 1354
137 13 258 379 500 621 742 863 984 1105 1226 1347
138 13 258 380 501 622 743 864 985 1106 1227 1348
139 262 15 385 497 620 743 866 989 1112 1224 1347
140 13 261 382 503 624 745 366 987 1108 1229 1350
141 13 262 383 504 625 746 867 988 1109 1230 1351
142 13 263 384 505 626 747 368 989 1110 1231 1352
143 13 264 385 506 627 748 869 990 1111 1232 1353
144 13 265 386 507 628 749 870 991 1112 1233 1354
255 144 14 377 499 621 743 865 987 1109 1231 1353
256 144 15 379 502 625 748 860 983 1106 1229 1352
257 135 14 379 501 623 745 867 989 1111 1233 1344
258 135 381 15 504 627 739 862 985 1108 1231 1354
259 137 14 381 503 625 747 869 991 1102 1224 1346
260 138 14 382 504 626 748 870 981 1103 1225 1347
261 255 256 257 258 259 260 263 262 1 264 265
262 138 386 499 16 623 747 860 984 1108 1232 1345
263 137 504 378 745 619 18 860 986 1112 1227 1353
264 141 15 376 499 622 745 368 991 1103 1226 1349
265 142 15 377 500 623 746 869 981 1104 1227 1350
376 143 265 14 498 620 742 364 986 1108 1230 1352
377 140 264 16 501 625 749 862 986 1110 1223 1347
378 143 255 15 501 624 747 870 982 1105 1228 1351
379 142 255 16 503 627 740 864 988 1112 1225 1349
380 143 256 16 504 628 741 865 989 1102 1226 1350
381 144 257 505 16 618 742 866 990 1103 1227 1351
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382 139 255 741 498 625 868 19 984 1111 1227 1354
383 137 260 15 506 618 741 864 987 1110 1233 1345
384 138 261 507 15 619 742 865 988 1111 1223 1346
385 137 261 16 498 622 746 870 983 1107 1231 1344
386 376 377 378 379 380 381 382 383 384 385 1

497 144 258 383 622 17 747 861 986 1111 1225 1350
498 142 257 383 739 624 18 865 991 1106 1232 1347
499 135 260 385 624 17 749 863 988 1102 1227 1352
500 497 498 499 1 501 502 503 504 505 506 507
501 137 262 376 17 626 740 865 990 1104 1229 1354
502 141 265 378 16 626 739 863 987 1111 1224 1348
503 139 264 378 17 628 742 867 981 1106 1231 1345
504 144 264 384 864 624 744 1104 984 1224 23 1344
505 141 255 380 619 17 744 869 983 1108 1233 1347
506 142 256 381 17 620 745 870 984 1109 1223 1348
507 135 259 383 620 16 744 868 981 1105 1229 1353
618 136 262 377 503 18 744 870 985 1111 1226 1352
619 618 1 620 621 622 623 624 625 626 627 628
620 141 258 386 503 865 748 20 982 1110 1227 1344
621 139 265 380 506 747 18 862 988 1103 1229 1344
622 140 255 381 507 748 18 863 989 1104 1230 1345
623 137 264 380 507 866 739 19 982 1109 1225 1352
624 138 265 381 497 740 867 19 983 1110 1226 1353
625 136 261 386 500 17 739 864 989 1103 1228 1353
626 144 259 385 500 18 741 867 982 1108 1223 1349
627 138 263 377 502 17 741 866 991 1105 1230 1344
628 135 261 376 502 18 743 869 984 1110 1225 1351
739 741 740 1 742 743 744 745 746 747 748 749
740 144 261 378 506 623 868 985 20 1102 1230 1347
741 140 258 376 505 623 988 870 21 1106 1224 1353
742 140 256 383 499 626 19 869 985 1112 1228 1344
743 141 257 384 500 627 19 870 986 1102 1229 1345
744 142 258 385 501 628 19 860 987 1103 1230 1346
745 138 255 383 500 628 990 862 20 1107 1224 1352
746 144 260 376 503 619 862 19 989 1105 1232 1348
747 140 257 385 502 619 981 864 20 1109 1226 1354
748 135 262 378 505 621 864 19 991 1107 1223 1350
749 136 263 379 506 622 19 865 981 1108 1224 1351
860 136 264 381 498 626 743 20 988 1105 1233 1350
861 860 1 862 863 864 865 866 867 868 869 870
862 142 262 382 502 622 742 982 1233 1102 23 1353
863 138 257 376 506 625 744 982 1112 22 1231 1350
864 141 256 623 497 18 749 990 1105 1346 1231 382
865 140 259 378 497 627 746 984 1103 1233 22 1352
866 142 259 376 504 621 749 983 20 1111 1228 1345
867 143 260 377 505 622 739 984 20 1112 1229 1346
868 138 256 385 503 621 739 986 21 1104 1233 1351
869 144 263 382 501 620 739 988 1107 22 1226 1345
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870 135 263 380 497 625 742 20 987 1104 1232 1349
981 982 1 983 984 985 986 987 988 989 990 991
982 140 265 379 17 618 743 868 1346 1107 1232 504
983 143 263 383 503 623 743 863 1103 23 1223 1354
984 136 265 383 501 619 748 866 1102 21 1231 1349
985 141 260 379 498 628 747 866 1104 22 1223 1353
986 135 255 386 506 626 746 866 1226 1106 23 1346
987 136 256 376 507 627 747 867 1227 1107 23 1347
988 137 257 377 497 628 748 868 1228 1108 23 1348
989 141 259 377 506 624 742 860 21 1107 1225 1354
990 142 260 378 507 625 743 861 1108 21 1226 1344
991 143 261 379 497 626 744 862 21 1109 1227 1345
1102 1103 1 1104 1105 1106 1107 1108 1109 1110 1111 1112
1103 137 255 384 502 620 749 867 985 1350 1232 21

1104 13 257 378 499 620 741 862 983 1346 1225 136
1105 140 262 14 506 628 739 861 983 1349 1227 384
1106 137 265 382 499 627 744 861 989 20 1223 1351
1107 143 258 384 499 625 18 866 981 740 1233 1348
1108 139 256 384 501 618 746 20 991 1225 863 1353
1109 135 265 384 503 622 741 860 990 22 1228 1347
1110 136 255 385 504 623 742 861 991 22 1229 1348
1111 137 256 386 505 624 743 862 981 22 1230 1349
1112 141 261 381 501 621 741 861 981 1232 23 1352
1223 1 1224 1225 1226 1227 1228 1229 1230 1231 1232 1233
1224 143 257 621 507 17 746 860 985 1110 382 1349
1225 140 263 386 15 621 744 867 990 1102 1348 498
1226 139 14 383 505 627 749 860 982 1104 261 1348
1227 134 264 383 502 621 740 870 989 1108 22 1346
1228 138 264 379 505 620 18 861 987 1102 746 1354
1229 138 258 378 498 618 749 869 989 1109 23 1349
1230 139 259 379 499 619 739 870 990 1110 23 1350
1231 140 260 380 500 620 740 860 991 1111 23 1351
1232 139 258 377 507 626 745 364 983 1102 22 1351
1233 139 263 376 16 624 748 861 985 1109 1346 500
1344 1 1345 1346 1347 1348 1349 1350 1351 1352 1353 1354
1345 136 14 380 502 624 746 868 990 1112 1223 258
1346 144 262 380 498 627 863 1110 981 21 1228 745
1347 143 259 386 502 618 745 19 988 1104 1231 861
1348 135 264 382 500 618 747 983 1112 1230 21 865
1349 13 260 381 502 623 744 865 986 1107 1228 139
1350 141 14 385 507 618 740 862 984 1106 1228 263
1351 142 264 14 497 619 741 863 985 1107 1229 386
1352 139 257 386 504 622 740 21 987 1105 1223 869
1353 134 257 380 503 626 749 861 984 1107 1230 15

1354 142 261 380 499 618 748 867 1105 22 1224 986
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466 186 326 43 617 636 776 916 1067 1207 1226 1366
476 196 336 43 506 646 786 926 1077 1217 1236 1387
486 186 336 53 526 676 837 866 1016 1177 1327 1356
506 166 316 466 53 656 806 967 996 1146 1307 1457
516 176 326 476 53 666 816 977 1006 1167 1317 1346
526 145 316 476 686 63 857 896 1067 1106 1277 1437
536 196 346 386 53 686 847 876 1026 1187 1337 1366
546 206 356 396 53 696 857 886 1036 1197 1226 1387
556 186 346 396 63 727 766 926 1097 1136 1307 1346
566 196 356 406 63 737 776 947 986 1146 1317 1356
576 506 516 526 536 546 556 566 596 586 12 617
586 246 286 436 53 626 776 926 1087 1116 1277 1427
596 226 276 436 646 63 806 977 1016 1187 1226 1357
617 236 286 446 63 656 816 866 1026 1197 1236 1407
626 636 12 646 656 666 676 6386 696 706 727 737
636 176 346 406 576 866 806 73 1036 1217 1277 1447
646 206 316 426 536 123 756 866 1097 1207 1317 1427
656 196 366 426 596 837 73 886 1067 1116 1297 1346
666 246 296 456 506 63 837 876 1036 1207 1246 1417
b67/6 135 306 466 516 63 847 886 1057 1217 1256 1427
686 135 336 416 617 967 766 93 1036 1116 1317 1357
696 236 256 466 526 756 73 926 986 1167 1337 1357
706 176 336 386 546 63 756 916 1087 1126 1297 1457
727 135 316 486 546 73 776 957 1006 1187 1236 1417
737 145 326 386 556 73 786 967 1016 1197 1246 1427
746 12 756 766 776 786 796 806 816 837 847 857
756 246 326 406 596 676 957 93 1026 1106 1307 1387
766 246 306 476 536 706 73 947 996 1177 1226 1407
776 206 276 456 526 706 83 967 1026 1217 1287 1346
786 236 346 456 566 676 123 896 1006 1116 1226 1457
796 226 296 476 546 737 866 1057 83 1116 1307 1366
806 236 306 486 556 626 83 876 1067 1126 1317 1387
816 186 356 416 586 646 73 876 1057 1106 1287 1457
837 135 326 396 576 646 896 83 1087 1146 1337 1407
847 145 336 406 586 656 83 906 1097 1167 1226 1417
857 216 276 446 506 676 73 906 1087 1136 1317 1366
866 12 876 886 896 906 916 926 947 957 967 977
876 176 366 446 526 727 796 93 1077 1146 1226 1427
886 246 316 386 566 636 816 83 1077 1136 1327 1397
896 196 276 466 546 626 816 1097 93 1177 1246 1447
906 206 286 476 556 636 837 93 986 1187 1256 1457
916 166 346 416 596 666 857 83 986 1177 1236 1427
926 176 356 426 617 676 746 83 996 1187 1246 1437
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947 236 316 396 586 666 746 1016 93 1217 1297 1366
957 186 276 476 566 656 746 1036 103 1126 1337 1427
967 246 346 446 546 646 746 1167 1067 113 1256 1356
977 145 346 426 506 696 776 93 1057 1126 1327 1407
986 12 996 1006 1016 1026 1036 1057 1067 1077 1087 1097
996 216 296 486 566 646 847 916 93 1197 1277 1346
1006 226 306 386 576 656 857 926 93 1207 1287 1356
1016 166 366 456 546 636 847 926 1106 103 1317 1407
1026 216 316 416 516 737 837 926 1126 113 1226 1447
1036 226 326 426 526 626 847 947 1136 113 1236 1457
1057 166 276 386 617 727 837 947 123 1167 1277 1387
1067 166 356 436 516 706 786 866 93 1136 1337 1417
1077 216 306 396 596 636 776 866 103 1167 1246 1457
1087 226 316 406 617 696 786 876 103 1177 1256 1346
1097 216 356 386 43 666 806 957 1116 526 1256 1407
1106 1116 12 1126 1136 1146 1167 1177 1187 1197 1207 1217
1116 206 306 406 506 727 816 916 1016 1337 113 1437
1126 246 356 466 576 636 796 906 1016 123 1236 1346
1136 135 366 476 586 696 806 916 1026 1356 1246 123
1146 226 286 456 516 636 746 916 1097 73 1327 1387
1167 206 366 416 576 63 786 957 996 1366 1327 626
1177 135 356 456 556 656 756 977 1077 113 1277 1366
1187 145 366 466 566 666 766 866 1087 113 1287 1387
1197 246 336 426 516 727 806 896 936 103 1287 1366
1207 176 276 486 586 636 786 836 936 113 1307 1407
1217 145 356 446 536 626 837 916 1006 103 1307 1397
1226 12 1236 1246 1256 1277 1287 1297 1307 1317 1327 1337
1236 206 296 386 586 676 766 977 1067 1146 103 1447
1246 236 336 436 536 636 857 957 1057 1146 113 1346
1256 166 336 396 566 626 796 977 73 1207 1026 1437
1277 236 326 416 506 706 796 836 1097 1187 103 1356
1287 176 286 396 506 737 847 957 1067 1177 123 1397
1297 135 346 436 526 737 816 906 996 1207 103 1387
1307 196 306 416 526 636 746 977 1087 1197 123 1417
1317 186 286 386 596 696 796 896 996 1217 113 1417
1327 216 326 436 546 656 766 876 936 1217 123 1437
1337 226 336 446 556 666 776 836 996 1106 123 1447
1346 12 1356 1366 1387 1397 1407 1417 1427 1437 1447 1457
1356 216 286 466 536 727 83 977 1036 1106 1297 786
1366 306 33 436 566 696 837 967 1097 1106 1236 176
1387 23 296 416 536 656 776 896 1016 1136 1256 176
1397 206 346 486 516 43 796 947 1087 1106 1246 656
1407 186 296 406 516 626 857 967 1077 1187 1297 123
1417 236 276 426 53 737 766 916 1077 1106 1256 576
1427 196 296 396 617 706 806 906 1006 1106 1327 113
1437 196 286 486 576 666 756 967 1057 1136 1226 103
1447 166 326 486 536 63 746 906 1077 1116 1287 696
1457 196 255 446 516 696 766 957 1016 1207 1277 83
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Neveen.AbdAlkareemAlQaisi@ammancity.GOV.JO

Abstract:

This study aims to develop accurate mathematical models to estimate hydrocarbon (HC),
carbon monoxide (CO), and nitrogen oxide (NOy) emissions based on traffic delay
parameters at signalized intersections. Using data from six congested intersections in
Amman, Jordan, microscopic simulation models were developed and validated. Statistical
analysis was then conducted to establish relationships between emissions and two measures
of effectiveness: delay per vehicle and intersection control delay. The results revealed a
strong inverse linear relationship between delay per vehicle and emissions, with the
developed logarithmic models achieving high coefficients of determination of 89.26%,
87.49%, and 98.04% for HC, CO, and NO, respectively.

Key words: Traffic Emissions, Signalized Intersections, Mathematical Models, Delay,
Hydrocarbon, Nitrogen Oxid.

Introduction:

The rapid growth in vehicle ownership in developing countries has led to severe traffic
congestion, particularly at urban signalized intersections. This congestion not only results in
significant travel delays but also has adverse environmental consequences due to increased
vehicle emissions. Accurate prediction of these emissions is crucial for environmental impact
assessments and for evaluating the sustainability of traffic improvement projects. The core
problem this research addresses is the need for practical models that can predict emissions
based on readily available traffic performance metrics, rather than complex vehicle-specific
data. This article hypothesizes that a direct, quantifiable relationship exists between traffic
delay and the rate of vehicle emissions. The methodology involves using microscopic
simulation to generate performance data, which is then analyzed using statistical regression
to develop and validate the proposed mathematical models.

Head of Development Division| Transportation Engineering, M.Sc?
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THE FIRST TOPIC : THEORETICAL FRAMEWORK AND
METHODOLOGY

This topic outlines the foundational concepts of traffic-related emissions and details the
systematic approach used to collect data and develop the predictive models.

FIRST REQUIREMENT: STUDY METHODOLOGY

The methodology was implemented in a sequential manner to ensure the reliability of the
results.

This chapter represents the systematic, theoretical analysis of the methods to be applied in this study.
The tasks were needed are completed during this entire study, Figure 3.1 summariesed the ongoing

planned to be performed into several steps:

1. Site selection; identify the most congested signalized intersections with appropriate
surrounding intersections where AID’s could be implimented in Amman.

2. Data collection; collect real traffic data (traffic volume and signal timing and
phasing).

3. Develop base simulation models of the current situation for the selected intersections
using the microscopic simulation platform Synchro 8.

4. Validate base models using Vissim microscopic simulation software.

5. Evaluation of base simulation models.

6. Develop mathmatical models to evaluate gas emissions using SPSS software platform
and Microsoft Exel.

7. Develop a proposed model using alternative intersections.

8. Evaluate the proposed model.

9. Analyze and compare both models using appropriate measures of effectiveness

(MOE’s).
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10. GIS analysis; both models are incorporated Arc GIS platform.

11. Identification of new routes.

Site Selection

[]
Data Collection

Develop Base
Simulation Models
using Synchro

Evaluate Base
Simulation Models

Validate Base
Simulation Models
using Vissim

Develop Develop Proposed
Mathematical Simulation Models

models of gas using Synchro
emissions using
SPSS

Evaluate Proposed
Simulation Models

Analyze and Compare both models using appropriate
Measures of Effectiveness (MOE’s)

GIS Analysis using Arch Map

Identification of New Routes
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Figure 3.1: Proposed Work Flow Chart

Firstly: Data Collection and Base Model Development

The traffic data on the selected signalized intersections was available from the department of
traffic operations at GAM only for through and left turn movements. right turn movement and
volume at alternative intersections were caunted manually for one hour in February, Appendix A
shows the traffic volume calculations of right turn movement. In the same manner data was
collected on the prior and after signalized intersections, while on roundabouts data was avaliable
from transportation planning department at GAM, all movements traffic volume are represented
as a through movement get in or out from arterial roads towerd the main selected intersections,

including the percentage of heavy vehicles (H.V).

Three weekdays of February,2019, 11th,12th, and 13th, were selected to decide which day is to
be used for analysis and to estimate when the peak hour occurred. Figure 3.8 through 3.13 show
the highest daylly volume of the six main intersections occures on Tuesday, Feb.12th,2019,
which cosidered the day of analysis, figures also give an indication that the morning peak

occurres from 7:30 to 8:30 am.

This chapter discusses the base model development and validation. Also, it describes the

proposed AID models development.

1. Develop a base simulation model for the current situation using the microscopic
simulation platform Synchro 8.
2. Validate the model; develop the proposed AID simulation model

3. Evaluation of base simulation model.
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4. Develop and evaluate gas emissions mathematical models.

5. Evaluate the proposed models.

4.1 Base Model Development

The base model development for the current intersections starts
after the data has been collected and prepared. It was constructed using the existing
geometric and traffic data for the six selected intersections. The geometric design
for the current situation was imported into SYNCHRO 8 as DXF file from
AUTOCAD draft brought from GAM, defining the links length, number of lanes, lane
width, approach volumes and cycle length. Figure 4.1 through Figure4.6. shows the base model
for the six selected arterial road. Also, it shows traffic volume for each movement.
The need to create the base model is important for several reasons; first for the model validation
to ensure that the SYNCHRO 8 generated traffic volumes similar to those observed in the field.

Also, it is needed for comparison and evaluation purposes.
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Figure 4.2: SYNCHRO Model for Current Situation of Elba House Intersection
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Figure 4.4: SYNCHRO Model for Current Situation of Jbaiha Intersection
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Figure 4.6: SYNCHRO Model for Current Situation of Wadi Saqra Intersection
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It worth mentioning that, the traditional measures that were tested to improve the performance of

the six selected intersections included signal timing optimization.

The SYNCHRO software was used to optimize signals phasing and cycle lengths. It

was found that the current signalized intersections were running on the optimal signal

timing and phasing.

4.2 Model Validation

The base model is only potentially as accurate as the validation processes undertaken
during development. Validation should be done using the most appropriate and efficient
techniques. (Toledo and Kotsiopoulos, 2004) proposed two ways of model validation, visual
methods and mathematical methods. The visual method of validation, which is a graphical
representation of data from the real and simulated models are put both side by side to see how
different the real and simulated models are. On the other hand, the mathematical validation
method applies the goodness of fit measures, confidence intervals, and statistical tests to

determine how similar the real and simulated models are.

It should be noted here that the Synchro software disable the changing the random seed number
which limits the validation this process. For this reason, Vissim microscopic simulation software
was used for this purpose, Vissim was not used in the model development process because of the
unavailability of the full version of the program and only student version was available which

runs the model for only 600 sec.

The maximum throughput volume was used for the validation purposes.
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Eighty runs were carried out using different random seed numbers for each base model.

Since the simulation models are valid, their result could be used to develop mathematical models

of gas emissions with respect to the other MOE’s, intersection delay and the delay per vehicle.

The IBM SPSS software platform which offers advanced statistical analysis, was used to develop
the mathematical models of HC, CO, and NOx emissions. correlation between variables was
examined, different relationships was also tested among the three gas emission types and the

other two MOE’s, in addition to a summary of each of these models.

Stepwise regression method was used for both independent variables, which are intersection
delay and delay per vehicle. Table 4.2 shows the variables introduced in the regression model for

estimating gas emissions.

Table 4.2: Variables Entered for Gas Emissions

Variables
Entered Method

Intersection

: iteria: P <=0 05.
Delay Stepwise (Criteria: Probability-of-F-to-enter <=0 .05

Delay  per

[ iteria: ility-of-F-to- <=0.50.
Vehicle Stepwise (Criteria: Probability-of-F-to-enter <= 0.50

Hydrocarbon (HC)

The HC emission models were evaluated through integrated models, as a function of
intersection delay and delay per vehicle, then a simple model was evaluated with respect to a

single dependent variable separately.
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Table 4.3 shows the correlation matrix between the six variables and the significance of the

correlation.

Table 4.3: Correlations between Variables

Emission/Lan Delay/Veh. Int. Delay

e (g/In) (sec/veh) (sec)

Pearson Emission/Lane 1.000 183 552
Correlation (9/ln)

Delay/Veh. 183 1.000 .653

(sec/veh)

Int. Delay (sec) 552 .653 1.000
Sig. (1-tailed) Emission/Lane : .364 128

(9/In)

Delay/Veh. .364 . .080

(sec/veh)

Int. Delay (sec) 128 .080
N Emission/Lane 6 6 6

(9/ln)

Delay/Veh. 6 6 6

(sec/veh)

Int. Delay (sec) 6 6 6
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It can be seen that the correlation between intersection delay and HC emission has a large
positive strength of association with Pearson coefficient (r) of 0.552, while the correlation
between delay per vehicle and HC emission a small positive strength of association with

Pearson coefficient (r) 0.183.

The integrated model can be presented using coefficients in Table 4.4 As follow

HC gas emissions = 0.007 (intersection delay)- 0.02 (delay per vehicle)+ 10.656....... Equation 1

Table 4.4: Coefficients? of the HC Integrated Emission Model

Standardiz
ed 95.0%
Unstandardized Coefficien Confidence Collinearity
Coefficients ts Interval for B Correlations Statistics
Std. Lower Upper Zero- Partia Toleran
Model B Error Beta t Sig. Bound Bound order | Part ce VIF
1 (Constant 10.65 1.446 7.368 .005 6.054 15.259
) 6
Delay/VVe -.002 .004 -.309 -506 .648 -.013 .010 .183 -281 - 573 1.74
h. 234 5
(sec/veh)
Int. Delay .007 .006 754 1235 .305 -012 .026 .552 581 571 .573 1.74
(sec) 5

a. Dependent Variable: Emission/Lane (g/In).
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Therefore, the model is insignificance of fitting the two variables, but is it significant of

representing the coefficient, which is considerable for predicted models.

Table 4.5 Of ANOVA output corroborates the insignificance of fitting the two variables with

significance level of 0.0513. but, as illustrated in Table 4.6, correlation between the two

independent variables, intersection delay and delay per vehicle, is strongly associated with r of

0.653.

Table 4.5: The Results of the ANOVA? Regression Analysis of HC Emission

Sum of Mean
Model Squares df Square F Sig.
1 Regression 3.555 2 1.778 841 513P
Residual 6.339 3 2.113
Total 9.894 5

a. Dependent Variable: Emission/Lane (g/In)

b. Predictors: (Constant), Int. Delay (sec), Delay/Veh. (sec/veh)

Table 4.6 shows the integrated model of dependent variables, intersection delay and delay per

vehicle.

Table 4.6: Correlations # of HC Emission Model’s Independent

Variables
Int. Delay Delay/Veh.
Model (sec) (sec/veh)
1 Correlations Int. Delay (sec) 1.000 -.653
Delay/Veh. -.653 1.000
(sec/veh)
Covariances Int. Delay (sec) 3.526E-5 -1.413E-5
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Delay/Veh. -1.413E-5 1.328E-5
(sec/veh)

a. Dependent Variable: Emission/Lane (g/In)

seven models are tested to fit each of the two variables, Table 4.7 represents these models and

their significance which are not significant.

Table 4.7: Simple HC emission models’ coefficient of dependent variables.

The dependent variable is In(Int. Delay (sec)). The dependent variable is In(Delay/Veh. (sec/veh)).
The independent
Relashionship variable is Standardized Unstandardized Standardized
Emission/Lane (g/In). {Unstandardized Coefficients | Coefiicients Coefficients Coefficients
B Std. Error Beta t Sig. B Std. Error Beta t Sig.
. Emission/Lane (g/n) 30.732 82.339 0.183 0.373| 0.728 56.731 42.859 0552 1.324] 0.256
Linear 1 onstang) 30181] 1007193 10030] 0.078| -3979425]  524.265 0759 0490
. . |log(Emission/Lane (g/In)) 442920 978.176 0.221 0.453| 0.674 697.071 507.188 0.566] 1.374] 0.241
Logarithmic (Constant) -760.465 2440700 -0312] 0.771] -1445526] 1265513 1142|0317
1/Emission/Lane (g/ln) -6085.169( 11476.101 -0.256| -0.530] 0.624| -8418.439 5945.927 -0.578| -1.416| 0.230
Inverse (Constant) 849.682 959.948 0.885| 0.426 992.206 497.362 1.995( 0.117
Emission/Lane (g/In) 2105.619 1223.086 12.569 1.722] 0.184 599.579 834.745 5.833] 0.718] 0.524
Quadratic  [Emission/Lane (g/ln) ** 2 -85.810 50.505 -12.405] -1.699] 0.188 -22.450 34.469 -5.289| -0.651] 0.561
(Constant) -12430840|  7345.634 -1692| 0.189] -3642.299] 5013329 0727|0520
Emission/Lane (g/n) 1097.329 613.249 6.550 1.789] 0.171| 341.91245 422421 3.326] 0.809] 0478
Cubic  [Emission/Lane (g/in) ** 3 2413 1.379 -6.405] -1.750[ 0178]  -0.645 0.950 2791 -0679] 0546
(Constant) -8516.072 4918.456 -1.731] 0.182| -2666.861 3387.954 -0.787] 0.489
In(Emission/Lane (g/In)) 1.950 3.142 0.296 0.621] 0.569] 2.8969794 1.691 0.651] 1.713] 0.162
Power 1 Constan) 2108] 16526 0128] 0905  0.01 0.807 0237 0824
. Emission/Lane (g/In) 0.145 0.265 0.263 0.546| 0.614 0.238 0.143 0.639] 1.664] 0.172
Exponential (Constant) 46.806] 151767 0308] 0773 14506 25.367 0572| 0598

Table 4.8 shows models summery, it can be seen that the adjusted R square has negative values,
because a small sample size was used to build the model, overfitting of model, so the R square

was used to evaluate the models.

R square has a higher value of quadrant and cubic relation of the dependent variable intersection

delay, 0.508 and 0.522, respectively, which considered moderated.
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Table 4.8: Model Summary of HC Emissions.

The dependent variable is The dependent variable is
In(Int. Delay (sec)). In(Delay/Veh. (sec/veh)).
Relashionship
Adjusted Adjusted
R R Square R R Square
R Square R Square
Linear 0.183 0.034 -0.208 0.552 0.305 0.131
Logarithmic 0.221 0.049 -0.189 0.566 0.321 0.151
Inverse 0.256 0.066 -0.168 0.578 0.334 0.167
Quadratic 0.712 0.508 0.179 0.625 0.391 -0.015
Cubic 0.722 0.522 0.203 0.630 0.397 -0.005
Power 0.296 0.088 -0.140 0.651 0.423 0.279
Exponential 0.263 0.069 -0.163 0.639 0.409 0.261
The independent variable is Emission/Lane (g/In).

Figure 4.7 represents the HC Emissions versus Intersection delay for the seven proposed
mathematical models, it can be seen none of them fits the points, as well as the models that

represented in Figure 4.8, HC Emissions versus delay per vehicle.
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Figure 4.7: HC Emissions versus Intersection Delay

133



Journal of Natural and Applied Sciences URAL No: 10, Vol: 1\December\ 2025

DelayVeh. (seclveh)

O Observed
700.00 —— Linear

— Logarithmic
= Inverse

— - Quadratic
= = Cubic

— Power

— — Exponertial

(o))

G00.00-

500.007

400.00-

300.00

200,002

100.00 T T | I I
10.00 11.00 12.00 13.00 14.00 15.00

Emission/Lane (g/ln)

Figure 4.8: HC Emissions versus Delay per Vehicle

Carbon monoxide (CO)

The CO emission models were evaluated through integrated models, as a function of intersection
delay and delay per vehicle, then a simple model was evaluated with respect to a single

dependent variable separately.

Table 4.9 shows the correlation matrix between the six variables and the significance of the

correlation.
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Table 4.9: Correlations between Variables and CO Emissions

Emission/Lan Delay/Veh. Int. Delay

e (g/In) (sec/veh) (sec)

Pearson Emission/Lane 1.000 -.649 107
Correlation (9/In)

Delay/Veh. -.649 1.000 653

(sec/veh)

Int. Delay (sec) 107 .653 1.000
Sig. (1-tailed) Emission/Lane . .082 420

(9/In)

Delay/Veh. .082 . .080

(sec/veh)

Int. Delay (sec) 420 .080
N Emission/Lane 6 6 6

(9/In)

Delay/Veh. 6 6 6

(sec/veh)

Int. Delay (sec) 6 6 6

It can be seen that the correlation between delay per vehicle and CO emission has a large
negative strength of association with Pearson coefficient of -0.649, while the correlation between
delay per vehicle and CO emission has a small positive strength of association between

intersection delay with Pearson coefficient (r) 0.107.
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The integrated model can be presented using coefficients in Table 4.10 As follow

CO gas emissions = 1.184 (intersection delay)- 0.984 (delay per vehicle)+ 381.550....Equation 2

Table 4.10: Coefficients® of the CO Integrated Emission Model

Standardiz
ed 95.0%
Unstandardized  Coefficient Confidence Collinearity
Coefficients S Interval for B Correlations Statistics
Std. Lower Upper Zero- Partia Toleran
Model B Error Beta t Sig. Bound Bound order I Part ce VIF
1 (Constant 381.55 70.091 5444 01 158.49 604.60
) 0 2 0 9
Delay/Ve -984 177 -1.254 - 01 -1546 -422 -649 -955 - 573 1.74
h. 5571 1 949 5
(sec/veh)
Int. Delay 1.184 .288 926 4116 .02 .269 2100 .107 922 .701 .573 1.74
(sec) 6 5

a. Dependent Variable: Emission/Lane (g/In)

Therefore, the model is insignificance of fitting the two variables and the coefficient. Table 4.11

Of ANOVA output shows the significance of fitting the two variables with significance level of

0.026. Table 4.12 illustrated correlation between the two independent variables, intersection

delay and delay per vehicle, is also strongly associated with r of -0.653.

Table 4.11 The Results of the ANOVA? Regression Analysis.
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Sum of Mean
Model Squares df Square F Sig.
1 Regression 155971.658 2 77985.829 15714  .026°
Residual 14888.505 3 4962.835
Total 170860.163 5

a. Dependent Variable: Emission/Lane (g/In)

b. Predictors: (Constant), Int. Delay (sec), Delay/Veh. (sec/veh)

Table 4.12: The Correlations ? of CO Emission Model’s Independent

Variables
Int. Delay Delay/Veh.

Model (sec) (sec/veh)

1 Correlations Int. Delay (sec) 1.000 -.653
Delay/Veh. -.653 1.000
(sec/veh)

Covariances Int. Delay (sec) .083 -.033

Delay/Veh. -.033 031
(sec/veh)

a. Dependent Variable: Emission/Lane (g/In)

seven models are tested to fit each of the two variables, Table 4.13 Represents these models and

their significance which are not significant.

Table 4.13: Simple CO Emission Models’ Coefficient of Dependent Variables
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The dependent variable is In(Int. Delay (sec)). The dependent variable is In(Delay/Veh. (sec/veh)).
The independent
Relashionship variable is Standardized Unstandardized Standardized
Emission/Lane (g/In). Unstandardized Coefficients| Coefficients Coefficients Coefficients
B Std. Error Beta t Sig. B Std. Error Beta t Sig.
] Emission/Lane (g/in) 0.084 0.389 0.107| 0.216] 0.840 -0.827 0.485 -0.649| -1.705| 0.163
Linear (Constant) 259.484 165.075 1572| 0.191] 665.809 205.924 3233 0.032
~ |in(Emission/Lane (g/in)) 20.904 76.334 0.136 0274] 0.798] -158.208 97.514 -0.630| -1.622| 0.180
Logarithmic (Constant) 172.273 442.659 0.389| 0.717| 1251.044 565.480 2212 0.091
1/Emission/Lane (g/In) -3026.308 9228.018 -0.162| -0.328[ 0.759| 18058.188| 12277.299 0592| 1471 0215
Inverse  Ieonstany 308528 82.042 3.761] 0020 246035|  109.152 2254] 0087
Emission/Lane (g/in) 0.083 1.909 0.106] 0.043] 0.968 -1.365 2.360 -1.071| -0578| 0.604
Quadratic |[Emission/Lane (g/in) ** 2 0.000 0.003 0.001| 0.001] 1.000 0.001 0.004 0.434| 0234 0.830
(Constant) 259.567 242.903 1.069| 0.364| 709.447 300.274 2363 0.099
Emission/Lane (g/in) 17.300 3.789 22.117| 4566 0.045 20.271 3.759 15.901| 5.393[ 0.033
) Emission/Lane (g/In) ** 2 -0.067 0.015 -51.670| -4.606| 0.044 -0.084 0.014 -39.408| -5.771| 0.029
Cubic Emission/Lane (g/In) ** 3 0.000 0.000 30.731] 4.620| 0.044| 8.830E-05 0.000 23.696| 5.852| 0.028
(Constant) -433.825 173.499 -2.500] 0.130| -161.886 172.142 -0.940| 0.446
In(Emission/Lane (g/In)) 0.035 0.278 0.062| 0.125] 0907 -0.461 0.341 -0.559| -1.350| 0.248
Power (Constant) 214509 346.080 0620 0569| 3827.388] 7577.611 0505 0.640
. Emission/Lane (g/in) 0.000 0.001 0.065| 0.131 0.902 -0.002 0.002 0555 -1.334] 0.253
Exponential ‘=t 243584 146,010 1668| 0171] 672017] 496293 1354 0247

Table 4.13 shows models summery, it can be seen that the adjusted R square has negative values,

because a small sample size was used to build the model, overfitting of model, so the R square

was used to evaluate the models.

R square has a higher value of cubic relation of the independent variable, intersection delay,

0.915 and 0.969 for the independent variable, delay per vehicle, which sound great.

Table 4.14: Model Summary of CO Emissions.
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The dependent variable is The dependent variable is
In(Int. Delay (sec)). In(Delay/Veh. (sec/veh)).
Relashionship
Adjusted Adjusted
R R Square R R Square
R Square R Square
Linear 0.107 0.012 -0.236 0.649 0.421 0.276
Logarithmic 0.136 0.018 -0.227 0.630 0.397 0.246
Inverse 0.162 0.026 -0.217 0.592 0.351 0.189
Quadratic 0.107 0.012 -0.647 0.657 0.431 0.052
Cubic 0.957 0.915 0.788 0.984 0.969 0.922
Power 0.062 0.004 -0.245 0.559 0.313 0.141
Exponential 0.065 0.004 -0.245 0.555 0.308 0.135
The independent variable is Emission/Lane (g/In).

Figure 4.9 represents the CO Emissions versus Intersection delay for the seven proposed
mathematical models, it can be seen the cubic model almost fits the points, as well as the cubic

model that represented in Figure 4.10, CO Emissions versus delay per vehicle.
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Figure 4.9: CO Emissions versus Intersection Delay
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Figure 4.10: CO Emissions versus Delay per Vehicle

Nitrogen Oxid (NO)

The NOy emission models were evaluated through integrated models, as a function of
intersection delay and delay per vehicle, then a simple model was evaluated with respect to a

single independent variable separately.

Table 4.15 shows the correlation matrix between the six variables and the significance of the

correlation.
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Table 4.15: Correlations between Variables and NOx Emissions.

Emission/Lan Delay/Veh. Int. Delay

e (g/In) (sec/veh) (sec)

Pearson Emission/Lane 1.000 -.647 .015
Correlation (9/ln)

Delay/Veh. -.647 1.000 .653

(sec/veh)

Int. Delay (sec) 015 .653 1.000
Sig. (1-tailed) Emission/Lane . .083 489

(9/In)

Delay/Veh. .083 . .080

(sec/veh)

Int. Delay (sec) 489 .080
N Emission/Lane 6 6 6

(9/In)

Delay/Veh. 6 6 6

(sec/veh)

Int. Delay (sec) 6 6 6

It can be seen that the correlation between intersection delay and NOy emission has a small
positive strength of association with Pearson coefficient (r) of 0.015, while the correlation
between delay per vehicle and NOx emission has a large negative strength of association with

Pearson coefficient (r) of -0.647.
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The integrated model can be presented using coefficients in Table 4.16 as follow

NOx gas emissions = 0.31 (intersection delay)- 0.028 (delay per vehicle)+ 38.291....Equation 3

Table 4.16: Coefficients® of the NOx Integrated Emission Model

Standardiz
ed 95.0%
Unstandardize Coefficient Confidence Collinearity
d Coefficients s Interval for B Correlations Statistics
Lowe Zero
r -
Std. Boun Upper orde Partia Toleran
Model B Error Beta t Sig. d Bound r | Part ce VIF
1 (Constan 38.29 3.737 10.24 .00 26.39 50.184
t) 1 6 2 7
Delay/VvV -.028 .009 -1.145 - .05 -058 .002 - -.867 - 573 1.74
eh. 3.016 7 647 .867 5
(sec/veh
)
Int. 031 .015 .763 2.009 .13 -.018 .080 .015 .757 578 .573 1.74
Delay 8 5
(sec)

a. Dependent Variable: Emission/Lane (g/In)

Therefore, the model is insignificance of fitting the two variables, but is it significant of
representing the coefficient. Table 4.17 of ANOVA output corroborates the insignificance of
fitting the two variables with significance level of 0.123. but, as illustrated in Table 4.18,
correlation between the two independent variables, intersection delay and delay per vehicle, is

strongly associated with r of -0.653.
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Table 4.17: The results of the ANOVA? regression analysis.

Sum of Mean
Model Squares df Square F Sig.
1 Regression 128.382 2 64.191 4.549 123P
Residual 42.329 3 14.110
Total 170.711 5

a. Dependent Variable: Emission/Lane (g/In)

b. Predictors: (Constant), Int. Delay (sec), Delay/Veh. (sec/veh)

Table 4.18: The Correlations # of NOx emission model’s independent

variables
Int. Delay Delay/Veh.
Model (sec) (sec/veh)
1 Correlations Int. Delay (sec) 1.000 -.653
Delay/Veh. -.653 1.000
(sec/veh)
Covariances Int. Delay (sec) .000 -9.439E-5
Delay/Veh. -9.439E-5 8.865E-5
(sec/veh)

a. Dependent Variable: Emission/Lane (g/In)

Seven models are tested to fit each of the two variables, Table 4.19 represents these models and

their significance which are not significant.

Table 4.19: Simple NOx Emission Models’ Coefficient of Dependent Variables
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The dependent variable is In(Int. Delay (sec)). The dependent variable is In(Delay/Veh. (sec/veh)).
The independent
Relashionship variable is Standardized Unstandardized Standardized
Emission/Lane (g/In). Unstandardized Coefficients| Coefficients Coefficients Coefficients
B Std. Error Beta t Sig. B Std. Error Beta t Sig.

. Emission/Lane (g/In) -26.087 15.378 -0.647| -1.696| 0.165 0.365 12.372 0.015| 0.029 0.978
Linear (Constant) 1322.932 583.082 2.269| 0.086( 278.469 469.089 0.594| 0.585
. ~ [In(Emission/Lane (g/In)) -1006.987 558.565 -0.670( -1.803| 0.146 2.313 461.425 0.003[ 0.005[ 0.996
Logarithmic (Constant) 3984.131 2020.907 1971 o0.120 283.804 1669.450 0.170| 0.873
1/Emission/Lane (g/In) 38129.046| 19986.898 0.690( 1.908] 0.129] 292.520| 16947.771 0.009( 0.017[ 0.987
Inverse (Constant) -692.996 548.954 -1.262 0275 284.214 465.483 0.611] 0574
Emission/Lane (g/In) -286.150 257.434 -7.095| -1.112| 0.347 -88.834 234.252 -3.590( -0.379 0.730
Quadratic Emission/Lane (g/In) ** 2 3.441 3.400 6.460 1.012| 0.386 1.180 3.094 3.611| 0.381 0.728
(Constant) 6139.204 4794.491 1.280 0.290| 1930.393 4362.748 0.442 0.688
Emission/Lane (g/In) -286.150 257.434 -7.095| -1.112| 0.347 -1.215 3.150 -3.717| -0.386 0.725
Cubic Emission/Lane (g/In) ** 2 3.441 3.400 6.460 1.012| 0.386 0.021 0.055 3.751| 0.389 0.723
(Constant) 6139.204 4794.491 1.280 0.290 844.986 1479.483 0.571 0.608
In(Emission/Lane (g/In)) -2.858 2.011 -0.579| -1.421] 0.228 0.079 1.669 0.024| 0.047 0.965
Power (Constant) 8363735.330(8363735.335 0.137| 0.897( 196.801 1188.377 0.166| 0.877
. Emission/Lane (g/In) -0.074 0.055 -0.556 -1.337| 0.252 0.004 0.045 0.045( 0.090[ 0.933
Exponential (Constant) 4299.408 8965.404 0.480| 0.657 225.267 381.978 0.590| 0.587

Table 4.20 shows models summery, it can be seen that the adjusted R square has negative values,
because a small sample size was used to build the model, overfitting of model, so the R square

was used to evaluate the models.

R square has a higher value of quadratic and cubic relation of the dependent variable intersection

delay, 0.566, which considered moderated.

Table 4.20: Model Summary of NOy Emissions.

The dependent variable is The dependent variable is
In(Int. Delay (sec)). In(Delay/Veh. (sec/veh)).
Relashionship
Adjusted Adjusted
R R Square R R Square
R Square R Square
Linear 0.647 0.418 0.273 0.015 0.000 -0.250
Logarithmic 0.670 0.448 0.310 0.003 0.000 -0.250
Inverse 0.690 0.476 0.345 0.009 0.000 -0.250
Quadratic 0.753 0.566 0.277 0.216 0.046 -0.589
Cubic 0.753 0.566 0.277 0.221 0.049 -0.585
Power 0.579 0.336 0.169 0.024 0.001 -0.249
Exponential 0.556 0.309 0.136 0.045 0.002 -0.247
The independent variable is Emission/Lane (g/In).
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Figure 4.11 represents the NOx Emissions versus Intersection delay for the seven proposed

mathematical models, it can be seen none of them fits the points, as well as represented in Figure

4.12, NOx Emissions versus delay per vehicle.
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Figure 4.11: NOx Emissions versus Intersection Delay
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Figure 4.12: NOyx Emissions versus Delay per Vehicle

The models that were developed using SPSS were not significant to represent the relation among
gas emissions, intersection delay and delay per vehicle, so other models were developed using
Microsoft Excel, logarithmic models of the independent variables, intersection delay and delay
per vehicle, to the base of dependent variable, gas emissions. The Microsoft Excel was used

since SPSS is only able to analyze the logarithmic model to the base of ten.

Gas emissions are plotted against log (delay per vehicle) to the base of emission per lane, as

shown in Table 4.21, for the Hydrocarbon HC, Carbon monoxide CO, and Nitrogen Oxid NO, to
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develop mathematical models of Log(Delay/Veh.) and emission per lane. The models were
developed using the six selected intersections Figures 4.13, 4.14, and 4.15 show the models that

fit the data by 89.53%, 85.38%, and 98.08%, of HC, CO, and NO, respectively.

Calibration of the mathematical model has been achieved using the Al-Kindi intersection.

Table 4.21: Input Data of HC Emissions (delay per vehicle)

. Delay/Veh. HC. . Log(Delay/Veh.)
Intersection Emissions .
(sec/veh) Emission/Lane
(g/Lane)
ALASSAF 618 12.08333333 | 0.3877432
ELBAHOUSE | 797.4 31.16666667 | 0.3890302
FIRAS
SQUARE 747.1 218125 0.4665443
JBAHA 402.9 21.76470588 | 0.520181
PRINCESS 14.4
ALIAH 79.1 ' 0.5147903
WIDI SAQRA 744.6 18.1 0.4277484
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Figure 4.13: The Mathematical Model of HC Emissions as Function of Delay per Vehicle

HC gas emissions = -0.0002 (delay per vehicle)+ 0.5326....Equation 4

Table 4.22: Input Data of CO Emissions (delay per vehicle)

. Delay/Veh. CO. . Log(Delay/Veh.)
Intersection Emissions .
(sec/veh) Emission/Lane
(9)

ALASSAF 618 47.25 0.5296783
ELBA HOUSE 797.4 905.3333333 | 0.5442983
FIRAS SQUARE 747.1 890.875 0.7223629
JBAHA 402.9 1232.294118 | 0.7519455
PRINCESS ALIAH 79.1 658.3 0.7760473
WIDI SAQRA 744.6 763.4 0.617627

149



Journal of Natural and Applied Sciences URAL

No: 10, Vol: 1\December\ 2025

Log(Delay/Veh.) Emission/Lane

1.4000
1.2000
1.0000
0.8000
0.6000
0.4000
0.2000
0.0000

\\uj

iz :]

CO Emissions (g/Lane)

200 400 600
Delay fVeh. (sec/veh)

y=-0.001x + 1.4032
R?=0.8538

Log(Delay/Veh.)

Emission/Lane

— Linear
(Log(Delay/Veh.)
Emission/Lane )

800

Figure 4.14: The Mathematical Model of CO Emissions as Function of Delay per Vehicle

CO gas emissions = -0.0001 (delay per vehicle)+ 1.4032

Equation 5

Table 4.23: Input Data of NO Emissions (delay per vehicle)

Intersection (22:%2\;; h. I;r(r)] ;ssions Eﬁqgigs)i?;/yﬁ;?)
(9)

ALASSAF 618 47.25 0.5296783
ELBA HOUSE 797.4 905.3333333 | 0.5442983
FIRAS SQUARE 747.1 890.875 0.7223629
JBAHA 402.9 1232.294118 | 0.7519455
PRINCESS ALIAH | 79.1 658.3 0.7760473

WIDI SAQRA 744.6 763.4 0.617627
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Figure 4.15: The Mathematical Model of NOx Emissions as Function of Delay per Vehicle
NOx gas emissions = -0.0005(delay per vehicle)+ 0.8124..............ccoiiiiiiiinn. Equation 6

Gas emissions are also plotted against log (intersection delay) to the base of emission per lane,
for the Hydrocarbon HC, Carbon monoxide CO, and Nitrogen Oxid NO, to develop
mathematical models of Log(intersection delay) and emission per lane. The model is developed
using the six selected intersections Figures 4.16, 4.17, and 4.18 show the model that fits the data

by 81.37%, 15.56%, and 79.77%, of HC, CO, and NO, respectively.
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Table 4.24: Input Data of HC emissions (intersection delay)

Int. HC Log(Int.
Intersection Delay | Emissions Delay)

(sec.) | (g/Lane) Emission/Lane
ALASSAF 240.4 | 12.08333333 | 0.45466
ELBA HOUSE 843.2 | 31.16666667 | 0.4018746
FIRAS SQUARE 4495 | 21.8125 0.4566265
JBAHA 356.4 | 21.76470588 | 0.4634206
PRINCESS ALIAH | 2312 |144 0.4961217
WIDI SAQRA 8155 |18.1 0.4270856
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y =-0.0002x + 0.5088

o
o

R*=0.8137

n
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Figure 4.16: The Mathematical Model of HC Emissions as Function of Intersection Delay

HC gas emissions = -0.0002 (intersection delay)+ 0.5088..............c.cvviiiiinnnnn. Equation 7
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Table 4.25: Input Data of CO emissions (intersection delay)

Int. (0] Log(Int.
Intersection Delay Emissions Delay)

(sec.) (9) Emission/Lane
ALASSAF 240.4 47.25 0.7035
ELBA HOUSE 843.2 905.3333333 | 0.9367
FIRAS SQUARE | 449.5 890.875 1.2193
JBAHA 356.4 1232.294118 | 1.0945
ZIT_IIIXICE'ESS 231.2 658.3 1.2282
WIDI SAQRA 815.5 763.4 1.0425
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Figure 4.17: The Mathematical Model of CO Emissions as Function of Intersection Delay

CO gas emissions = -0.0005 (intersection delay)+ 1.1946
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Table 4.26: Input Data of NO emissions (intersection delay)

NO, Emissions (g/Lane)
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Int. NOx Log(Int.
Intersection Delay | Emissions Delay)

(sec.) | (9) Emission/Lane
ALASSAF 2404 | 47.25 0.6210902
ELBA HOUSE 843.2 | 905.3333333 | 0.5622692
FIRAS SQUARE 4495 | 890.875 0.7070069
JBAHA 356.4 | 1232.294118 | 0.6698957
PRINCESS ALIAH | 231.2 | 658.3 0.7479044
WIDI SAQRA 8155 | 763.4 0.6166698
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Figure 4.18: The Mathematical Model of NOx Emissions as Function of Intersection Delay

NOx gas emissions = -0.0004(intersection delay)+ 0.7759
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It worth mentioning that the capacity is implicitly considered since the dependent variable, gas

emission is substituted by gas emission per the number of lanes.

Site Selection: Six highly congested signalized intersections in Amman were selected
for analysis.

a. Data Collection: Traffic volume counts, signal timings, and geometric design data were
collected for both the main intersections and their surrounding arterial roads.

Simulation and Validation: Microscopic simulation models of the current traffic
conditions were developed using SYNCHRO 8 software.

a. Model Validation: The simulated throughput volumes were validated against observed
field data using VISSIM software, with all percent differences falling within an acceptable
15% margin of error.

SECOND REQUIREMENT: EMISSIONS MODEL DEVELOPMENT PROCESS
The process for creating the emissions models involved several critical steps.
Firstly: Variable Selection and Preliminary Analysis

The primary measures of effectiveness (MOEs) identified for model development
were 'Delay per Vehicle' and 'Intersection Control Delay'.

a. Initial integrated regression models were developed using the SPSS software platform to
explore the combined effect of both delay variables on emissions.

Simple Regression Models: Seven different model types (Linear, Logarithmic,
Inverse, etc.) were tested for each gas and each independent variable separately.

a. Due to the small sample size, the R-squared value was prioritized over the Adjusted R-
squared for model evaluation.

Secondly: Final Model Calibration

Given the limitations of the preliminary models, logarithmic models were developed
using Microsoft Excel to better fit the data.

a. The general form of the model was: Log(Delay) = f(Emission/Lane). This approach
yielded a significantly better fit to the observed data.

THE SECOND TOPIC : ANALYSIS OF RESULTS AND DISCUSSION

This topic presents the findings from the statistical analysis, discusses the performance of the
developed models, and explores their practical implications.

FIRST REQUIREMENT: STATISTICAL MODEL PERFORMANCE
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The final mathematical models demonstrated a high level of accuracy in predicting
emissions.

Firstly: Model Form and Accuracy

The relationship between ‘delay per vehicle' and emissions was found to be a strong
inverse linear correlation once transformed logarithmically.

a. The coefficient of determination (R?) values, as shown in Table 1, confirm the high
explanatory power of the models, especially for NOx.

The resulting mathematical equations for predicting emissions based on delay per
vehicle are as follows:

a. HC: Log(Delay/Veh.) =-0.0002(HC g/Lane) + 0.5326 (R2 =0.8926)

b. CO: Log(Delay/Veh.) =-0.0001(CO g/Lane) + 1.4032 (R? = 0.8749)

€. NOx: Log(Delay/Veh.) = -0.0005(NOy g/Lane) + 0.8124 (R* = 0.9804)
SECOND REQUIREMENT: INTERPRETATION AND PRACTICAL
IMPLICATIONS

The findings have significant meaning for the field of transportation and environmental
planning.

Firstly: Interpretation of the Inverse Relationship

The inverse relationship indicates that as delay decreases, emissions per lane increase.
This seems counterintuitive but is explained by the resulting increase in vehicle travel
distance when traffic flow is improved via alternative intersections.

a. Shorter idling times (less delay) are offset by longer driving distances, leading to a net
increase in fuel consumption and emissions.

This highlights a critical trade-off that traffic engineers must consider: operational
improvement versus environmental impact.

Secondly: Application of the Models

The models provide a simple tool for planners to estimate the environmental footprint
of a traffic project by using a single, easily obtained metric—average delay.

a. They are particularly useful for conducting rapid preliminary assessments before
committing to more complex and data-intensive simulation studies.

Conclusion:

The study successfully achieved its objective by developing robust mathematical models that
link traffic delay to vehicle emissions at signalized intersections. The key conclusion is that a
strong inverse linear relationship exists, allowing for the accurate prediction of HC, CO, and
NOx emissions using delay per vehicle as a primary input. These models serve as a practical
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tool for transportation engineers and environmental planners to quickly assess the emissions
impact of traffic management schemes. It is recommended that future research applies and
validates these models in different urban contexts and incorporates vehicle fleet composition
data to enhance their generalizability.

Tables:

Table 1: Coefficient of Determination (R?) for Emission Models Based on Delay per
Vehicle

Emission Coefficient of Model
Type Determination (R?) Strength
HC 89.26% Strong

Cco 87.49% Strong

NOy 98.04% Very Strong

The source of the statistics is the author's calculations based on simulation output data from
SYNCHRO 8 and statistical analysis in Microsoft Excel.
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Abstract:

Enhancing user experience on the web has become a critical challenge due to the
exponential growth of online content and the diversity of user preferences. Artificial Intelligence
(Al)-based personalization techniques have emerged as an effective solution to deliver tailored
content, improve usability, and increase user engagement. This study investigates the
integration of Al-driven models—such as collaborative filtering, neural networks, and attention-
based mechanisms—into web personalization systems. A comparative analysis demonstrates
that advanced hybrid models, particularly those combining Neural Collaborative Filtering (NCF)
with attention mechanisms, achieve superior performance in predicting user preferences and
sustaining engagement. The experimental results highlight significant improvements in accuracy,
session duration, and user satisfaction, compared to traditional recommendation methods. The
findings underscore the potential of Al-based personalization to redefine web user experience
and provide practical insights for implementing adaptive web platforms.

Keywords: Web User Experience, Personalization, Artificial Intelligence, Neural Collaborative

Filtering, Attention Mechanism, Recommendation Systems.
1. Introduction

In recent years, the exponential growth of online services has transformed the way users
interact with digital platforms, ranging from e-commerce and e-learning to entertainment and
social media. As web technologies evolve, users expect not only functional and fast websites
but also personalized and engaging experiences that adapt to their unique preferences. This
shift has made User Experience (UX) a central determinant of success in digital platforms,
influencing customer retention, engagement, and overall satisfaction.

However, achieving effective personalization remains a challenging task. Traditional
recommendation algorithms—such as content-based filtering (CBF) and collaborative filtering
(CF)—were once sufficient to provide customized suggestions but are now limited in handling
the scale, diversity, and complexity of modern user behaviors. These models often fail in
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addressing the cold-start problem, data sparsity, and contextual dependencies, all of which are
critical in web environments where user expectations change dynamically.

The integration of Artificial Intelligence (Al), particularly machine learning and deep learning
techniques, has provided new opportunities for enhancing personalization. Al enables systems
to capture complex, nonlinear interactions between users and digital content, making it
possible to deliver more accurate, dynamic, and context-aware recommendations. Recent
studies have demonstrated that Al-driven personalization leads to measurable improvements in
click-through rates (CTR), session duration, and user satisfaction metrics, especially when
applied in large-scale platforms such as e-commerce marketplaces and multimedia streaming
services.

Despite these advancements, several research gaps remain. First, most Al-based personalization
systems prioritize accuracy (e.g., precision, recall, RMSE) while neglecting broader UX
dimensions, such as trust, transparency, and perceived fairness. Second, the majority of studies
rely heavily on benchmark datasets like MovielLens, which, although useful, do not fully
represent the complexity of real-world web traffic and user interactions. Third, little attention
has been given to combining multiple Al paradigms—such as attention mechanisms, graph
neural networks (GNNs), and reinforcement learning (RL)—into a unified framework for UX
optimization.

This research addresses these gaps by proposing a hybrid Al-driven framework that integrates
Neural Collaborative Filtering (NCF) with attention-based mechanisms to improve
personalization in web applications. The framework is evaluated using both the Movielens
dataset and real-world e-commerce clickstream data, enabling a balanced assessment across
controlled and practical settings. Unlike many prior studies, the evaluation emphasizes not only
traditional accuracy measures but also holistic UX metrics, including engagement and
satisfaction scores collected via user surveys.

The main contributions of this study can be summarized as follows:

Framework Development — Design of an Al-based hybrid personalization system
combining NCF with attention mechanisms, tailored for web applications.

Real-World Validation — Testing the framework on large-scale clickstream datasets from
e-commerce platforms, in addition to benchmark datasets.

Comprehensive Evaluation — Incorporating both algorithmic accuracy (precision, recall,
NDCG) and UX-related metrics (CTR, engagement duration, user satisfaction).
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Bridging Al and UX Research — Demonstrating how advanced Al methods can be
effectively aligned with UX principles, thereby providing both technical and human-centered
improvements.

By integrating state-of-the-art Al techniques with a UX-centered evaluation, this study
contributes to bridging the gap between technical recommendation models and practical user
experience needs. The outcomes are expected to inform both academia and industry, offering
insights into designing next-generation web personalization systems that are not only efficient
but also trustworthy, engaging, and user-centric.

2- Literature Review

The rapid evolution of web technologies and the exponential growth of online platforms
have made user experience (UX) optimization a central research theme in human—computer
interaction (HCl). Traditional approaches to personalization, such as content-based filtering
(CBF) and collaborative filtering (CF), dominated early recommender systems but faced
scalability issues and limitations in capturing complex user behaviors. For example, early CF
methods struggled with data sparsity and cold-start problems, while CBF approaches often
suffered from over-specialization and limited diversity in recommendations [1], [2].

To address these limitations, hybrid systems combining CF and CBF were introduced, showing
improved robustness across different domains. However, hybrid methods still lacked the ability
to capture temporal dynamics and contextual features that influence user interactions on
modern web applications [3], [4].

With the rise of deep learning (DL), recommender systems witnessed a paradigm shift. Models
such as Neural Collaborative Filtering (NCF) leveraged multilayer perceptrons to learn complex
user—item interactions beyond linear correlations [5]. Furthermore, Convolutional Neural
Networks (CNNs) and Recurrent Neural Networks (RNNs) enabled the integration of sequential
patterns and contextual signals, significantly improving personalization in video streaming, e-
commerce, and social media platforms [6], [7].

More recently, attention mechanisms and transformer-based architectures have gained
prominence in personalization research. Attention models allow systems to assign higher
weights to the most relevant features in user histories, improving interpretability and
effectiveness [8]. For instance, self-attention has been successfully applied to clickstream data,
enabling accurate modeling of long-range dependencies [9]. Transformers, originally developed
for natural language processing, are now widely adopted for session-based and sequential
recommendations, showing state-of-the-art performance across large-scale datasets [10], [11].
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In parallel, Graph Neural Networks (GNNs) have been introduced to model complex user—item
interaction networks. By representing users and items as nodes in a heterogeneous graph, GNNs
capture higher-order connectivity patterns that are not evident in traditional matrix
factorization or sequence models. Studies have demonstrated that GNN-based recommender
systems outperform conventional methods in both accuracy and diversity of recommendations
[12], [23].

Another emerging trend is the integration of reinforcement learning (RL) for dynamic
personalization. RL-based systems continuously adapt recommendations by learning from user
feedback in real time, achieving better long-term engagement compared to static models [14].
In addition, research on explainable Al (XAl) has grown substantially, aiming to provide
transparent and interpretable personalization systems that improve user trust [15], [16].

Despite these advancements, several gaps remain:

1. Many studies focus primarily on accuracy metrics (e.g., precision, recall) while neglecting
broader UX indicators such as engagement, satisfaction, and trust.

2. Most models are evaluated on benchmark datasets but lack validation on real-world
web platforms with noisy and heterogeneous data.

3. Few approaches integrate multiple cutting-edge techniques (e.g., combining attention,
GNNs, and RL) in a single framework.

This research builds upon these gaps by proposing an Al-based hybrid framework that
integrates Neural Collaborative Filtering with attention mechanisms, tested on both Movielens
and real e-commerce clickstream datasets. Unlike prior work, this study emphasizes not only
accuracy metrics but also CTR, session duration, and user satisfaction, providing a holistic
evaluation of UX.

3. Methodology

The proposed framework integrates Neural Collaborative Filtering (NCF) with attention-
based mechanisms to deliver personalized recommendations in web environments. The
methodology follows four main stages: data preprocessing, feature representation, model
architecture, and evaluation strategy.

3.1 Data Preprocessing

Data preprocessing is crucial to ensure the quality and consistency of the datasets. Two datasets
were employed:

e Movielens 1M dataset — containing approximately 1 million user ratings on movies.

163



Journal of Natural and Applied Sciences URAL No: 10, Vol: 1\December\ 2025

e Real-world e-commerce clickstream dataset — collected from an online retail platform
with over 200,000 sessions and 50,000 unique users.

Preprocessing steps included:
1. Removal of duplicate or incomplete entries.
2. Normalization of user interaction values (ratings, clicks, purchases) into a unified scale.
3. Splitting datasets into training (70%), validation (15%), and testing (15%) subsets.
Table 1 summarizes the key statistics of both datasets.

Table 1. Dataset Statistics

Dataset Users  Items Interactions =Avg. Session Length Data Sparsity
MovielLens 1M 6,040 3,952 1,000,209 125 93%
E-commerce Dataset 50,000 200,000 2,300,000 9.8 97%

3.2 Feature Representation

User and item embeddings were generated to capture latent patterns. For the e-commerce
dataset, additional contextual features such as time of day, device type, and session duration
were incorporated. Attention mechanisms were then applied to assign dynamic weights to
features most relevant for each user.

A sample visualization of attention weights across features is shown in Figure 1.

Figure 1. Example of Attention Weights Across User Features

Model Precision@10 Recall@10 NDCG@10
Baseline 0.041 0.035 0.045
CBF 0.152 0.123 0.138
CF 0.208 0.172 0.190
Hybrid 0.264 0.223 0.241
NCF + Attention 0.312 0.271 0.292
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Figure 1. Accuracy Metrics Comparison
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3.3 Model Architecture
The proposed framework consists of three layers:
1. Embedding Layer — Maps users and items into dense low-dimensional vectors.
2. Interaction Layer — Combines embeddings via element-wise product and concatenation.
3. Attention Layer — Applies self-attention to prioritize important interactions.
4. Output Layer — Generates prediction scores for user—item pairs.

Figure 2 illustrates the high-level architecture of the system.

Figure 2, User Experience (UX) Metrics Comparison

no - Ratsfection (%) i

Daseline i (&) Hiybrid NCT S Attention
Models

3.4 Evaluation Metrics

To ensure a comprehensive evaluation, both accuracy-based metrics and UX-related metrics
were used.
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e Accuracy Metrics: Precision@K, Recall@K, Normalized Discounted Cumulative Gain
(NDCG).

e UX Metrics: Click-Through Rate (CTR), Average Session Duration, and User Satisfaction

(via survey).

Table 2. Evaluation Metrics Employed

Category
Accuracy
Accuracy
Accuracy
UX
UX

UXx

4. Experimental Setup and Results

Metric

Precision@10
Recall@10
NDCG@10

CTR

Avg. Session Duration

Satisfaction Score

4.1 Experimental Setup

Purpose

Measures recommendation correctness
Captures completeness of results
Evaluates ranking quality

Engagement with recommended items
Measures depth of user interaction

Captures perceived recommendation quality

The framework was evaluated on two datasets:

1. MovielLens 1M Dataset: Contains 1 million ratings from 6,040 users on 3,952 movies.

2. E-commerce Clickstream Dataset: Real-world data with 50,000 users and 200,000 items,

containing over 2.3 million interactions.

The data was split into training (70%), validation (15%), and testing (15%) subsets. All models
were implemented in TensorFlow 2.10 and trained on a machine with NVIDIA RTX 3090 GPU.

4.2 Models Compared

Five models were evaluated:

1. Baseline — Random recommendations.

2. Content-based Filtering (CBF) — Uses item features only.

3. Collaborative Filtering (CF) — Matrix factorization-based.

4. Hybrid CF+CB — Combines user-item interactions and content features.
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5. Proposed NCF+Attention — Neural collaborative filtering enhanced with attention
mechanisms.

Hyperparameters were optimized via grid search, and early stopping was applied to prevent
overfitting.

4.3 Results: Accuracy Metrics

Table 3. Model Comparison (Precision@10, Recall@10, NDCG@10)

Model Precision@10 Recall@10 NDCG@10
Baseline 0.041 0.035 0.045
Content-based  0.152 0.123 0.138
Collaborative 0.208 0.172 0.190
Hybrid 0.264 0.223 0.241
NCF + Attention 0.312 0.271 0.292

NCF+Attention consistently outperforms all baselines across datasets, improving Precision@10
by 18-22% over Hybrid.

4.4 Results: UX Metrics

Table 4. UX Metrics Comparison

Model CTR (%) Avg. Session Duration (min) Satisfaction (%)
Baseline 11 3.0 58
Content-based 17 3.6 66
Collaborative 22 4.0 73
Hybrid 27 4.5 80
NCF + Attention 34 5.1 88

Enhancing NCF with attention improves CTR by +7% over Hybrid, increases session duration,
and significantly raises user satisfaction.

4.5 Statistical Significance
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To verify the reliability of improvements:
1. Paired t-test was conducted between Hybrid and NCF+Attention.
o Precision@10: p = 0.004 < 0.01 - significant improvement.
o Recall@10: p = 0.006 < 0.01 - significant improvement.

2. ANOVA confirmed significant differences in CTR and Session Duration across models (F =
12.3, p < 0.001).

This confirms that the proposed framework not only outperforms traditional methods but also
provides statistically significant improvements in both accuracy and UX.

4.6 Ablation Study
To understand the contribution of each component:
Table 5. Ablation Study

Removed Component Precision@10 Recall@10 CTR (%)

Attention 0.278 0.242 29
Neural Layer 0.261 0.227 27
Collaborative 0.249 0.215 26

Attention mechanism alone contributes +3-4% precision and +2-3 points CTR, highlighting its

importance.

4.7 Visualizations

1. Figure 3. Precision & Recall Comparison Across Models

o Bar chart showing clear dominance of NCF+Attention.
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Figure 3. Attention Weights for User Context Features
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2. Figure 4. CTR & Session Duration Across Models

o NCF+Attention shows the longest session duration and highest engagement.

Figure 4. Average Session Duration and
Engagement Score across Models
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3. Figure 5. User Satisfaction Scores Across Models
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o Survey results indicate users prefer NCF+Attention recommendations.
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5. Discussion

The experimental results demonstrate that the proposed NCF+Attention framework

significantly outperforms traditional recommender systems in both accuracy and user

experience (UX) metrics.

5.1 Comparison with Prior Work

Compared to baseline CF and CBF methods, the hybrid neural framework shows
substantial gains in Precision@10 and Recall@10, confirming prior claims that deep
learning can capture non-linear user-item interactions more effectively than linear
models [5], [6].

The attention mechanism particularly contributes to prioritizing relevant user features,
aligning with recent studies where attention-enhanced models showed improved
sequential recommendation accuracy [8], [9].

Unlike most prior research that focuses solely on accuracy metrics, this study
incorporates UX indicators (CTR, session duration, satisfaction). The improvements in
these metrics suggest that the model is not only technically effective but also positively
influences real-world user behavior, a critical aspect highlighted in studies on human-
centered recommender systems [15], [16].
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5.2 Interpretation of Results
1. Attention Mechanism Contribution

o Ablation study results indicate that removing the attention component reduces
Precision@10 by ~11%, Recall@10 by ~10%, and CTR by 5 points.

o This confirms that dynamically weighting user and item features allows the
system to better capture user intent and context, improving both relevance and
engagement.

2. Impact on UX Metrics

o The average session duration increased from 4.5 to 5.1 minutes, and user
satisfaction scores rose to 88%.

o These improvements indicate that users not only receive more relevant
recommendations but also engage longer with the platform, which is crucial for
commercial applications and retention strategies.

3. Scalability and Robustness

o The model performs well on both controlled datasets (MovieLens) and real-
world e-commerce clickstream data, demonstrating robustness to data sparsity
and noise.

o Compared to traditional CF and hybrid systems, NCF+Attention maintains high
performance as the number of users and items scales, supporting its practical
applicability.

5.3 Limitations
Despite the positive outcomes, certain limitations exist:

1. Data Diversity: The framework has been tested on two datasets. While the results are
promising, generalization to other domains (e.g., social media, educational platforms)
remains to be validated.

2. Computational Overhead: Attention-based models require higher computational
resources, which may limit deployment on resource-constrained systems.

3. Cold-Start Users and Items: Although NCF+Attention improves personalization,
completely new users or items still pose challenges; incorporating side information
(demographics, textual descriptions) could further mitigate this issue.

5.4 Implications and Future Directions
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The study provides insights for both academia and industry:

e For researchers, it highlights the importance of integrating accuracy metrics with UX
measures to assess recommendation effectiveness comprehensively.

o For practitioners, it demonstrates that attention-enhanced neural systems can be
deployed in large-scale web applications to improve user engagement, satisfaction, and
retention.

Future work could explore:

1. Reinforcement Learning (RL) Integration: Dynamically adapting recommendations in
real time based on user feedback.

2. Cross-Domain Personalization: Leveraging data from multiple platforms to improve
recommendations for users with sparse histories.

3. Explainable Al (XAl): Providing interpretable recommendation reasoning to enhance
user trust and transparency.

4. Lightweight Models: Reducing computational complexity to enable mobile and edge
deployment.

6. Conclusion and Future Work

This study proposed a hybrid Al-based personalization framework integrating Neural
Collaborative Filtering (NCF) with attention mechanisms to enhance both recommendation
accuracy and user experience (UX) in web applications. Experimental evaluations on Movielens
1M and real-world e-commerce clickstream datasets demonstrated that the proposed system
consistently outperforms traditional baseline methods, including content-based filtering,
collaborative filtering, and hybrid approaches.

Key findings include:

1. Accuracy Improvements: Precision@10 and Recall@10 improved by approximately 18—
22% over the best-performing baseline, demonstrating the effectiveness of combining
NCF with attention mechanisms.

2. UX Enhancements: Click-Through Rate (CTR), session duration, and user satisfaction
showed significant improvements, indicating that the system enhances user engagement
and perceived recommendation quality.
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3. Statistical Significance: Paired t-tests and ANOVA confirmed that the improvements are
statistically significant across multiple metrics, ensuring the robustness and reliability of
the results.

4. Component Contributions: Ablation studies highlighted the critical role of attention
mechanisms in prioritizing relevant user-item interactions, confirming their importance
for both accuracy and UX metrics.

Future Work

To further advance the system and address existing limitations, several future directions are
proposed:

e Reinforcement Learning Integration: Implementing adaptive, real-time
recommendation strategies that dynamically respond to user feedback.

e Cross-Domain Personalization: Leveraging multi-domain data to enhance
recommendations for users with sparse interaction histories.

o Explainable Al (XAl): Incorporating interpretable recommendation mechanisms to
improve transparency and user trust.

o Lightweight and Scalable Models: Optimizing computational efficiency for deployment
on mobile and edge devices without compromising performance.

o Diverse Datasets: Validating the framework on additional domains such as e-learning
platforms, social media, and streaming services to ensure broad applicability.

In conclusion, the proposed framework bridges the gap between technical recommendation
performance and human-centered UX objectives, providing a robust foundation for next-
generation personalized web experiences. The integration of neural models with attention
mechanisms offers a scalable, interpretable, and user-centric approach to modern web
personalization.
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Abstract

In this research paper, we examine how the projective space PG(6,2) over the Galois field,
contributes to the construction and analysis of projective codes denoted as [mn k,d]_g. The
fundamental parameters of these codes are defined, where n represents the code length,
represents the minimum distance. Furthermore, we drepresents the code dimension, and &
calculate the error correction capacity e based on the drop matrix, which plays a critical role in

the structural properties of the code. Additionally, we demonstrate that this code is optimal.
Keywords: projective space, incidence matrix, Hamming bound, e-error correcting, coding
theory

1. Introduction

When mentioning the coding theory, one must look at what many mathematicians have done,
specifically studying the application of projective space to the Kahlua field, where many theories
and definitions have emerged about the relationships between finite projective geometry and the
coding theory. For example, Hirschfeld [1] showed some theories and definitions about the
relationships between finite projective geometry and coding theory. Finite projective geometry
and coding theory. Al-Saraji [2, 3] also translated the links between the projective level of order
17 and error correction codes and presented some other important results.

Hill [4] presented the concepts and tools of coding theory. Al-Zangana [5, 6, 7, 8] discussed the
relationship between the projective level of order 19 and error-correcting codes. Now we look at
the projective space on a finite field of order g, where g=2

2.Construction of PG(6,2)
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The polynomial of degree seven f(x) = x” —x® — x® —x* —x¥ — x% — 1 is primitive
over F, = {0,1},since, f(0) =1, f(1)=1

Theorem 2.1 : [6] sphere packing or Hamming bound

Ag—ary(nM,2e+ 1) - code C satisfies

M{(g)+ (PDa-D+-+()@-DY=<q

Corollary2.2 [2]:A g-ary (n.M,2e+1 ) code C is perfect if and only if equality holds in Theorem
2.1

Definition 2.3 [5]: A g-ary code C of length n is a subset of ( F,)

Definition 2.4 Linear Codes [9] : The minimum distance d of a non-trivial code C is given by

d=min{d(x,y)|x € C,yv € C,x # y}

P, = [1,0,0,0,0,0,0]

Foo oo oo
== N N =
oo oo o
=== ==
OO R OOoO
=R === ="
===

Il

=

L

Table (2. 1): The points of PG(6,2) are:

1 (1,0,0,0,0,0,0) Py (1,0,0,1,1,0,1) P01 (0,1,1,0,1,1,0)
2 (0,1,0,0,0,0,0) 52 (1,1,1,1,0,0,1) 102 (0,0,1,1,0,1,1)
3 (0,0,1,0,0,0,0) Psa (1,1,0,0,0,1,1) Pioa (1,0,1,0,0,1,0)
Py (1,1,0,1,1,0,1) Pra (1,0,0,1,1,1,1) Pyas (1,0,0,0,0,1,1)
Py (1,1,0,1,0,0,1) Pry (1,1,1,1,0,0,0) Piag (1,1,1,1,1,1,0)
Py (1,1,0,1,0,1,1) P53 (0,1,1,1,1,0,0) Pia7 (0,1,1,1,1,1,1)

With selecting the point in PG(6,2) such that the third cord innate equal to zero this means it

belongs to o=V (Z) such that all in F;\{0}; therefore, p,=i=1,2,

2, ={1,2,110} where

177

,127 we obtain
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01 00 00 0

001 0 0O0O0

0 0 01 0 0 0
g=%210 0 0 0 1 0 O SA=1.2,..,127,

0000 O0T1TO0

00 00 0 0 1

10 1 1 1 1 1

Table (2. 2): The lines of PG(6,2) are:

£y 1,2,110 £y 51,52,33 201 101,102,83
2, 2,3,111 2, 52,53,34 2162 102,103,84
£, 3,4,112 L 53,54,35 103 103,104,85
£, 23,24,5 LB 73,74,55 205 125,126,107
£, 24,25,6 2., 74,75,56 o 126,127,108
2,0 25,267 2o 75,76,57 £ia7 127,1,109

With selecting the point in PG(6,2) such that the forth cord innate equal to zero this means it

belongs to plane,=V(Z) such that all in F,\{0}; therefore, p,=i=1,2,

plane, = {1,2,3,9,92,110,111} where

plane, = plane,

[ s e T e Y e e
e T e e e I e Y e Y

[ = R e T e Y e
[ e T e

Table (2. 3): The planes of PG(6,2) are:

[ == R e Y e e
[ N T e R e T e

...... ,127 we obtain

i 12,3,9,92,110,111 | ms | 51,52,5359,1533,34 | mio 101,102,103,109,65,83,84
m | 2,3,410,93111,112 | ms2 | 52,53,54,60,16,34,35 mo: | 102,103,104,110,66,84,85
m | 3451194112113 | ns; | 53,54,55,61,17,35,36 | mios 103,104,105,111,67,85,86
T | 23,24.2531,11456 | ms | 73,74,7581,37,5556 | mas | 125,126,127,6,89,107,108
To1 | 242526,32,115,6,7 | ma | 74.75,76,82,38,56,57 | i 126,127,1,7,90,108,109
ms | 25,26,27,33,116,7,8 | ms | [2.76,77,83,3957,58 | ., 127,1,2,8,91,109,110
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With selecting the point in PG(6,2) such that the five cord innate equal to zero this means it
belongs to SUBSPACE,=V(Z) such that all in F,\{0}; therefore, p,=i=1,2,...... ,127 we obtain
SUBSPACE, ={1,2,3,4,9,10,32,74,78,92,93,110,111,112,118} where

SUBSPACE, = SUESPACE,

o T e R e e I e Y
[ T e R o e e T 4
[ == e e T e
[ == e T o e e
[ == T o e T e
[ N R e R e Y e

1 0

Table (2. 4): The spaces of PG(6,2) are:

subspace; 1,2,3,4,9,10,32,74,78,92,93,110,111,112,118

subspace; 2,3,4,5,10,11,33,75,79,93,94, 111,112,113,119

subspaces 3,4,5,6,11,12,34,76,80,94,95, 112,113,114,120

subspacezs 125,126,127,1,6,7,29,71,75,89, 90,107,108,109,115

subspaceszs 126,127,1,2,7,8,30,72,76,90,91,108,109,110,116

subspaceszr 127,1,2,3,8,9,31,73,77,91,92, 109,110,111,117

With selecting the point in PG(6,2) such that the six cord innate equal to zero this means it
belongs to PG(4.2),=V(Z) such that all in F,\{0}, therefore, p,=i=1,2,...... ,127 we obtain
PG(4.2), ={1,2,3,4,59,10,11,14,17,32,33,44,56,60,65,74,75,78,79,89,92,93,94,100,110,111,112
,113,118,119} where

PG(4,2);, = PG(4,2),

[ T == N e Y e
[ T e T e R e Y e Y

o T e s
[l T = N e T o e
[l T N s T e
[ T o e T e

1
Table (2. 5): The PG(4,2) of PG(6.2) are:

1,2,3,4,5,9,10,11,14,17,32,33,44,56,60,65,74,75,78,79,89,92,93,94,100,110,111,1

PG(4.2): 12,113,118,119

PG4.2), 2,3,4,5,6,10,11,12,15,18,33,34,45,57,61,66,75,76,79,80,90,93,94,95,101,111,112,
113,114,119,120

PG4.2); 3,4,5,6,7,11,12,13,16,19,34,35,46,58,62,67,76,77,80,81,91,94,95,96,102,112,113,

114,115,120,121
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PG(4,2)125 125,125,126,127,1,2,6,7,8,11,14,29,30,41,53,57,62,71,72,75,76,86,89,90,91,97,10
7,108,109,110,115,116

PG(4,2)16 126,126,127,1,2,3,7,8,9,12,15,30,31,42,54,58,63,72,73,76,77,87,90,9192,98,108,1
0,110,111,116,117

PG(4.2)17 127,127,1,2,3,4,8,9,10,13,16,31,32,43,55,59,64,73,74,77,78,88,9,92,93,99,109,11
0,111,112,117,118

With selecting the point in PG(6,2) such that the seven cord innate equal to zero this means it
belongs to PG(5.2),=V(Z) such that all in F;\{0}; therefore, p,=i=1,2,...... ,127 we obtain
PG(5,2),={1,2,3,4,56,9,10,11,12,14,15,17,18,26,32,33,34,38,40,42,44,45,47,49,54,56,57,60,6

1,65,66,69,71,74,75,76,78,79,80,82,86,89,90,92,93,94,95,100,101,103,106,110,111,112,113,114,
116,118,119,120,123,126} where
o 1

PG(5,2), = PG(5,2),

[ == e e T
o T e Y e T e
[l = R e T e T
[l = R e T o
[l = o e Y [
[ N o e T e T e [

Table (2. 6): The PG(5,2) of PG(6,2) are:

1,2,3,45,6,9,10,11,12,14,15,17,18,26,32,33,34,38,40,42,44,45,47,49,54,56
PG(5,2): |,57,60,61,65,66,69,71,74,75,76,78,79,80,82,86,89,90,92,93,94,95,100,101,
103,106,110,111,112,113,114,116,118,119,120,123,126
2,3,4,5,6,7,10,11,12,13,15,16,18,19,27,33,34,35,39,41,43,45,46,48,50,55,5
PG(5,2). | 7,58,61,62,66,67,70,72,75,76,77,79,80,81,83,87,90,91,93,94,95,96,101,10
2,104,107,111,112,113,114,115,117,119,120,121,124,127
3,4,56,7,8,11,12,13,14,16,17,19,20,28,34,35,36,40,42,44,46,47,49,51,56,5
PG(5,2); | 8,59,62,63,67,68,71,73,76,77,78,80,81,82,84,88,91,92,94,95,96,97,102,10
3,105,108,112,113,114,115,116,118,120,121,122,125,1

125,126,127,1,2,3,6,7,8,9,11,12,14,15,23,29,30,31,35,37,39,41,42,44,46,5
PG(5,2)1s | 1,53,54,57,58,62,63,66,68,71,72,73,75,76,77,79,83,86,87,89,90,91,92,97,9
8,100,103,107,108,109,110,111,113,115,116,117,120,123
126,127,1,2,3,4,7,8,9,10,12,13,15,16,24,30,31,32,36,38,40,42,43,45,47,52,
PG(5,2)126 | 54,55,58,59,63,64,67,69,72,73,74,76,77,78,80,84,87,88,90,91,92,93,98,99,
101,104,108,109,110,111,112,114,116,117,118,121,124
127,1,2,3,4,5,8,9,10,11,13,14,16,17,25,31,32,33,37,39,41,43,44,46,48,53,5
PG(5,2)127 | 5,56,59,60,64,65,68,70,73,74,75,77,78,79,81,85,88,89,91,92,93,94,99,100,
102,105,109,110,111,112,113,115,117,118,119,122,125
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3-New Results :
in the following theorem the parameters n,m,d are constructed.

Theorem 3,1 : The projective space of order 2 is a code with a parameter
[n=127,M = 28, d =63 ].

The PG(5,2) has an incidence matrix 4 = (a;;) where
B {1 if p; € PG(5,2)

a =1p if b, & PG(5,2) ,Then we have the incider Table (3,1).
Table (3,1)
B;
P P2 P3 Pa Ps | Pe | P7 | P2 | Po | P10 | ... | P125 | Pize | Piz7

PG(5, 2%
PG(5,2) 11|11 1|1]0|0]|1]|1].] O 1 0
P6(52):; | o | 1|11 21]21]212]l0]0]|1].]o0 1
PG(5,2); 10|11 |11 ]1]1]0]o0 .1 0 0
P652)12s | 1 |1 ] 1]olo 1] 1]l1]1]o0ol.] 1 1 1
P652)126 | 1 |1 |11 lo] o221 1] o 1 1
P652)127 | 1 |1 | 1] 121 ]ofolr] 1] 1] 1 0 1
Galois field element of the 2 order so i=1,2,3,....... ,127
@, = [0,0,0,0,0,0,0, ... ce.cee ver e err e e +.,0,0,0,0, ]
g = [LLLLLLL, e e e e e e eee 0, 1,1,1,1, ]

Combine o; with a binary system projective matrix we get a zero-one

matrix o, = [1L,1,1, 1,111, e cvve e v v e, 1,111, ]

Let #, = o, + PG(5,2), 1< i <127
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Table (3, 2) Now the table of #;

B;
151 P2 P3 Ps Ps Pe Pr Pz Ps P | ... | Pazs | P12e | P1z27

#;

#q 0 0 0 0 0 0 1 0 1

#; 0 0 1

3 0 0 1 0 1 1
#12s | 0o | o] 1|10 |0o]ofo0o]1].]|o0 0 0
126 | 0| oo o | 1|1 |0o]o0ofo0o]o0|.]|1 0 0
122z | oo o] oo | 1| 1]o0ofo0]o0|.]|o0 1 0

Find the shortest distance between two different code word in the matrices above, so that the
shortest distance is 63 and largest distance is 127

Table (3,4): the minimum distance d of a non-trivial code C

d(w,pg(5.2);) = 63 d(pg(5.2), %) =127 d(w,a) = 127

d(o,pg(52);) = 64 d(w, £;) = 64

If we substitute the values of n = 127, d = 63, e = 31 in inequality of Theorem 3.1 we get M=
7396 Hence Cisa ( 127,2%6,63) — code.

M{(HJJF G)(q —1) 4+ {:) (a-1)°} < q"

0
Asn=q°+qg>+q*+qg*+qg°+q+1
And M — qk+l
() + () 2-10)+()2- 10+ () e-1)° + () ez- 1
28 +[1§?)(2_ 1:]5+___+___+ [1:22?)(2_ 1:']2'?_|_ [122?)[2_1328 = 2127

+(2)2-02+ (-2 + (-0 +

Via Corollary 2.2, therefore C is perfect.
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CONCLUSIONS

We have constructed the Projective linear codes with the parameters , k, and d depending on
the order of Galois Field F; , and have also studied the relationship between the finite Projective

space and coding theory such that the columns of the generator matrix of any linear code are
considered the points in the Projective spac
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Abstract

Eighty samples were collected from inpatients and healthy individuals in health facilities
in Salah al-Din Governorate. The sample consisted of 48 patients (55%) and 32 healthy
individuals (45%). Forty-four (44) urine samples and thirty-six (36) samples from burns and
wounds were collected between March 2025 and July 2025. The patients' ages ranged from 5 to
65 years. All samples were subjected to bacterial culture, and the results showed that 65 (55%) of
the samples were positive for bacterial culture, while 32 (45%) of the samples were negative for
bacterial culture. Subsequently, blood samples were collected from the group of patients and
healthy individuals and separated by centrifugation. Then, the biochemical variables, which
included (IL-6, TNF-a), were measured. The results showed a significant increase in the group of
patients infected with Klebsiella pneumoniae compared to the control group (healthy individuals)
at a probability level of P < 0.05. Also, virulence factors were investigated phenotypically, and
the results of genetic detection using polymerase chain reaction (PCR) showed the presence of
the biofilm of Klebsiella pneumoniae.

Keywords / Klebsiella pneumoniae, RT-PCR, IL-6, TNF-a.
Introduction

Klebsiella pneumoniae is an opportunistic pathogen. It is a Gram-negative bacterium
belonging to the Enterobacteriaceae family. It has a capsule and is non-motile (1). Klebsiella
pneumoniae is one of the most important types of Klebsiella bacteria, which are naturally found
in the human digestive system and can cause many opportunistic infections. It is directly
associated with patients with urinary tract infections, as well as patients with wounds, burns, and
pneumonia (2). The age groups most susceptible to infection with this type of bacteria are
newborns and the elderly, because this bacteria is highly contagious and is primarily responsible
for an increasing number of community-acquired infections (3). These bacteria infect the mucous
surfaces of the digestive system and pharynx in humans and can exhibit high degrees of
virulence and antibiotic resistance, as they can resist a range of antibiotics and are called
multidrug resistant (4,5).

K. pneumoniae is an opportunistic pathogen, as it is the main culprit in catheter-associated
urinary tract infections of patients in hospitals and health institutions, because infection with it
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occurs in hospitals, as it is transmitted and infected from person to person through contact or
direct contact with patients involved, as well as through wounds and burns contaminated with K.
pneumoniae bacteria (6,7).

K. pneumoniae possesses virulence factors that help it resist antibiotics. The co-existence and
expression of virulence factors and the genetic drives for antibiotic resistance all complicate
treatment outcomes. Therefore, the development of multidrug-resistant K. pneumoniae (MDR)
poses a significant risk to the healthcare system in hospitals and health institutions (8).K.
pneumoniae causes severe pathological changes in various host organs, especially in lung tissue.
There is a vast difference between pathogenicity and virulence, as pathogenicity is the ability of
bacteria to cause disease.As for virulence, it means the virulence of the bacterial species, i.e., the
extent of its ability to cause disease. The virulence factors vary according to the location of the
infection in the human body. The virulence factors of the strains that cause acquired urinary tract
infections differ from the virulence factors possessed by the strains isolated from hospitalized
pneumonia patients and health institutions (9,10).

The main cause of urinary tract infections is K. pneumoniae bacteria, which accounted for more
than 90% of cases, whether they were Gram-negative or Gram-positive bacteria, in addition to
some types of viruses and parasites that can cause direct infection, which often occurs through
contact via the urinary tract, such as denovirus (11). The causes of urinary tract infections
include common pathogenic bacteria found in intensive care units in hospitals and health
institutions, whether these causative bacteria are Gram-negative or Gram-positive (12).

The term UTIs refers to many urinary tract diseases, such as kidney and ureteritis, as well as
urethritis, and is detected by the presence of bacteria in the urine that lead to infections,
estimated at more than 510 cells/ml after culturing a urine sample (13). Urinary tract infections
(UTIs) occur at a higher rate in females than in males. The reason for this difference and
infection is due to hormonal and anatomical differences, as the length of the urethra in males, as
well as the secretions of the prostate, all play a role in inhibiting the growth of pathogenic
bacteria, thus leading to a reduction in the infection rate in males. Circumcision plays a
fundamental and important role in preventing infections, as uncircumcised children have a higher
infection rate than circumcised children (14,15).In addition to the existence of several factors
that contribute to the infection, including age, gender, the condition of the organs that collect and
store urine, social status, and the level of education of the parents, the urinary system represents
and excretes it to the outside and includes the kidney, ureter, bladder, and urethra (16).
Interleukins play an important and effective role in stimulating proteins in the body to perform
their function in resisting infections, through white blood cells that can destroy harmful bacteria
and other harmful bodies that enter the body. It can trigger a series of reactions that arm the
body's leukocytes against burns and wounds, and K. pneumoniae can release leukocytes and
detect the presence of bacteria at the site of injury. Then these cells release interleukin-6, which
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in turn gives a signal to white blood cells to stimulate T-cells, which in turn release interleukin-6,
which stimulates various immune system cells to defend the body (17, 18).

TNF-o is an important cytokine that is secreted during inflammation caused by burns and
wounds caused by K. pneumoniae bacteria.lt is an angiogenic factor found mainly in the lining
of connective tissues and in T cells, which stimulates endothelial cells and increases their ability
to divide and affects pro-angiogenic elements and has the ability to treat advanced inflammations
caused by urinary tract infections (19, 20).Based on the results of this study, the current research
aims to isolate and identify Klebsiella pneumoniae bacteria and to study the gene expression of
virulence genes using RT-PCR technology and its effect on some immune variables.

Material and Methods

Collection of specimens

Eighty samples were collected from inpatients and healthy individuals in health facilities in
Salah al-Din Governorate. The sample consisted of 48 patients (55%) and 32 healthy individuals
(45%). The samples included urine (44), wound/burn swabs (36), and blood samples taken from
patients and healthy individuals between March 2025 and July 2025. Patient ages ranged from 5
to 65 years. All samples were subjected to bacterial culture, and the results showed that 65 (55%)
samples were positive for bacterial culture, while 32 (45%) samples were negative for bacterial
culture. Then, blood was collected from the group of patients and healthy individuals and
separated by centrifugation. Then, the biochemical variables, which included (IL-6, TNF-a),
were measured.

Diagnosis of bacterial isolates

K. pneumoniae bacteria were identified by colonies growing on MacConkey agar medium and
by observing the shape of the colonies through color, borders and mucous texture (21). Then the
colonies were taken and placed on a glass slide and mixed with normal saline solution, and left to
dry. After that, they were quickly passed over the flame two to three times to fix the colonies,
then stained with Gram stain and examined under the microscope to observe their shape, color,
and location of aggregation (22).

Morphological detection of the biofilm of K. pneumoniae bacteria

The micro-calibration plate method was used to detect biofilm production according to the
method of (Lamichhane et al.) (23).

Molecular study of K. pneumoniae bacteria
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DNA was extracted from bacterial cells appearing on a medium of brain and heart fluid
(cerebrospinal fluid). These cells were grown on this medium for 24 hours at a temperature of
37°C. The extraction process was carried out according to the ABIOpure Extraction protocol and
its specific steps.

Estimation of (IL-6, TNF-a) levels in the study groups

The level of (IL-6, TNF-a) was estimated using ELISA technology and a ready-made kit
supplied by the Chinese company (Melsin Medical)).

Statistical Analysis

The SPSS statistical program was used to find the mean and standard deviation value SD+. The
means for the patient group were also determined compared to the control group (healthy
individuals) using the t-test at a probability level of (P > 0.05).

Result and Desiccation

Isolation and diagnosis of Klebsiella pneumoniae bacteria

Eighty samples were collected from inpatients and healthy individuals in health facilities in
Salah al-Din Governorate. The sample consisted of 48 patients (55%) and 32 healthy individuals
(45%). The samples included urine (44) and wound/burn swabs (36). Blood samples were also
taken from patients and healthy individuals for the period from March 2025 to July 2025, and the
ages of the patients ranged between (5-65) years. These samples were cultured on MacConkey
Agar and Blood Agar. The culture results showed that (48) samples, representing (55%), showed
clear bacterial growth on the culture medium, and (32) samples, representing (45%), did not give
any bacterial growth, as shown in Figure (1).
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Figure (1) shows the percentage of bacterial growth on the culture medium

The results of bacterial culture on MacConkey medium were as follows, according to the source
of the sample: urine from a total of (80) samples (44) and a sample of wound and burn swabs
(36). Blood samples were also taken from patients and healthy individuals. The present study
shows that the percentage of infections that appeared as bacterial infections was higher in urine
samples than in all samples collected from different clinical sources. This is consistent with what
Al-Azzi (2019) (24) and Al-Saadi (25) concluded, and they showed in the results of their study
that the percentage of urine samples was positive at higher percentage than all the other samples
studied.

Phenotypic detection of Biofilm

Biofilm production of the 15 multidrug-resistant K. pneumoniae isolates under study was
detected using the Microtiter Plate Method. The present study showed that all isolates were
biofilm-producing at a rate of 100%, and the absorbance values of the control pits were (0.3).
The biofilm-producing isolates were distributed into moderate producers, as there were 12
isolates out of 17 isolates, at a rate of 71.48%, and 5 strong biofilm-producing isolates, at a rate
of 28.52%. The classification of biofilms was based on the absorbance values of the pits in which
the isolates were distributed, after the average of the three couplings for each isolate was
extracted and compared with the absorbance values of the control pits, as shown in Figure (2).
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Figure (2) The intensity of biofilm synthesis in K. pneumoniae bacteria.

The results are agree with the result of Al-Rubyaie (26), who showed in his study results that all
K. pneumoniae bacterial isolates are biofilm-producing at a rate of 100%, because the biofilm
has an important and significant role in the virulence of K. pneumoniae bacteria, as it is
responsible for continuous infection due to its resistance to phagocytosis and killing due to
humoral and cellular immunity and resistance to antibiotics (27). Furthermore, the ability of
bacteria to produce biofilms varies from one isolate to another due to the physical and chemical
properties of K. pneumoniae bacteria, the physical interaction between the components, the type
of surface to which the biofilms adhere, as well as temperature and pH (28).

Molecular detection of biofilm genes in K. pneumoniae bacteria

The 17 isolates of multidrug-resistant pneumoniae. K were subjected to molecular detection of
some biofilm genes using primers specific to these genes and polymerase chain reaction
technology. The genes that were detected are (lexStrat.mrkD). The results showed that all
isolates were carriers of the luxS gene, which is a type Il quorum-sensing gene, as shown in
Figure (3).
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Figure (3) shows the electrophoresis of the PCR reaction product for the luxs gene using 1.5%
acarose gel with Ethidium Bromide stain (90 minutes, 100 VV/cm2). The M path is a volumetric
indicator measuring 100 base pairs (100 bp).

The results of the current study are consistent with those of Mohamed (29) and Shadkam et al.
(30), who demonstrated that all isolates under study carried this gene at a rate of 100%. This is
because K. pneumoniae bacteria form biofilms on various surfaces, and cell adhesion depends on
the production of exopolysaccharides and type 11l adhesive proteins (31). Furthermore, a type Il
functional quorum-sensing system (QS) was clearly identified in a clinically isolated, multidrug-
resistant strain of K. pneumoniae. It was found that there is a relationship between the hexs gene,
which is one of the important genes for the synthesis of type Il autotrophs 2-AL, and mutations
in quorum sensing, and that genes associated with quorum sensing cause changes in biofilm
formation and in the expression of lipopolysaccharides (32). The second biofilm gene, mrkD,
was detected, and the primer specific to it was used. The results appear the presence of the gene
in the K. pneumoniae bacterial isolates under study at a rate of (97%), as shown in Figure (4).
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Figure (4) shows the electrophoresis of the PCR reaction product for the mrKD gene using 1.5%
acarose gel with Ethidium Bromide stain (90 minutes, 100 VV/cm2). The M path is a volumetric
indicator measuring 100 base pairs (100 bp).

The results of the present study are agree with the results of the study by both (Saady) (33) and
the results of the study by (Rastegae et al.) (34), who indicated in their study results the presence
of the mrkD gene in all multidrug-resistant K. pneumoniae isolates at a rate of 100% and
(94.5%) respectively.

Immunological variables of blood samples in both groups

Table (1) shows the mean £ S.D of the immunological parameter for the studied samples in both
groups.

Groups Mean + SD
Control Patients P-Value
Parameter n=24 n=24
IL-6 (Pg/ml) 27.15+ 19.62 33.03+ 15.97 P <0.05
TNF-a (pg/ml) 51.71+ 41.746 69.03+ 51.04 P <0.05
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The results of the current study showed a significant elevated in the levels of both IL-6 and TNF-
a, measured in picograms/ml, in the patient group compared to the control group, at (P < 0.05),
as shown in the following figures.
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Figure (5) The concentration of immunological variants in urinary tract patients caused by K.
pneumoniae bacteria.

Urinary tract infections (UTIs) are among the most common and impactful infections in the
body and are directly linked to healthcare facilities and hospitals worldwide (18). Approximately
80% of UTlIs are caused by inactivated urinary catheters, specifically those containing the
bacterium K. pneumoniae (35).

Interleukin-6 is considered one of the important cytokines for the immune response of people
with urinary tract infections (UTIs) caused by K. pneumoniae bacteria. This cytokine is
important in the early control of infected individuals and in maintaining bladder control in the
future. Identifying its role in the immune system through bacteria that enable a protective
response to IL-6 is crucial for exploring how we can exploit this mechanism for new infection
control strategies (36). The finding of elevated interleukin-6 levels in patients with urinary tract
infections was consistent with Al-Tamimi and his group (37).

As for TNF-q, its results showed a significant rise in the serum of patients with urinary tract
infections compared to the control group. This result was agree with (Lu Yu) and his group (38).
The reason for the increase is due to the increase in proteins that are responsible for increasing
the immune activity of cells several times above normal rates (39). Here, the immune system
may be unable to control and stop them, and in that case, these proteins spread rapidly to
different parts of the body, not just to the areas affected by the urinary tract infection. It begins to
attack healthy cells, devour red and white blood cells, and destroy the liver and other body
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organs one by one. At that time, the walls of the blood vessels can allow immune cells to enter
the surrounding tissues in the body (40).
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Abstract

Mathematics touches almost every part of our daily living and is vital to inhibiting our
understanding of movement, as a species, and the earth around us. In this paper, we assess
movement from multiple perspectives using basic concepts from mathematics such as speed and
distance. We establish definitions for average speed and instantaneous speed, followed by
equations for combining distance with time, and then references to examples that illustrate the
everyday use of vehicles, walking as a person, and free-falling objects to underline the
aforementioned equations. The paper also discusses, while looking at small sections of motion, it
is helpful to look at motion as a change with graphical representations, this means we are
picturing a change which will support the readers understanding about mathematical relations.
This paper hopes to promote the mathematical thinking involved in thinking about motion, and
the mathematics to support the beauty of math in interpreting our natural world and human
interactions.

Keywords: motion analysis, speed calculations, distance formulas, kinematics, mathematical
modeling

1. Introduction
Humans have been intrigued by the study of motion for millennia, from Aristotle's

informal study of motion, to Galileo's systematic study of motion with real experiments, to
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Newton's laws of motion(1). Mathematics is the universal language used to describe motion and
is the laboratory language that helps us model what we observe. Mathematics also provides us
with a suite of tools that help us quantify, calculate, analyze and model the world we live in. The
mathematics of motion, and what we refer to as kinematics, underpins many areas of higher
sciences and professions such as physics, engineering, transportation and sports science.(2)

Motion is inherent in our daily lives. Each time we are in a situation that involves motion,
whether we are walking to (work), driving a car, watching a ball fall, you name it, humans are
clearly dealing with motion. All these motions can be described and analyzed by the same
relatively simple mathematical formulas, that all involve some concept of speed, distance and
time. Knowing these relationships, and understanding the relationships to not only increase our
scientific literacy but to enhance our ability to complete problems encountered in a variety of
contexts.(3)

The purpose of this paper is to connect the worlds of movement and mathematics by exploring
one of the fundamental principles of motion. In this way basic algebraic equations can be used to
represent complex phenomena, suggesting to a much larger audience that mathematics is not just
an exercise in academics but a way of understanding our own physical world.

2. Fundamental Concepts and Definitions

2.1 Speed and Velocity

Speed is defined as the rate of change of distance with respect to time, typically expressed as:
Speed = Distance / Time

or mathematically: s = d/t

where s represents speed, d represents distance, and t represents time (4).

It is crucial to distinguish between speed and velocity. While speed is a scalar quantity that
describes only the magnitude of motion, velocity is a vector quantity that includes both
magnitude and direction. For the purposes of this paper, we will primarily focus on speed, as it
provides a more accessible introduction to motion analysis (5).

2.2 Average Speed vs. Instantaneous Speed

Average speed represents the total distance traveled divided by the total time taken for the
journey. This provides an overall measure of motion but does not account for variations in speed
during the journey. The formula for average speed is:

Average Speed = Total Distance / Total Time
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Instantaneous speed, on the other hand, represents the speed at a specific moment in time. In
mathematical terms, instantaneous speed is the limit of average speed as the time interval
approaches zero. This concept, while requiring calculus for precise calculation, can be
approximated by measuring speed over very small time intervals (6).

2.3 Distance and Displacement

Distance refers to the total path length traveled by an object, regardless of direction. It is always
a positive quantity and represents the cumulative measure of all movement. Displacement,
however, measures the straight-line distance between the starting and ending points, taking
direction into account (7).

For many practical applications, particularly when analyzing motion along a straight path,
distance and displacement are equivalent. This simplification allows us to use basic algebraic
relationships without the complexity of vector mathematics.

3. Mathematical Framework
3.1 Basic Kinematic Equations

The fundamental relationship between speed, distance, and time can be expressed in three
equivalent forms:

1. Distance = Speed x Time (d = st)
2. Speed = Distance / Time (s = d/t)
3. Time = Distance / Speed (t = d/s)

These equations form the cornerstone of motion analysis and can be applied to a vast array of
practical situations (8).

3.2 Uniform Motion

For objects moving at constant speed, the analysis becomes straightforward. The distance
traveled is directly proportional to time, creating a linear relationship. This can be represented
graphically as a straight line on a distance-time graph, with the slope representing the speed (9).

3.3 Non-Uniform Motion

When objects accelerate or decelerate, the analysis becomes more complex. For uniformly
accelerated motion (constant acceleration), we introduce additional equations:

1. v=u + at (final velocity = initial velocity + acceleration x time)

2. s=ut+ Yat? (displacement = initial velocity x time + % X acceleration x time?)

201



Journal of Natural and Applied Sciences URAL No: 10, Vol: 1\December\ 2025

3. vZ=u2+ 2as (final velocity? = initial velocity? + 2 x acceleration x displacement)

where u is initial velocity, v is final velocity, a is acceleration, t is time, and s is displacement
(10).

4. Practical Applications and Examples
4.1 Vehicle Motion Analysis

Consider a car traveling from City A to City B, a distance of 240 kilometers, in 3 hours. Using
our basic formula:

Average Speed = Distance / Time =240 km /3 h =80 km/h

This calculation provides valuable information for trip planning, fuel consumption estimates, and
arrival time predictions. However, it's important to note that this represents average speed; the
actual speed likely varied throughout the journey due to traffic conditions, road types, and stops
(12).

4.2 Pedestrian Movement

A person walking at a steady pace of 5 km/h wishes to reach a destination 2 kilometers away.
The time required can be calculated as:

Time = Distance / Speed =2 km /5 km/h = 0.4 h = 24 minutes

This type of calculation is fundamental for urban planning, emergency response coordination,
and personal time management (12).

4.3 Falling Objects

When an object falls freely under gravity (ignoring air resistance), its motion can be analyzed
using the equation for uniformly accelerated motion. Near Earth's surface, gravitational
acceleration is approximately 9.8 m/s2.

For an object dropped from rest at height h, the time to fall can be calculated using:
h = Ygt2

Rearranging: t = \(2h/g)

For example, an object dropped from a 45-meter building would take:

t=(2 x 45/9.8) = V(9.18) = 3.03 seconds

This analysis has applications in safety engineering, construction, and physics education (13).
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4.4 Sports Applications

In athletics, speed calculations are essential for performance analysis. A sprinter covering 100
meters in 10 seconds achieves an average speed of:

Speed =100 m /10 s =10 m/s = 36 km/h

This type of analysis helps coaches optimize training programs and athletes understand their
performance relative to world standards (14).

5. Graphical Representations
5.1 Distance-Time Graphs

Distance-time graphs provide powerful visual representations of motion. For uniform motion,
these graphs display straight lines, with steeper slopes indicating higher speeds. The slope of any
point on the graph represents the instantaneous speed at that moment (15).

Key features of distance-time graphs include:

« Horizontal lines indicate stationary objects

« Straight diagonal lines represent constant speed

« Curved lines indicate acceleration or deceleration

e The steepness of the slope indicates the magnitude of speed
5.2 Speed-Time Graphs

Speed-time graphs offer different insights into motion patterns. For constant speed, these graphs
show horizontal lines. The area under a speed-time graph represents the distance traveled,
providing another method for calculating displacement (16).

5.3 Real-World Graph Interpretation

Consider a typical car journey that includes city driving, highway travel, and stops. The distance-
time graph would show:

o Gentle slopes during city driving (lower speeds)
o Steeper slopes during highway travel (higher speeds)
e Horizontal segments during stops (zero speed)

This graphical analysis helps identify patterns in motion and can be used to optimize routes and
improve efficiency (17).
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6. Advanced Applications
6.1 Relative Motion

When analyzing the motion of objects relative to each other, the mathematical principles become
more sophisticated. For example, if two cars are traveling toward each other at speeds of 60 km/h
and 80 km/h respectively, their relative speed of approach is:

Relative Speed = 60 + 80 = 140 km/h

This concept is crucial for understanding collision mechanics, traffic flow analysis, and
aerospace navigation (18).

6.2 Compound Motion

Many real-world scenarios involve motion in multiple dimensions. While maintaining our focus
on basic formulas, we can extend our analysis to situations such as projectile motion, where
horizontal and vertical components of motion are analyzed separately and then combined (19).

6.3 Optimization Problems

Mathematical analysis of motion often leads to optimization challenges. For instance,
determining the most efficient speed for fuel consumption involves balancing time savings
against energy costs. These problems typically require calculus-based approaches but can be
approximated using basic mathematical principles (20).

7. Educational Implications
7.1 Connecting Mathematics to Reality

The study of motion provides an excellent opportunity to demonstrate the practical relevance of
mathematics. Students can relate abstract formulas to familiar experiences, making mathematical
concepts more tangible and memorable (21).

7.2 Problem-Solving Skills

Motion problems develop critical thinking and analytical skills. Students learn to identify
relevant information, select appropriate formulas, and interpret results in meaningful contexts.
These skills transfer to numerous other academic and professional domains (22).

7.3 Technology Integration

Modern technology offers numerous tools for motion analysis, from smartphone apps that track
walking speed to sophisticated software for analyzing video footage. Integrating these
technologies with traditional mathematical approaches enhances learning outcomes and prepares
students for contemporary analytical methods (23).
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8. Limitations and Considerations
8.1 Assumptions and Simplifications
The basic formulas presented in this paper rely on several simplifying assumptions:
e Motion occurs along straight lines
o Air resistance is negligible
o Gravitational effects are constant
e Measurement errors are minimal

While these assumptions allow for straightforward calculations, real-world applications often
require more sophisticated models that account for these factors (24).

8.2 Measurement Precision

The accuracy of motion analysis depends heavily on the precision of measurements. Small errors
in time or distance measurements can significantly impact calculated speeds, particularly for
short-duration events or small distances (25).

8.3 Environmental Factors

Real-world motion is influenced by numerous environmental factors including weather
conditions, surface friction, and external forces. While basic formulas provide useful
approximations, comprehensive analysis often requires consideration of these additional
variables (26).

9. Discussion

Motion analysis uses mathematics to showcase the beauty and capacity of simple formulas or
models to describe complex relationships. We encounter motion every day, from driving to work
to more sophisticated engineering applications; we embrace the basic relationships related to
speed, distance traveled, and time to help us navigate our physical world .

The universally of the mathematical relationships inherent to motion is truly impressive. In
motion analysis, the same equations used to mathematically describe the walk of a child to
school are used to understand and describe planet's movements, traffic flow, and the operations
of complex machines. This fundamental connection between phenomena exemplifies the
fundamental nature of mathematical laws and their ability to encapsulate and describe
phenomena occurring in the natural world.(27)

Another beauty of this analysis is our personal access to these relationships which makes this
field accessible and useful educationally. The subject of motion analysis allows us to create a
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straight line from their everyday personal experiences, whether a walk or a car ride, to an
understanding of speed or distance; we limit the void of reality and have personal connections to
the theories we are learning about.(28)

The visuals of motion provide us insight into another dimension of understanding - our ability to
see important visual patterns which add the most value to abstract mathematical ideas. These
visual representations offer alternative cognitive tools for interpreting relationships and patterns
quickly without the solely using numerical values; they further enhance our understanding of
relationships and patterns that may not painted a full picture based on the numerical data.(29)

The motion analysis related to technology continually develops or becomes more sophisticated.
The mathematics we draw from for understanding motion and technology remains constant.
When we understand the wholes of the basic concepts, we open the doors to deal with more
advanced concepts in physics, engineering and applied mathematics beyond the simpler analyses
.(30)

10 .Conclusion

We started this paper discussing some of the basic mathematical concepts of analyzing motion
and the advantages of being able to use simple formulas to understand and predict relatively
complex phenomena. We illustrated elementary speed calculations and contextually more
complex scenarios involved acceleration and relative motion and showed that the mathematical
analysis of motion help quantified and displayed motion in our world.

The practical applications that illustrated the basic factors show how broadly these four
principles are embedded in our everyday lives. From the journey planning process to
understanding a player during a game or natural phenomena, we provided examples that
contextualized speed, distance traveled, and time across daily phenomena that have useful
analytical tools.

To further understand the motion, the graphical representation allows us to build visual
observations that portray insights into predictive mathematical relationships. Visualizing
mathematical relationships provides learners ways to represent or scale which transition the ideas
of "representation” into interpretable patterns that enable a learner to make informed decisions
and understand natural physical processes.

As the technology continues to evolve and provide us with opportunities for using our
imagination to understand motion, the fundamental mathematical ideas will remain the same;
they serve as a platform for applying technigues to more complex motions making equivalently
meaningful meaning. Inspired by the beauty and power of mathematics it is important not only to
recognize its abstract value and inspiration, capability to describe and make predictions about our
world, and utility to help understand behaviours of people and things we study.
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This study on mathematics in motion represented a real-world example of how seemingly
simple concepts have significance and are important for many fields outside of mathematics:
whether they relate to economics, biology, human geography, anthropology; by developing an
appreciation for these area we not only value the beauty of mathematics, but also the utility of
mathematics to understand both natural and human phenomenon.

As we continue to contemplate and understand the world, the study of the mathematics of motion
will most definitely play an important role in connecting imaginary realities to observable reality
and to connect questions or hypotheses to answers or discussions and theorize or investigate a
practice.
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Abstract:

This study introduces a Revised Simplex approach for solving linear programming
problems (SLPP) and proposes the Shaida, Nejmaddin, Advanced( S. N. Advanced Technique),
which converts multi-objective linear programming problems (MOLPP) into single-objective
linear programming problems (SOLPP). An algorithm was developed specifically for the S.N.
Advanced Technique to address MOLPPs, and an updated version of Chandra Sen’s method was
integrated with a new algorithm for solving such problems. This is the first time this road has
been worked on, and the first time the algorithm for the Chandra Sen’s method has been
developed. The proposed methods were validated through extensive numerical testing,
demonstrating their effectiveness and competitiveness compared to existing approaches,
highlighting their practicality and efficiency in addressing complex optimization challenges.

Keyword: Revised simplex method, S.N.Advanced technique, Multi objective function,
applications.

1. Introduction

Linear programming, first introduced in the late 1940s, has become a fundamental
technique for optimization in fields such as economics, engineering, logistics, and
communications. The development of the Simplex Method marked a significant milestone,
revolutionizing optimization practices. However, the classical Simplex Method encountered
limitations in computational efficiency and numerical stability, particularly for large-scale
problems.
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To address these challenges, Fiasco and McCormick proposed the Revised Simplex Method
(RSM) in 1965 [1]. By 1983, multi-objective optimization (MOO) had been developed as an
effective approach to addressing problems that have several objectives. Its principles and
applications have been thoroughly investigated [2]. However, MOO is a computationally
expensive approach, and the computational complexity increases with the number of objectives.
For the above reasons, numerous solution techniques have been proposed [4] — [15]. RSM was
developed to improve the classical simplex algorithm to include more sophisticated
characteristics such as rotational updates and sparse matrix techniques for large systems without
sacrificing the ability to find optimal solutions at polyhedron vertices.

In 2006, a new approach was proposed to transform (MOLPP) problems into (SOLPP) [4]. This
was followed by further developments, including the use of mean and median values in 2010 [6].
The research has been carried out to investigate both theoretical and applied aspects of solution
methods. Some other methods of solving multi-objective linear programming problems
(MOLPP) include Sulaiman and Sadiq proposed Mean and Median Method [4], Sulaiman &
Ameen applied Optimal Transformation Technique [7], Harmonic Mean Method introduced by
Sulaiman and Mustafa [8], and Nahar and Alimin proposed New Statistical Average Method
[10].

As problem sizes increase, shortcomings in solution generation and slower algorithmic
convergence become more apparent. To address these problems, this paper proposes an
improved transformation strategy for MOLPP. The proposed method is compared with other
methods such as Chandra Sen’s method and other transformation methods to show that it is more

efficient and simpler.

This paper proposes the use of the Revised Simplex Method to solve MOLPP by converting
multi-objective problems into single-objective problems. This approach has been improved over
the years, and the most recent contributions are those of Nejmaddin A. Sulaiman and Shaida O.
Muhammad in 2024 [18]. The newly suggested S.N. Advanced Transformation Technique
provides a very fast solution that can be used for a wide range of problems. Detailed
comparisons, physical interpretations, and data analyses underscore the method’s practicality and

effectiveness, confirming its potential as a valuable tool for optimization.
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2. Multi-Objective Linear Programming Problem (MOLPP)

MOLPP is a branch of multiple-criterion decision-making that focuses on mathematical OP
where more than one goal function needs to be enhanced at the same time.

Mathematically (MOLPP) defined as follows:
Max or Min f; = €] x

Subject to

Ax

i=1,..,r formax.andi =r + 1, ..., s for min.

where x ={X1, X2, X3,... Xn } Of decision variables, P is a (n ¥ n) symmetrical matrix of
constants. A is (mm x n) matrix of constants, B = mx1 matrix and C=1 X n matrix are n-
dimensional vectors’ of coefficients[6].

3. Shaida, Nejmaddin, Advanced ( S. N. Advanced Technique)

(S.N.Advanced) this is one of the new methods that no one has used yet and we are the first to
work on it. Therefore,the name advanced is a change in his work and a way forward and the
latest way to analyze Multi-Objective Optimization Problem.

The different idea of using this function is that the optimal point is different from the others.

4. Approaches for solving MOLPP
4.1. Chandra Sen’s Method
A multi-objective programming is structured and enhanced subject to shared constraints.
The mathematical representation is given as:
Optimize Z= [Max z4, Max z,,...,Max z,,Min z,.4,...,Min z,]

Subject to
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Ax

In this approach, each objective function must be either maximized or minimized independently
using the Simplex method or another technique. This process results in finding the optimal
values for each goal function individually as:

Z optima = {ﬂfl, [z S a:s}
The ideal value of the goal function &, (i = 1,2, ..., 5) may be positive or negative.

These values are combined to create a single goal function by addition (the supreme values) and
deducting (the smallest values) for each outcome, then separating each z; by «a; . The function is

expressed as:

_5r fi _ %= Bi
Max Z = =115 i=r+1) g
Subject to
=
Ax =]b
=
x=0

a; #0 fori=1, 2, s
where, a; is the optimum value of ith goal function.

The resulting single-objective optimization problem is then answered using the Revised simplex
technique, a technique identified as Chandra Sen’s method.

4.2. S. N. Advanced Transformation Approach

A multi-objective optimization problem can be defined as:
Max or Min [z4,24, -, 2]

S.to

Ax{===b,x =0
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Imagine we optimize each objective function separately and acquire the corresponding values:
Max z; = a4

Max z, = a,

Minz,.q = @4y

Min z, = «,

Wherever «; are the values of goal functions.

We need a combination of different decision criteria to represent the best consensus solution.
The identified set of different choice variables can be determined using the following objective
function.

Using our transformation algorithm above, we can gain a single goal function like this:

Max Z = E'[:'_E"l'_Ell$:."+'_5"l'
Qar

Let 0,7 = m=min{m,,mo, ..., m_,m_.4, ..., m_}; Where m; = |a;|,i=1,...,s

Under the same constraints as outlined in (**).

5. Algorithms

5.1 Algorithm for Chandra Sen’s Approach

Step 1: Determine the value of each goal function that needs to be either max. or min.
Step 2: Solve the 1st goal function using Revised simplex technique.

Step 3: Label the optimal value of the 1st objective function z;by a;.

Step 4: Replication step-2 for i=2.3,...,s .
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Step 5: Determine Optimal Z= [Max z,, Max z,,...,Max z,,Min z,..4,...,Min z_].
Step 6: Select Z optima= {ay, @5, -, @ } .
Step 7: Optimize the collective purposes function as:

=i

=
Max Z =27—1— — Zizps1—
i=1 a; i=r+l a;

Below the same restraints by repetition Steps 2 & 3.

5.2 Algorithm for S. N. Advanced Technique

Step 1: Determine the value of individual goal function that needs to be either max. or min.
Step 2: Solve the 1st goal function using RSM.

Step 3: Label the optimal value of the first goal function z, by a;.

Step 4: Replication step-2 for i=2,3,...,s .

Step 5: Choice m=min {m,,m,, ...,M,., M .4, ..., M}, Where m, = |a;| , i=1,..., s

. . 1
Step 6: Choice m=min {m,,m,, ...,m,, M., .., m_}and calculate O,y = 77—
fm

Step 7: Optimize the combined goal function as

r H
1T~ Limpya 5

Max Z = 2=

Below the same restraints by repetition, Steps 2 & 3.
5. Example:
Assume the following Multi-Objective Linear Programming problem:
Max Z1 = 5x1 + 3X2
Max Z; = 9x1 + 5X2
Max Z3 = 3x1 — 4X2
Max Z4 = 3x1 + 2X2
Subject to

X1+ X2 =3
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2X1+ X2 =5

Solution:

1- The given problematic in the revised simplex method for first objective function form may be
expressed by presenting the slack variables s, 2 and s3 as:

Max Z1=5x1 + 3X2

Subject to
X1+X2 =3
2X1+ X2 =5
X1 =2
X1,X2=0
Max Z = 5x1 + 3x2 + 0s1 + 0s2+0s3
s.t. X1+ X2 +S1=3
2X1+X2+S2=5
X1+S3=2
X1,X2,81,52,8=>0
And Z — 5X1-3Xo+0s1+0s+0s3= 0

X1+X2 +51 =3
2X1tX2+ S =5

X1 +83=2
X1,%X2,81,52,53>0

The system of constraint equations may be represented in the following matrix form:
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-Z-
1 -5 =3 0 0 0] |x, 0
0 1 1 1 0 0],|%x_]|3
0 2 1 0 1 0 SI_H
0 1 0 0 0 1] |s; 2
L5

Determine to first table in Revised simplex method (RSM):

No: 10, Vol: 1\December\ 2025

Basic variable Bo Bi1 B2 Bs XB | Xk Ratio
XB/Xk
z 1 0 0 0 0 -5 -
S1 0 1 0 0 3 1 3
S2 0 0 1 0 5 2 2.5
— S3 0 0 0 1 2 1 2¢
-5 -3
7=(1,0,0,0) * ; i = min{-5-3}=-5
1 0
Final table in Revised simplex method (RSM):
Basic variable Bo B1 B2 Bs XB | Xk Ratio
XB/Xk
Z 1 3 0 2 13
X2 0 1 0 -1 1
S2 0 -1 1 -1 0
= X1 0 0 0 1 2
o0 0
Z=(1,3,0,2) * g é = min{2, 3} = 0. It is optimal solution.
1 0
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X1=2,x2=1and Z1=Q1=13

Thus Max Z; =13 at (2,1).

e After discovery the value of apiece of individual goal function by using Revised simplex

method (RSM), the numerical outcomes are given in
Table 1.
Tablel. Numerical results for given example.

I Z; x;(%4,%;) @; 04,
1 13 (2,1) 13 13
2 23 (2,1) 23 23
3 6 (2,,0) 6 6
4 8 (2,1) 8 8

e Applied Chandra Sen’s Approach of this example :
By Sen’s,Ch. Approach, and by Table 1.

n 7, 7,

Max Z=2_, k. _ 2  “k

E"-lm;ﬂ =3
MaxZ=2t+%2_.% _ %
i @z QE Qd.

5xl + 3x2 Sl + bxZ Jxl — 4xl Jax,tix
= 13 + 73 - & - = 2 = 164 xl + 004 x:

Using Sen’s, Ch. Approach, the structure converts,

Max Z = 1.64 x, + 0.04 x,
Subject to
X1+X2=3
2X1+X2 =5
X1=2
X1,X2=0
Solving by Revised simplex method (RSM):

Max Z = 1.64x3 + 0.04x, + 0s; + 0s,+0s3

s.t. X1+ X2 +51=3
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2X1+X2+S2=5
X1+83=2
X1,X2,81,52,8=>0
And Z — 1.64x1-0.04x2+0s1+032+0s3= 0
X1tX2 +81=3
2X1tX2+$2=5
X1 +53=2

X1,X2,51,52,5>0

The system of constraint equations may be represented in the following matrix form:

-
1 —1.64 —0.04 0 0 0] |x4| [oO
0 1 1 1 0 0f,|x|_13
0 2 1 0 1 o| [s4| |5
0 1 0 0 0 1l |[s, 2
_.5'3

Determine to first table in Revised simplex method (RSM):

Basic variable Bo Bi1 B2 Bs XB Xk Ratio a1 a2
XB/Xk
Z 1 0 0 0 0 -1.64 - -1.64 | -0.04
S1 0 1 0 0 3 1 3 1 1
S2 0 0 1 0 5 2 2.5 2 1
— S3 0 0 0 1 2 1 2¢ 1 0
—1.64 —0.04
2=(1000)%| . |= min{-1.64-004) =-1.64
1 0
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Final table in Revised Simplex Method (RSM):

No: 10, Vol: 1\December\ 2025

ai a2
0 0
0 1
0 0
1 0

Basic variable Bo Bi1 B2 Bs XB Xk Ratio
XB/Xk
Z 1 004 O 1.6 3.32
X2 0 1 0 -1 1
S2 0 0 1 -1 0
= X1 0 0 0 1 2
0 0
7=(1,0.04,0,1.6) * g 3 = min{16, 0.04} = 0. It is an optimal solution .
1 0

Max Z optimal = 3.32  at (21)

e Applied S.N.Advanced Technique of this example:
Using the proposed Technique, and by Table 1.
m; =min|a;| wherei=1,...,4 and let @; = m,
m=min {m,m,, My, My}

m=min {13,23,6,8} =6

?:. Z; _ Bxl+ 3x2+49x1 + 5x2+3x1 — 4x2+3x1 + 2x2

Max Z =
DAT &

=3.33x; +x,

Max Z = 3.33 x4 + x,

Subject to
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X1+X2=3
2X1+ X2 =5
X1=2
X1,X2=0
Solving by Revised Simplex Method (RSM):
Max Z = 3.33x1 + X2 + 0s1 + 0s2+0s3
s.t. X1+ X2 +S1=3
2X1+ X2 +S2=5
X1 +53=2
X1,X2,81,52,8=>0
And Z — 3.33x1 - X2+0s1+0s2+0s3= 0
X1+X2 +51=3
2X1+X2+$2=5
X1 +53=2
X1,X2,81,82,8=>0

The system of constraint equations may be represented in the following matrix form:

7

1 —-333 —1 0 0 0] |x4| [0

0 1 1 1 0 0f,|x|_|3

0 2 1 0 1 o| |si| |5

0 1 0 0 o0 1l |[s. 2
L5
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Determine to first table in Revised Simplex Method (RSM):

No: 10, Vol: 1\December\ 2025

Basic variable Bo B B2 Bs XB Xk Ratio a1 a2
XB/Xk
Z 1 0 0 0 0 -3.33 - -3.33 -1
S1 0 1 0 0 3 1 3 1 1
S2 0 0 1 0 5 2 2.5 2 1
— S3 0 0 0 1 2 1 2¢ 1 0
—333 -1
z=(1000)* 5 1 |= min{-333-1}=-333
1 0
Final table in Revised Simplex Method (RSM):
Basic variable Bo B B> Bs XB Xk Ratio ar | a
XB/Xk
Z 1 1 0 2.33 7.66 0 0
X2 0 1 0 -1 1 0 1
S2 0 -1 1 -1 0 0 0
= X1 0 0 0 1 2 1 0
0 0
2=(1,1,0233) | o |= min{2.33,1} = 0. itis an optimal solution.
1 0

Max Z optimat = 7.66 at (2,1)
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6. Results:

In this study that we are working on and as much as we have researched, Because the path to
analyzing reservations is very long, we have only emphasized one multi-example, including the
oldest and the latest the path in my name is (S.N.Advanced Technique ). If we look closely, both
approaches become optimal at the same point, but the difference is in the maximum price.

We got very good results with a very clear and beautiful difference between them.

As shown in Table 2 below.

7. Results comparison between Chandra Sen’s Techniques and S.N.Advanced
Technique

Table 2.
Example Chandra Sen’s Techniques S.N.Advanced Technique
Z opt. = 3.33 Z opt. = 7.66
Example X1 =2 X1 =2
X2=1 X2=1

8. Conclusion:

The study revealed that the results from the numerical examples were identical for both
the traditional Chandra Sen Techniques and the S.N. Advanced Techniques, as shown in Table 2.
However, the results from the S.N. Advanced Techniques were achieved in less time compared
to the traditional methods. Therefore, we conclude that the S.N. Advanced Techniques are more
efficient for application.
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Abstract

This paper studies the fourth Hankel determinaf for a subclass of analytic functions, denoted
by N(z, i, ) , defined via athir-order differential subordination involving an exponential

function. Sharp coefficient bounds for lanl, where n = 2, ...,7 , are obtained, and an upper bound
for the fourth Hankel determinant H,(1) is established, contributing to the theary of geometric
function classes.

Keywords: Superordination, Hankel determinant, A Schwarz function, Chebyshev polynomials,
Analytic function.

1. Introduction

Let p denote the class of analytic functions p , normalize by
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@) =1+cqgz+ ez + ez + - (1)
and satisfying the condition Re{z(z)} = 0 inD

It is well known (see [2,3,4,19,24]) that if (=) € P, then there exists a Schwarz function

w#(z), analytic in such that «+(0) = 0 and |w(z)| < 1, with

_ 1+ w(z)

1— awr(z)

#(z) (z € D).

Recently, Mendiratta et al. [15] introduced the following subclass of analytic functions

associated with exponential function. Earlions
Ma and Minda [14] defined subclass of starlike and convex functions using t principle of

subordination. Inparticnlar, they introduce for the

zf'(2)
f(2)

S*E-inrj:{fEA: < @), zeu}

and

zfl'l' [:Z:]
f(z)

Mendiratta et al. [15] father introduced the class ors

zf(2)
f(z)

While the associated class

Zf”(Zj . .
) < e®, € U}. (3)

G*(¢j={f€ﬁl:1+ <a(z), z€ u}.

5:={fEJﬁl: < e®, zEU}. (2)

G:Z{fEﬂ:l-F

Was introduced by using an Alexander type relation [13]

These classes are known to de symmetric with respect do the real axis

a’n ﬂ":'2+1 rx’:va+|'.3—1
(7} [ 7 NP L
Hq (ﬂj — ni+1 n-I-E; ni+r.r , (al — ]_]_ [4]
l:x’;'2+|:]—1 lﬂ";‘2+|:] an+2q—2
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The Hankel determinant plays a significant role in the theory of singularities [10] in the analysis
of power series with integer coefficients [7,17] several estimates of H, (n) have been obtained
for various sub classes of univalent and bi-univalen function. The case H,(1) = a; — a3 is the
classic Fekete—szego functional while H,(2) = a,a, — a3 has been studied for bi— starlike and
bi — convex functions ([3,45,62]). Krisha [13] provided asharp esti for the Bazileric class. More
recently, Srivastavaetal. [21],obtained bounds for H,(2) in the class of bi-univalent functions
involving symmetric g-derivative[23], the authors investigated Hankel and Toeplitz
determinants in subfamilies of g-starlike functions associated with conic domain( see also
[6,16,22]).

For functions of form (1), the third Hankel determinant is given as:

H,(1) = —azai + 2a,aza, — a3 + aja; — ai.

Interesting results on H; (1) were established by Babalola [5], motivating further investigations.
The fourth Hankel determinant has also been studied in for a certain subclass of starlike and
convex functions [20]. In this direction, we introduced a new subclasses of analytic functions
using third-order differential subordination involving the exponential function and derive sharp

bounds for the fourth Hankel determinant H,( 1) for functions in this class.

2-Preliminaries
The definitions and lemmas presented below will be used to establish the main results work .

Definition2.1: [20] Let f be a function f of the form (1) .The fourth Hankel determinant of f is
defined as:

1 dq e dy

Ly
H,(1) = 0, a, a; a| - —a,t; +at, — agt; +a, i, (5) Where the

dy g a’ﬁ Iﬂ’_."'

coefficients ti are defined by:

I, = la,llasa, — ail + lagllasa; — asac] — lagllaza; — ail,

l£,| = lasa; — aZl — la,llaza; — azaz| + lagllaza; — ail, (6)
1t3] = laza, — ayag] + la,lla,a, — azag| —layllaza, — ajl,

I, = laglla,a, — a3l — laglla, — a,a;| + laclla; — a3l.
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The Chebyshev polynomials of the first and second kind are defined on the interral (—1,1) for a
real variable x an foiiows:
T, (x) = cos(n arccos x)

and

UL (x) = sin[(n+ 1)arccosx] _ sin[(n+ 1)arccos x]

r

sin(arccos x) V1— xZ

Now, consider the function

1 1
H(t,z) =———,t E (—, 1),z 1.
1— 2t + =2 2

Itis well —known thatift = cosa, a € (DE) then
= sin n+1)a
H(t’zj = 1+ZMZH
— sin a
=1+ 2cosaz+ (3cos?a —sin®a)z? + (8cos®a — 4cosa)z?®+ -,z € U,

that is

" 1
H(t,2) = 1+ Uy (0) 2+ Uy (D22 + Uy ()23 + U, (Dz* + -, t € (E’ 1),2 cv

where

sin|{(n + 1)arccost
u,(t) = L L ],nem,
Vi1 —t*

are the Chebyshev polynomials of the second kind . There polynomials satisfy the recurrence

relation:
'Un+1(t:] = EtUn (tj - Un—:(tj-

specifically
U,(t) = 2t, U, (t) = 4t* — 1,,U5(t) = 8t® — 4t, (for each n € W),

Mendiratta et al. [79] discussed the subclass 5; of analytic functions associated with exponential

function.
Lemmaz2. 1: [15] If function f € 5; is of the form (2}, then

a"" —_— 3 ] ﬂ- —_— ¥ a’ —_— ¥ ﬂ- —_— ¥
& 3 4 4 EE 5
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where 57 denote the class of analytic functions to third Hankel determinant.

Lemma2. 2: [20] If the function f € 5 and of the form (1), then

|a2| =1 |a3| = E’ |a4| = l’lﬂ’El = i:lael =, |ﬂ1';r| gﬂ_
4 18 96 600 3600
Lemmaz2. 3: [20] If the function f € G} and of the form (1), then
343

1 3 1
|ﬂ.',2| = _plagl = _;lﬂrql =—, |ﬂ,5| =

p— |ﬂ'5| =
2 12 72 430

—la;l £ —.
3 600 3600
Here, we discuss a new subclass of analytic functions using the subordination.

Lemma 2.4: [11] If P be aclass of all analytic functions ¢(z) of the form:
p(z) =1+ X5, 2" (7)

with p(0)=1 and Re{ p(z)}= 0 for all z€ U. Then |p,| < 2, for every (n =1,2,3,...).This
disparity is sharp for each n
Definition 2.2: A function f € 4 given by (1) is said to be in the class N'(a,u,e) if the

following condition holds:

éfE:—szr(1—ﬁ]f'&]+2ﬂf”(zj+22f'“[z} <L(ez), (8

where u=0,& € C\ {0}and
" 1
Llez) = 1+ U,(0) z+ U, (D22 + Uy ()22 + U, ()2 ++,  e€ (E’ 1),2 .

The main findings of our current inquiry will now be stated and proven.
We begin here by finding the estimates on the coefficients|a, | and n = 2,3,4,5,6,7, for functions
in the class &' (a, u, €).

Theorem 1: Let f be a function of the form
F@=2+) az", (zew)

And suppose that f belongs to class M (a, p, €)

A Then the follow sharp coefficient bounds hold:
36 108
— lag| € ———a
21 + 40p

la,| <

12
ﬂ,laali_fxrla@l{‘—:
3 —2u 7
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216 1044
—a,la;| £ ———a,
43 + 168u
where p=0and @ € C\ {0}.
Proof: A ssum that f € M (a,p, e),then there exists an analytic function E defined in the

following subordination relation holds:

; f_(z-—zhzil—mf”(zﬂszf”(z) = £(,E(2)).

Where L(e,z) =1 +u,(t)z +u,(t)z? +- ... is generating function involving chebysher
polnomiais of the second by the principle of subordination, there exists a Schwarz function E(z)

, given by

E(z) =Z p,z", z€U,
n=1

1+E(=)

Such that the function B(z) = R

Has the power series expansion
B(z) =1+ 2pz+2(py +p{)z> + 2[ps + p1(2 p, + p{)]Z°
+2[py + 07 + i (B, +p7) +2 py pa]2*
+2[ps + 2 p2 (25 +207) + 3p,(pyps + P2) + (p, (204 + p1))]2°
+2[p, +pi (403 +pi) + p{(3p, + 5p,p8) + 2py(ps + 3p,p3) + 07
+ 07 (py + 6p{) + 2 Py Pyl 2°
+ (9)
Now ,Since f is the stranded class A4, We Can expand the left-hand side of operator as follows:

11f(2)

LD - wr @+ )
1 "
=—[1+(3—-2pa,z+7az* + (13 + 12p)a,z? + (21 + 40p)az*
a

+ (314 90u)a,z® + (43 + 168u)a,z®
+ -1 (10)

comparing the coefficients of z™ form the two expansion (9)and(10), we obtain
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1

—((3-2Wa,) =2p,,

[

1 .

E (?aaj = 2[ P + Pf:]r

1 i

- (13 +12p)ay) = 2[py + P (22, + pE)],

1 ., ,

- (21 +40p)a;) =2[py+ v +Pi(3p, + 1) + 20y P4,

= ((31+90m)a,) = 2[ ps + 2 2, ( 2y + 20) + 314 (psps +22) + (22 (204 + 7))

é ((43 + 168p)a,)

=2[p, + i (4 ps +03) + P (3p, + 5p,p) + 2p, (v + 3p,p) + 3
+pi(p, + 6p7) + 2 p, pol.

Now, by applying the standard bound |p, | = 1 for Schwarz function and applying Lemma 4, we

obtain
la,| = : (11)
dq| = ——————u,
T (E3-2p
12
lagl € —a, (12)
7
la,| < 36 13
=13 112 ™ (13)
la.| < 108 14
=21 1400 “ (14)
ol < 216 s
P! =31 190 “ (15)
1044
la,| € ————a. (16)
43 + 168u

This complete the proof. o

In the following theorem, estimates on |H,(1)| are determined for
fenN(a,ue).

Theorem 2: Let f be a function of the form
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f@=2+) az", (zev)

And suppose that f belongs to class (&, i, €) . then the following estivate for the fourth Hankel
determinant H,(1) holds:

|H,(1)]
- —111974(2p — 3)(90u + 31)(40p + 21)a*L, (5, u) + 139968(90u + 31)(12u + 13)*a*L,(5,u)
- L(&,w)
93312(12p+ 13)*(40u + 21)*a®L,(6,u) + 672(90u+ 31)*a’L (6, u)
L(&,u) !

where
L(6,u)=49(12u+13)*(2u— 3)*(90u + 31)(40u + 21)3

L,(8,u) =5529600u° — 6289920u° — 7939584u° + 3821168y + 19330358 + 13831923
+ 2364054,

L,(8,u) = 12441600au® + (7822080 — 141120)u* + (2282496a — 4407648) .5
4+ (—9231232a + 936684)u> + (—7799688a + 7738668)u — 1318212a
+ 1874691,

L,(8,u) = (2073600a + 967680)u° + (5760a — 2203488)u* + (3538848a — 405048) 7
+ (1919952a + 2910348)u” + (—908008a — 744282)u — 163380a — 257985,

L,(6,u) = —7776u* + (46080a + 21600)° + (52896a — 13500)u® + (2216a— 324)u
—1092a — 2673.

Proof: Let f be a function of the form
F@=2+) az", (zew)

And suppose that f belongs to class V' (a, u, &)
By Deficient (2,1) the fourth Hankel determinant H,(1) is given by
|H, ()] = la,t, — agt; +ast, — astyl,

Where the coefficients £, £, £3, £, are defined by

|’f1| = |ag||a4a5 - a§| + |a3||a3a5 - a,4a,5| - |a4||a3 ag — ﬂil:
l£,| = laya, — aZl — la,llaza; — azaz| + lagllagas — aZl,
I = laja, — azaz| + la,lla,a, — aza:| —laglla,a, — ajl,
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I, = laglla,a, — a3l — lagllay, — a,a;] + laglla; — a3l.

Inserting (11) — (16)in (7), we get

31104a"L, (Eu)

EAES TR Gw (17)
It,] = W (18)
R (19)
] = —ECs (20)

where

R,(6,uw) = 43(2u—3)(90u + 31)(40u + 21)*(12u + 13)3,
R,(8,u) =49(90u+31)(2u —3)(12u+ 13)*(40u+ 21)%,
Ry(6,u) = 49(90u+ 31)(40p + 21)(2u—3)*(12u + 13)7,
R,(8,u) =7(40u+ 21)(2u— 3)*(12u+ 13)°.

Using (17) - (20} in (5), we get

|H,(1)]
- —111974(2p — 3)(90u + 31)(40u + 21)a*L, (8, w) + 139968(90u + 31)(12u + 13)*a*L,(5,u)
- L(&,u)
93312(12p + 13)*(40u + 21)?a®L,(5,u) + 672(90u+ 31)*a’L (5, u)
L(&8,u) !

where

L,(8,u) =5529600u° — 6289920u° — 7939584u* + 3821168y + 19330358x” + 13831923
+ 2364054,

L,(8,u) = 12441600au® + (7822080 — 141120)u* + (2282496a — 4407648)1°
4+ (—9231232a + 936684)u> + (—7799688a + 7738668)u — 1318212a
+ 1874691,

L.(8,u) = (2073600a + 967680)u° + (5760a — 2203488)u* + (3538848a — 405048) 3
+ (1919952a + 2910348) 4 + (—908008a — 744282)u — 163380a — 257985,

L,(6,u) = —7776u* + (46080a + 21600)® + (52896a — 13500)u + (22160 — 324)u —
1092a — 2673.

O
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In case = = 0, we get the following Corollary.

Corollary 1: If function £ of form (1) belongs to the subclass M (e, i, €), then

- B25676789240 s 3869374792502 3 259842 .
|H,(1)] =~ — a* + a® +——a’.
911067339 4415172489 430024727

In case @ = 1 and u = 0, we get the following Corollary.

Corollary 2: If function f of form (1) belongs to the subclass V' (a, i, &), then

|H,(1)| <~ —29.89227843,

By applying Lemma 1 and using la;l, |a-| from Theorem 2 in fourth Hankel determinant (7, the

following theorem emerges:
Theorem 3: let the function f € N (a,u, €) be of the form

F@=2+) az", (zew)

Then , the fourth Hankel determinant satisfies the inequality
|H (1] = =7, (6,1w) +Y,(8,u) —Y3(8u) +Y,(6,u),

Where the farms are defined by:

2533a 1271447 —60a 229
— . Y,(6u) =—60= — )
24(31 + 90u) 1679616 2 31 + 90u 1728

Y,(6u) =

81648a* 6115a —19343x
= r "\1"'4(5"".1".:] =
(31 + 90u)?  24(31 + 90u) 36(43 + 168u)

Y,(8,1u) = 81648 =

Proof: Let f € N(a,u €). Then the fourth Hankel determinant can be rewrite as:

|H4(1]| = —auty +agt; —agt; + aty,

where

1t,| = la,llaya, — aZl + lagllaga, — asaz] —layllazas — ail,
1t,] = lasag —ail — lasllaza, —asagl+ lasllazas —agl,
t3l = lazag — asasl + layllaza, — azas| —layllaza, — ail,
lt,] = lasllaya, — a3l —lasllay — ajas] + laglla; — a3l

By applying Lemma 1 and using |a|, |a-| from Theorem 2 in fourth Hankel determinant (7), we

get
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|’f1| = |ﬂ,2||ﬂ,4ﬂ,6 - ﬂ§| + |ﬂ3||ﬂr3ﬂr5 - ﬂ-4ﬂ-5| - |ﬂ,4||a‘,3ﬂ.5 - ﬂil,
447 74791
|'f1| = - L) [21]
2(31 + 90u) 46656
|’fg| = |a4a5 - fl§| - |ag||a3a5 - a4a5| + |f13| |a3a5 - ﬂil’
—60a 229
|'f2| = - L) [22]
31 + 90w 1723
|’f3| = |‘13‘15 - ‘14‘15| + |“2”“2% - a3a5| - |‘14||‘12‘14 - a§|,
378ax 6115
|'f3| = - » [23]
31 + 90u 5134
12| = laglla,a, — a3l — lasllay — aya;l + laglla; — a3l,
667
£, = ———:. 24
£l 1296 (24)

Inserting values (21) — (24) in (5), we obtain
|H (1] = =7, (6,1w) +Y,(8,u) —Y3(8u) +Y,(6,u),

where
2533 1271447 —60¢ 229
Y‘l[ﬁ,ﬂ-:] = — . 'T,_‘(E’u] = —&0 = — ,
24(31 + 90u) 1679616 . 31 + 90u 1728
81648’ 6115 —19343x
Y,(6,u) = 81648 = Y. (6u) =

(31 + 90u)? 24(31 + 90w)’ 36(43 + 168u)
In case u = 0, we get the following Corollary.
Corollary 3: If function f of form (1) belongs to the subclass V' (a, i, &), then

|Hy (1) = —0,(8,u) + 8,(6,u) —05(5,u) + 0,(d,u),

where
2533 1271447 60 229
0,(6,u) = = L e(fu) = — 2222
744 1679616 = 31 1728
81648a’ 6115¢ 19343
0;(8,u) = - s 0,(6u) = ———.
961 744 1548

In case @ = 1 and u = 0, we get the following Corollary.
Corollary 4: If function f of form (1) belongs to the subclass V' (a, i, &), then

|H,(1)| <~ —93.95348065.
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Abstract

Al as a 4.0 industrial revolution is increasingly bringing smart solutions to humans.
Al brings benefits in terms of reduced energy consumption, induced cost-effectiveness,
reduced operational risks, and increased performance matrices. The review will elaborate on
how Al is revolutionizing various industries, including food, drug discovery, e-commerce,
and chemical industries, by offering smart solutions. Resulting in reduced energy
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consumption, enhanced cost-effectiveness, mitigated operational risks, and improved
performance metrics. Additionally, the results section will also elaborate on Al applications
extended beyond these major sectors into numerous others, such as cosmetics, tourism,
automobile, mechanical, environmental management, gaming, textile, entertainment, and
enzymatic design industries. The integration of Al facilitates efficient structuring,
administration, design, productivity, manufacturing, promotion, and accessibility of industrial
products. However, its utilization remains under-regulated and predominantly limited to
modernized economies, necessitating broader integration across small-scale, medium-scale,
and large-scale industries in both developing and developed countries. Collaboration among
academics, researchers, industrialists, economists, administrative personnel, technologists,
and environmentalists is crucial to foster a more sustainable, energy-efficient, economically
viable, and safe integration of Al across various industries worldwide.

Keywords:- Artificial Intelligence, Strategic Industries, The Fourth Industrial Revolution,
Economic Factors, Renewable Energy, Alternative Services
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Abstract

The study was conducted in Al-Dour district, located within Salah Al-Din
Governorate. It included various tests and analyses of four water treatment
plants, including microscopic examinations to search for some parasites using a
light microscope. It also included other aspects and tests of some of the
properties of the water from the Al-Dour district water treatment plant. This was
done through tests that were carried out regarding the physical and chemical
properties of the aqueous samples.

The results regarding the examination of the studied samples, both visually
and microscopically, showed the absence of parasites, which is an important
indicator of the quality of water suitable for human use. Other water tests were
also within standard specifications, whether physical or chemical, for the period
from August 2024 to January 2025 , The pH analysis recorded values close
between 7.25 - 8.55, and as for turbidity, it was recorded between 3.29 - 43.5
NTU. The total alkalinity recorded varying results ranging from 156 to 80
mg/L, while the sulfate analysis results recorded values between 87.766 -
57.166 mg/L, while the oxygen concentration recorded values of 3.9 - 6.2, The
analysis of the biological oxygen demand ranged between 0.4-1.5 mg/L, while
the heavy metals had low values, with nitrates recording values between 0.1-2.7
mg/L and iron 0.02-0.13 mg/L.

Keywords: protozoa, parasites, drinking water, water quality.
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Abstract

Jaundice is a natural phenomenon that recurs constantly and then gradually
disappears. A large percentage of newborns suffer from yellowing of the skin and eyes, which
is called neonatal jaundice. This research study was conducted in the laboratory department
of Tikrit Teaching Hospital in Salah al-Din Governorate, as well as in some private
laboratories affiliated with Tikrit city, from March 15, 2025, to September 15, 2025. The
study groups included (60) samples of children aged between (1-7) days and were distributed
into two groups. The first group included 30 blood samples from healthy children, and 30
blood samples from children with jaundice after confirming that they had a bilirubin level of
(15.5-30) mg/dl after conducting tests for the disease and referring them to the doctor. Then,
blood was taken from both groups, and separated by centrifugation, and then the biochemical
parameters were estimated, which included (bilirubin, C-reactive protein-CRP, glucose,
Cholecystokinin-CCK, Potassium-K, Calcium-Ca, Glutathione-GSH, Malondialdehyde-
MDA). The results of the present study showed that significant changes occurred in each of
the studied variables in the blood serum of children with jaundice compared to the healthy
subjects, ata P <0.05.

Keywords: cholecystokinin , biochemical , neonatal jaundice.
Introduction

Neonatal jaundice is one of the common diseases in newborns. It is called neonatal
hyperbilirubinemia, as bilirubin, which is the yellow pigment, accumulates in the
extracellular fluids, in the conjunctival membranes of the eye, and in other membranes. It
usually appears during the first days after birth, as the skin color turns yellow and appears on
the face and sometimes extends to the lower chest (1). It is one of the diseases that causes

concern for doctors and parents, as it causes critical complications for newborns and
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increases the length of their stay in the hospital and the possibility of them being readmitted
to it again (2). Jaundice has many negative effects that require both children and their
families to admit newborns to the hospital or to readmit them again during the first month,
especially in the first week of the newborn’s life. Since maternal and child-related variables
during labor and environmental factors affect the course and severity of neonatal jaundice,
which are related to the perinatal period and are linked to the occurrence of neonatal
hyperbilirubinemia, these factors can be managed and modified (3,4). The bile in the liver
collects in the gallbladder in a greater proportion than necessary, and it often affects
newborns and premature infants born before the 36th week of pregnancy. It results from the
breakdown of red blood cells, especially hemoglobin in the blood, which turns into bile,
called bilirubin (5).

The most important causes of jaundice are high levels of bilirubin resulting from the
breakdown of a large number of red blood cells, blockage of the bile ducts, deficiency in the
representation of liver cells responsible for secreting bilirubin into bile, low levels of the
enzyme G6PD (glucose-6-phosphate dehydrogenase), and infection with the hepatitis C virus
(6).In addition to factors related to the child, such as congenital trauma (birth injury), low
birth weight, birth asphyxia, G6PD deficiency, males being more affected than females,
hyperemia, and sepsis (blood poisoning).Congenital hepatitis (neonatal hepatitis), congenital
diseases, rubella and hypothyroidism, hereditary syndromes, cholestasis syndrome, in
addition to blood group or Rh factor (Rh) incompatibility between mother and child (7,8).
Children with jaundice are accompanied by a group of symptoms such as discoloration of
their bodies and visible mucous membranes, a change in the skin color to yellow, constant
drowsiness, weakness and lethargy, the child’s urine is dark, in addition to the yellowing of
the whites of their eyes, and the child’s stool is light in color. In addition to swelling of their
legs and distension of their abdomen due to fluid accumulation, high fever, and weight loss,
newborns with severe hyperbilirubinemia are at risk of neurological dysfunction when
bilirubin crosses the brain barrier to reach the cerebellum and hypothalamic nuclear bodies. It
causes neurotoxicity through acute programmed cell death, which manifests as acute

encephalopathy leading to cerebral palsy, seizures, and sensorineural hearing loss (9,10).

Sufficient maternal knowledge and early awareness to avoid jaundice and seek health care
are among the most important basic components of effective and correct management in

controlling neonatal jaundice (11). The treatment of jaundice depends on the concentration of
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bilirubin in the blood for the correct diagnosis of hyperbilirubinemia in newborns (12).
Several methods have been used to treat cases of neonatal jaundice among children, including
non-medical and traditional methods that have been circulated and used by many mothers and
grandmothers. It was found that many families use these methods, which consist of giving the
sick newborn water mixed with sugar or cumin, and attaching a piece of gold jewelry or a

garlic plant around the child’s neck. They also use some precious stones and beads (13).

C-reactive protein (CRP) is a diagnostic marker for neonatal jaundice. It is an acute-phase
protein belonging to the Pentraxin family, which is produced at low concentrations by liver
cells and plays a key role in innate and adaptive immunity. This index can be used in
conjunction with WBC as an effective indicator in the diagnosis of pathological jaundice and
early clinical intervention caused by bacterial infection in newborns, which can reduce the
risk of clinical complications in newborns and help in assessing the disease, guiding

treatment, and predicting the desired effectiveness of treatment (14,15).

Cholecystokinin is a peptide hormone responsible for the digestion of fats and proteins.
This hormone is produced by the first section of the small intestine in response to the
presence of partially digested food in the duodenum, causing the gallbladder to contract and
thus secrete bile into the intestine. It is also a neurotransmitter. The main function of the
smooth muscle in the digestive tract is to mix and push the contents and nutrients into the
intestine in a coordinated manner (16). Cholecystokinin acts directly on smooth muscles,
where its effect is always contractile, while the nerve-mediated effect is either contractile or
relaxing, depending on the nature of the nerve impulse responsible for the action of

cholecystokinin (17).

Electrolytes are considered one of the essential elements that are important for prolonging life
and maintaining good human health, as human blood contains 0.9% of various salts, and
these electrolytes enter into the composition of many vital compounds in the body such as
enzymes, hormones and vitamins, or combine with another chemical composition such as
iron in the heme compound or calcium phosphate in the bones (18).In addition, the diffusion
of electrolytes between the fluid inside and outside the cells depends on their ionization into
positive and negative ions, which play an important role in maintaining and controlling
various physiological activities, such as maintaining water balance and its distribution within
the body. It contributes to controlling the level of osmotic pressure and acid balance in the

body, and the rise and fall of its level plays a fundamental role in newborn patients
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(19).Through the increase in some special indicators in neonatal jaundice and the
hyperbilirubinemia in their bodies, the current research aimed to investigate the effect of high
bilirubin on some biochemical and mineral variables in children with neonatal jaundice in the
city of Tikrit.

Material and Methods

Sample Collection

This research study was conducted in the laboratory department of Tikrit Teaching
Hospital in Salah al-Din Governorate and some private laboratories affiliated with Tikrit city
for a period from 3/15/2025 to 9/15/2025. The study groups included (60) samples of
children aged between (1-7) days and were distributed into two groups. The first group
included 30 blood samples from healthy children, and 30 blood samples from children with
jaundice after confirming that they had a bilirubin level of (15.5-30) mg/dl after conducting
tests for the disease and referring them to the doctor. Then, blood was taken from both groups
and separated by a centrifuge, then the biochemical markers were assessed, which included
(bilirubin, CRP, F.B.G, CCK, K, calcium, GSH, MDA).

Estimation of total serum bilirubin

The amount of Total Serum Bilirubin in blood serum was measured by the Sulfanilic Acid

Method using a ready-made kit supplied by the French company BIOLABO.
Estimation of Serum C-reactive protein

C-reactive protein concentration was measured by the AFIAS CRP device. 0.5 ml of blood
serum from each child was placed in the device, which operated according to the
manufacturer's instructions. After providing the patient's personal information, such as name,
gender, and age, 200 pL is automatically drawn from the tube, and the required readings are
completed accurately. The device gives the result within 5 minutes and is automatically
printed and withdrawn on paper.

Estimation of serum glucose level

The serum glucose level of jaundiced children was estimated using the colorimetric enzyme

method and according to the Dingeon method (20).

Estimation of serum levels of (CCK, GSH, MDA)
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The Concentrations of (CCK, GSH, MDA) were determined based on the Fin Test-China Kit.
Statistical analysis

The results were analyzed using SPSS and using the F-test to analyze the results between sick
and healthy children at a probability level of (P<0.05).

Result and Desiccation

Table (1) shows the mean + S.D. of the diagnostic indicators and biochemical parameter in

the two study groups.
Groups Mean + SD
Control NNJ P-Value
Parameter No=30 No=30
TSB (mg/dl) 6.12+1.93 15.81 +4.71 P <0.001
CRP (mg/L) 1.81+ 1.21 4.01+3.19 P <0.001
Glucose (mg/dl) 101.01+29.19 106.01+ 30.13 P <0.001
CCK (Pg/ml) 98.01 + 4.87 215.14 + 17.61 P <0.001
K * (umol/L) 4.43 £ 0.67 3.03+0.87 P <0.001
Ca™* (umol/L) 8.93 + 0.97 951 +1.17 P <0.001
GSH (ng/ml) 10.11+7.31 3.01+0.49 P <0.001
MDA (nmol/ml) 10.51+0.51 18.76 +0.62 P <0.001

The results of the present study showed significant changes in all of the studied variables in
the blood serum of children with jaundice compared to the healthy group at a P < 0.05, as

shown in the following figures:
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Fig (3,4): CKKP and glucose in the blood serum of the samples under study
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Fig (5,6): Ca and K in the blood serum of the samples under study
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Fig (7,8): MDA and GSH in the blood serum of the samples under study

Dissection

Jaundice is caused by an increase in the level of bilirubin in the body due to the
accelerated breakdown of red blood cells, the decreased ability of the liver to deal with
bilirubin, and the increase in enterohepatic circulation (21). The result of high bilirubin levels
in children with jaundice was agree with Suneja et al. (22) and Olatubi (23). The reason for
the increase is that the livers of these children do not produce enough of the enzyme UGT
and the liver is unable to quickly remove bilirubin from the blood due to the appearance of
high levels of IDB in the blood. Exposure to light converts bilirubin into water-soluble
isomers that can be easily eliminated through the digestive system or excreted in urine. In
addition, liver failure leads to its inability to conjugate unbound bilirubin with glucuronic
acid and store it as bound bilirubin in the gallbladder, or sometimes high bilirubin occurs due

to damage and explosion in liver tissue (24,25).

The result of the current study showed a significantly elevated in CRP in G1 compared
control group. C-reactive protein is considered one of the strongest proteins used as a
diagnostic indicator for jaundice, because this protein is produced at a low concentration by
liver cells and plays a fundamental role in immunity. Therefore, it is affected by fungal and
adaptive diseases. Therefore, it is affected by neonatal jaundice and its concentration

increases in the blood, as in other liver enzymes (26, 27).
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Also, the result showed a significant rise in glucose for patients compared to healthy
children. The result of high glucose levels in children with jaundice was consistent with the
result of Volosivska et al (28). The reason for the increase is due to metabolic disturbances
that occur in the glucose concentration in newborns with jaundice, which may be due to
breastfeeding and the infant's inability to maintain balance, or the increase occurs as a result
of the ambiguous interaction process that occurs between weak liver function and hormonal
stress, in addition to therapeutic factors. This increase may represent a compensatory
metabolic response rather than an independent disease symptom, but it may require careful
and continuous monitoring to avoid metabolic complications that may occur in the future
(22).

On the other hand the present study showed increase in CCK hormone in patinates children
compered healthy children, The result of the high level of CCK in children with jaundice was
agree with Al-Hatemi (29).1t is believed that the reason for the rise in the level of the CCK
hormone is due to the fatty acids that are present in high quantities in breast milk, which
ultimately leads to stimulating the cells - located in the lining of the duodenum - to increase
the secretion of the CCK hormone into the bloodstream. Then it moves and binds to the
hormone receptors in the gallbladder, which works to contract the gallbladder and open the
Oddi valve. This leads to the excretion of bilirubin accumulated in the gallbladder into the
intestines and its disposal through the feces. Therefore, most doctors advise increasing the
number of times of breastfeeding for children with jaundice to get rid of the largest amount of

bilirubin concentration through the feces (30).

As for the result of the insignificant difference in the level of minerals, which included
potassium and calcium), the result of the significant decrease in potassium was in agreement
with the results of both Gozetici et al. (31) and Mohamed (32). As for the result of the
insignificant increase in calcium, it was in agreement with the results of both Asl et al. (33)
and Rozario (34). All of the reasons for these fluctuations in electrolyte levels are due to
hyperbilirubinemia in newborns. However, electrolyte levels such as K, Na, and Ca must be
monitored because disturbances in their levels and imbalance in newborns are a cause for
concern and require continuous monitoring (22, 35). Phototherapy used for jaundice can
reduce the concentration of electrolytes in the blood serum, such as Ca, K, and Na (36). This
is because blood electrolyte levels can decrease significantly during phototherapy and are
affected by the duration of exposure to light, as electrolyte imbalance leads to severe and

harmful effects that are short- to long-term (37).
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The result of the low GSH concentration in children with jaundice agrees with Turgut (38);
the reason for the decrease is due to the accumulation of reactive oxygen species, which leads
to a decrease in the level of GSH in newborn children with jaundice. This may also be
because glutathione is found in high concentrations within red blood cells, and their
breakdown and decomposition release glutathione into the bloodstream. This leads to an

increase in its concentration in the serum of children with congenital jaundice.

The reason for the high level of MDA in children with jaundice is attributed to hemolysis in
these children, because hemolysis can be explained by its effect on oxidative stress, as
hemolysis itself leads to an increase in oxidative stress, which leads to an increase in the
concentration of bilirubin. The oxidative effect on membrane lipids may cause an increase in
MDA due to elevated generation of ROS, due to excessive oxidative damage in these
patients. These oxygen species can, in turn, oxidize many other important biomolecules,
including membrane lipids. Elevated MDA concentration in infants with severe G6PD
deficiency reflects oxidative injury due to neonatal hyperbilirubinemia, which may be
attributed to the formation of free radicals that remove hydrogen atoms from lipoproteins,

causing lipid peroxidation, of which MDA is the major product (39).

Conclusion:- In infants with neonatal jaundice, elevated bilirubin is a key symptom. High

levels of the hormone cholecystokinin are also observed in infants with neonatal jaundice.
High bilirubin levels may indicate serious problems, including hemolysis and liver problems.
High levels of C-reactive protein indicate a concurrent infection in patients. As for mineral
levels, normal levels were observed among patients and healthy individuals, while low
glutathione levels increase liver damage due to oxidation, and high levels of malondialdehyde
indicate damage to the liver and other cells as a result of bilirubin accumulation and

oxidation.
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Abstract

This study investigates the antibacterial activity of zinc oxide nanoparticles (ZnO-NPs)
against Acinetobacter baumannii plus Staphylococcus aureus. The well diffusion method was
used to estimate the inhibition zones of different concentrations of ZnO-NPs, as well as
combined with ciprofloxacin and ceftriaxone. The results indicate that high concentrations of
ZnO-NPs alone exhibit strong antibacterial activity and statistically, the p-value is non-
significant, and their combination with antibiotics enhances bacterial inhibition. The mixture
of ZnO-NPs with ciprofloxacin and ceftriaxone significantly enhanced the antibacterial effect
against both Gram-positive and negative bacteria, suggesting a potential strategy for
overcoming antibiotic resistance.

Key words: Antibacterial activity, ZnO Nanoparticles, antibiotic resistance, Gram-
positive bacteria, Gram- negative bacteria

AadAl

3 (ZNO-NPs) Aysilill b3l 2wl cilapad LSl sliadl) Llasl) duljall 028 aliins
well diffusion 4k alaasiul &5 Staphylococcus aureus. s Acinetobacter baumannii b s
Lened die Gl clana 5 45 ) @l 31 auusl Cilagn (1o Adlide ) 38 5 danill (3lalia il method

Al <l 38 5 o ) il s (ceftriaxone). os«Stidws s (ciprofloxacing Gmebes sl s s as
281



Journal of Natural and Applied Sciences URAL No: 10, Vol: 1\December\ 2025

D e (b cilan ) Lalil (pa s ol Sl 13hima U 58 Ui jelas laas s &y il ol 31 Sl cilasn (30
Lsale JS0 @ gl s GpubaS 5 e ge Bl 3l 2] Glapn Ll 500 LS Rysine 1
R glie o il Alaina Fni il 0l yahs e ciiariiondl) LSl (pe JS i L aSull sliadlls 3

,%}#\Q\Jb&d\

Introduction

Nanotechnology plays a critical role in modern material science, with applications
ranging from medicine to industry. Among the various nanoparticles, ZnO-NPs have received
considerable attention due to their stability, low toxicity, and broad-spectrum antimicrobial
properties [1, 2]. The development of antibiotic-resistant bacteria such as Staphylococcus
aureus and Acinetobacter baumannii requires new therapeutic approaches [3]. This study
aims to evaluate the antibacterial activity of ZnO-NPs alone and in a mixture with
ciprofloxacin and ceftriaxone. ZnO-NPs have unique properties, including a high surface
area-to-volume ratio, which improves their interaction with bacterial cells [4, 5]. Previous
research has demonstrated that ZnO-NPs can disturb bacterial membranes, generate reactive
oxygen species (ROS), and interfere with essential cellular processes [6]. The growing
prevalence of multidrug-resistant (MDR) bacteria highlights the urgent need for novel
antimicrobial strategies. In this paper, we will study the antibacterial activity of
concentrations of zinc oxide nanoparticles against Acinetobacter baumannii and
Staphylococcus aureus bacteria, also Combine the antibiotic with concentrations of zinc
oxide nanoparticles and study antibacterial activity against Acinetobacter baumannii and
Staphylococcus aureus bacteria.

Materials and Methods

Preparation of Culture Media: Muller-Hinton agar was used for bacterial culturing. The
medium was prepared and sterilized using an autoclave at 121°C for 15 minutes. The bacteria
used in this study were clinical isolates of Acinetobacter baumannii and Staphylococcus
aureus obtained from hospital samples.

Well Diffusion Method: Sterile cotton swabs were used to inoculate bacterial cultures
onto agar plates. Wells of 6-8 mm diameter were created and filled with different
concentrations of ZnO-NPs [5, 2.5, 1.25, 0.625, 0.313, 0.156, 0.078, and 0.039 mg/ml]. Plates
were incubated at 37°C for 24 hours, and inhibition zones were measured. The antibacterial
effect of nanoparticles was achieved by well diffusion method. The steps of this work were
achieved all inside the fume hood, dipping a sterile cotton swab into the standardized
bacterial suspension and removing excess inoculum by lightly pressing the swab against the
tube wall at a level above that of the liquid, then Muller-Hinton Agar plate surface is
inoculated by streaking with the swab then a hole with a diameter of 6 to 8 mm is punched
aseptically with a sterile cork, containing the inoculum. A volume (75uL) of the ZnO
solution at different concentrations, [ 5, 2.5, 1.25, 0.625, 0.313, 0.156, 0.078, 0.039 mg/ml] is
introduced into the well, incubated for 18 to 24 hours at 370C. The growth of bacteria was
well observed and the nanoparticles effect on the growth of bacteria was tested by observing
the inhibition zone, which means growth stops and is measured by the ruler.

Results and Discussion
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Inhibition Zone of ZnO-NP against bacteria: According to Table 1 the comparison
between the inhibition zone diameter of different concentrations of Zinc oxide against
Acinetobacter baumannii and Staphylococcus aureus, the current result showed that the
increasing concentrations of zinc oxide lead to an increase the inhibition zone for both types
of bacteria, and statistically, the p-value is non-significant p>0.05. Figure 1 shows a linear
relationship between them.

Table 1: Comparison of zone diameter of different concentration of Zinc oxide against

No: 10, Vol: 1\December\ 2025

bacteria
Zinc Conc. Acinetobacter baumannii | Staphylococcus aureus
(mg/ml)
mean+SD mean+SD
5.0 15.04+1.46 15.07+1.55
25 12.75+2.03 13.43+1.77
1.25 9.21+1.87 10.59+2.49
0.625 8.0+1.0 8.5+1.61
0.313 0.0+0.0 0.0+0.0
0.156 0.0+0.0 0.0+0.0
0.0781 0.0+0.0 0.0+0.0
0.039 0.0+0.0 0.0+0.0
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Figure 1: The linear relationship between zinc oxide and the zone of inhibition

ZnO Conc. (mg/ml)
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The curve accurately represents the inhibition zones for Acinetobacter baumannii and
Staphylococcus aureus, showing a plateau at higher concentrations.

By using well diffusion method, the present study suggested that ZnO-NPs had high
antibacterial activity against both Gram-positive and Gram-negative bacteria, and this method
is suitable for detecting the antibacterial activity of ZnO-NPs against Acinetobacter
baumannii and Staphylococcus aureus bacteria. ZnO-NPs have a high activity against
bacteria and this is found in many published researches [7, 8].

This study found that in the high concentrations of ZnO-NP, the inhibition zone is large,
which mean that particle size and concentration of ZnO-NPs play an important role in the
antibacterial activity [9]. ZnO-NPs antibacterial activity directly correlates with their
concentration was reported by several studies, likewise, the activity is size dependent,
however, this dependency is also influenced by the concentration of NPs. Larger surface area
and higher concentration are accountable for ZnO-NP antibacterial activity[10].e It has been
explaining that larger surface areas and higher concentrations of smaller particles may
provide additional antibacterial activity and that is accordance with the results obtained[11].
It’s also shown that the inhibition of Gram-negative bacteria requires higher concentrations of
ZnO NPs [12]. This is likely because the peptidoglycan layer that surrounds Gram-positive
bacteria can promote ZnO attack inside the cell, while the cell wall components of Gram-
negative bacteria, such as lipopolysaccharides, can counter this attack. It’s found that the
concentration of zinc oxide has no effect in the inhibition region on bacteria, and this differs
with the current results obtained [13]. Also, the small size (<100 nm) and the high surface-
to-volume ratio of NPs facilitate the prerequisite interaction with the microorganisms. The
antimicrobial activity of NPs such as ZnO is usually attributed to its crystal structure, size,
shape, and surface area [14, 15, 16, 17].

Combination with Antibiotics: ZnO-NPs were combined with ciprofloxacin and ceftriaxone
at 5 mg/ml and 2.5 mg/ml concentrations. The well diffusion method was applied to
determine the enhancement in antibacterial activity.

Inhibition Zone of ZnO-NP mixed ciprofloxacin against bacteria: Tables (2) and (3) showed
a comparison of the inhibition zone diameter of each of Acinetobacter baumannii and
Staphylococcus aureus bacteria after treatment with different concentrations of mixture of
Zinc oxide with ciprofloxacin [5.0 mg/ml and 2.5 mg/ml] respectively. Results are similar to
sensitivity to pure ZnO as increasing concentrations of ZnO mixture with ciprofloxacin [5.0
mg/ml and 2.5 mg/ml] lead to an increase in the inhibition zone for both types of bacteria but
with a significant increase in inhibition zone area compared to the pure ZnO.
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Table 2 Comparison of zone diameter of different concentration of mixture of Zinc
oxide in combination with ciprofloxacin 5.0 mg/ml between the bacteria.

Zinc Conc. Acinetobacter baumannii | Staphylococcus aureus

(mg/ml) meanzSD meanxSD
5.0 27.63+1.44 27.37+2.14

2.5 25.96+2.48 26.07+2.42
1.25 24.08+2.55 24.03+3.01
0.625 20.67+2.79 21.77+3.29
0.313 18.13+3.19 18.6+4.12
0.156 15.25+2.57 17.03+4.34
0.0781 13.92+2.96 15.07+4.61
0.039 12.71+3.24 13.53+4.63

Table 3: Comparison of zone diameter of different concentration of mixture of Zinc
oxide in combination with ciprofloxacin 2.5 mg/ml between the bacteria.

Zinc Conc. Acinetobacter baumannii | Staphylococcus aureus

(mg/ml) meanxSD mean+SD
5.0 25.29+2.12 24.63+2.55

2.5 23.5+2.9 23.6+2.8
1.25 20.92+4.2 20.97+3.25
0.625 18.21+3.95 18.27+3.92
0.313 16.23+3.09 15.34+3.71
0.156 13.65+2.74 13.46+3.58
0.0781 10.69+3.25 11.55+2.84
0.039 10.0+1.6 10.44+2.5

Antibiotics were found to be a valuable weapon to combat bacterial infection, but their
popularity had also become their undoing. Although the drugs crippled harmful microbes
from within, bacteria that survived such sabotage developed resistance that made them even
more dangerous [18].

Drug resistance developed in part because conventional antibiotics such as ciprofloxacin did

not physically damage a microbe’s cell wall. Instead, entered the target less disruptively and
moved on to disrupt the DNA within block cell division or, trigger cellular self-destruction
[19].

Strains that survived this assault, however, could evolve to defend themselves against future
attacks, opening the door for deadlier versions of bacteria such as methicillin-resistant
Staphylococcus aureus (MRSA) [19], to counter this, we have to develop to supplement pure
antibiotics by destroying outer protective membranes of bacteria, ensuring that their
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morphing days are through, this is done by combining nanoparticles with antibiotics as in
ZnO NPs-CIP in the present study.

Many studies have shown that metal nanoparticles combined with antibiotics have better
effects against both Gram- positive and Gram-negative bacteria [20, 21, 22]. So, combining
ciprofloxacin with nanoparticles of zinc oxide will improve efficiency against bacteria, and
this has been proven by the present study results that when combining nanoparticles of zinc
oxide with ciprofloxacin, obtained a greater inhibition zone than zinc oxide or ciprofloxacin
alone. Where it raised for ciprofloxacin (5 mg/ml) from 11.86 (mm) and 12.77 (mm) to
27.63(mm) and 27.37(mm) for Acinetobacter baumannii and Staphylococcus aureus
respectively, and raised for ciprofloxacin (2.5 mg/ml) from 11.0(mm) and 12.3(mm) to
25.29(mm) and 24.63(mm) for Acinetobacter baumannii and Staphylococcus aureus
respectively. These results are in line with previous research, where they confirmed that the
efficiency of the antibacterial activity of ciprofloxacin increases in the presence of ZnO-NPs
[23, 24, 25, 26, 27]. In a related development, previous research [28] has shown that adding
nanoparticles can reduce the antibacterial activity of antibiotics.

The explanation was mentioned previously that increasing the concentration leads to
increases the anti-bacterial activity and thus increases the inhibition zone and increases the
sensitivity to the bacteria and it is agreed with another research [29].

A previous research, suggested the increased antibacterial activity of ciprofloxacin in the
presence of ZnO-NPs may be due to membrane damage and accumulation of antibacterial
agents in the cells [30].

The exact mechanism of antibacterial action of ZnO-NPs with antibiotics has not yet been
elucidated. It has been suggested the synergistic activity between conventional antibiotics and
NPs due to inhibition of the export of antibacterial agents by blocking efflux pumps or by
enhancing the entrance of antibiotics into the cell by disrupting the bacterial membrane [31].
Previous studies concluded that ZnO-NPs may induce genotoxicity indirectly by promoting
oxidative stress or by directly passing through the cellular membrane and interacting with the
DNA to damage all four bases or producing thymine—tyrosine cross-linking [32].

Other authors [33] proposed an explanation for the increased activity of ciprofloxacin in the
presence of ZnO nanoparticles against S. aureus that ZnO nanoparticles may interfere with
the pumping activity of Nor A protein by inducing faster electron transfer kinetics in its
active site. This protein mediates the active efflux of hydrophilic fluoroquinolones from the
bacterial cell providing resistance to the bacterium and this led to the inhibition of the
antibacterial activity of ciprofloxacin. Interference with NorA protein restores ciprofloxacin
action.

Others explained that ZnO-NP damaged the cell membrane through reactive oxygen species
(ROS) generation with free electrons and holes in the presence of light, which assisted
ciprofloxacin to enter into the cell and, thereby, inhibit bacterial growth [23].

Inhibition Zone of ZnO-NP mixed ceftriaxone against bacteria: Tables (4) and (5) show a
comparison of the diameter of the inhibition zone of Acinetobacter baumannii and
Staphylococcus aureus after treatment with a different concentration of zinc oxide mixed
with ceftriaxone (5.0 mg/ml and 2.5 mg/ml), respectively. The results are similar to pure ZnO
and ZnO combined with ciprofloxacin. Increasing concentrations of ZnO mixed with
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ceftriaxone (5.0 mg/ml and 2.5 mg/ml) increase the inhibition zone of both types of bacteria
but with a remarkable increase in the area of the inhibition zone compared to the pure ZnO.

Table 4: Comparison of zone diameter of different concentration of mixture of Zinc
oxide in combination with ceftriaxone 5.0 mg/ml between the Bacteria.

Zinc Conc. Acinetobacter baumannii | Staphylococcus aureus
(mg/ml) meanxSD meanxSD
5.0 27.87+1.87 27.77+1.66
2.5 26.26+2.61 26.42+2.04
1.25 24.52+3.07 24.54+2.58
0.625 22.04+4.13 21.77+3.0
0.313 18.96+4.47 19.5+3.5
0.156 16.74+4.29 17.77+4.03
0.0781 15.13+4.32 15.31+3.92
0.039 14.39+4.27 14.0+4.54

Table 5: Comparison of zone diameter of different concentration of mixture of Zinc
oxide in combination with ceftriaxone 2.5 mg/ml between the Bacteria

Zinc Conc. Acinetobacter baumannii | Staphylococcus aureus
(mg/ml) meanSD meanSD
5.0 25.21+1.53 25.1+1.54
2.5 23.25+2.52 22.97+2.31
1.25 20.96+3.18 20.27+3.11
0.625 17.75+3.27 17.67+3.24
0.313 14.46+3.48 15.47+3.0
0.156 12.0+3.13 12.33+2.58
0.0781 11.2+3.03 10.17+2.04
0.039 9.73+1.56 8.85+1.5

Obtain a large inhibition zone of Ceftriaxone approximately or slightly higher than that
obtained in combining nanoscale ZnO with ciprofloxacin as it reaches 27.87 (mm) and
27.77(mm) for Acinetobacter baumannii and Staphylococcus aureus at 5 mg/ml of
Ceftriaxone combined with ZnO-NPs and reaches to 25.21 (mm) and 25.1(mm) for
Acinetobacter baumannii and Staphylococcus aureus at 2.5 mg/ml of ceftriaxone combined
with ZnO-NPs.

These results are compatible with previous results [34] showed that the antibacterial effect of
ceftriaxone increased significantly when used in combination with ZnO nanoparticles. While
other results showed that the combination of ZnO-NPs and ceftriaxone has no effect on gram-
positive and explained the reason for this due to either to decrease in particle size or to low
concentration of those compounds [35].
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It demonstrated that ZnO with ceftriaxone achieves obvious synergistic antibacterial effects
against E. coli. Meanwhile, ceftriaxone-ZnO has higher antibacterial activity under UV
activation, compared to pure ceftriaxone or ZnO [36].

Previous studies have shown that combining nanoparticles with ceftriaxone improves
antibacterial activity where [37] elucidated that ceftriaxone combined with AuNP was highly
effective against bacterial strains compared to ceftriaxone and AuNP alone. [38] Illustrate,
ceftriaxone—nanoparticle conjugate showed the greatest antimicrobial activity against both
Gram-positive and Gram-negative bacteria compared to ceftriaxone alone and explained the
reason for this due to the negatively charged cell wall of bacteria being ruptured by silver
ions from silver nanoparticles and eventually resulting in cell death.

The results of Shanmuganathan [39] display the improvement of the antibacterial activity of
Ag-NPs after conjugation with ceftriaxone and the application of ceftriaxone-conjugated
nanoparticles as a choice for the inhibition of the pathogens. Nano-metal and even nano-
polymer improve their antibacterial activity when combined with ceftriaxone as Chitosan
reported in a previous study [40]. However, this did not happen with Geovana [41] as the area
of the inhibition zone decreased when silver was combined with ceftriaxone antibiotic when
compared with Ag-NPs alone against P. aeruginosa.

Briefly mentioned previously an explanation of the enhancement of ZnO nanoparticles with
ciprofloxacin, this increased synergistic activity will depend on the assumption that ZnO NPs
may interfere with the pumping activity of the NorA bacterial protein. The same thing
happened with the synergistic activity between zinc oxide and ceftriaxone, and this was
confirmed by Rashmi [42] in previous research.

Conclusion

This study confirms the significant antibacterial effects of ZnO-NPs, both alone and in
combination with antibiotics. The synergistic action of ZnO-NPs with ciprofloxacin and
ceftriaxone suggests a promising approach to improving antibiotic efficacy against resistant
bacterial strains. Further studies should explore the clinical applications of ZnO-NPs and
their potential use in developing advanced antimicrobial treatments.

Future Directions

Future research should focus on the in vivo efficacy of ZnO-NPs, assessing their
pharmacokinetics, toxicity, and potential for clinical applications. Investigating the
mechanisms of bacterial resistance to ZnO-NPs and optimizing nanoparticle formulations
could further enhance their therapeutic potential. The combination of ZnO-NPs with other
antimicrobial agents, such as natural compounds or peptides, may offer additional benefits in
overcoming antibiotic resistance.
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Abstract:

In this paper, we solving the harmonic equation by one of the differencing method
which is the implicit numerical method the heat diffusion equation is one kinds of
homogeneous harmonic equation. So, we solving this equation by this numerical method with
the initial and boundary conditions. The results other method.

Keywords: Harmonic, Heat Diffusion Equation Numerical Method, Implicit Method.

1-1 Introduction:

The Partial Differential Equations (P. d. e) are used to expressing for many problems in
many different Sciences, Fluid Mechanic, Physics, Chemical, Engineering, Elasticity, ... etc.

One kinds of (P. d. e) is the Homogeneous Harmonic Equation, the general formula of this

equation is

8w 8w

E'FE}T—D w(1—1)
Or as the form

Viv =10 w(1=12)

The heat diffusion equation is one kind of this equation many researchers are solve
this equation by the Numerical Method, in (2020), Adak is solving the general diffusion by
Implicit and Explicit method [1] and Awni M. Gaftan in 2019 is used the & — differencing
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method for testing the effect the Isolating of some materials [2]. In (2004), Recktenwald is
introduced the finite — differenced approximations to the heat equation [5] and in (2013),
Thomas, J. W. is introduced the Numerical Partial differential equation with boundary —value

problems [7].

1-2 The Implicit Method: [1] [2]

Is a numerical way of expressing the value of v(X) in the future time (t+At), depending
on the future time (t + A t) and the present time
(t), and sometimes also about the past tense (t-At).)
The division is according to the explicit method into levels. After defining the initial
conditions and boundary conditions, each level is divided into points.
They represent initial (primary) and boundary conditions.
We use the following equations to find the points in the levels:
1- The general form of the implicit method for the one-
dimensional heat flow equation.
* One - dimension.
Vi = (1+ 2R]vi,}'+1 —Rv_q 4 —RVipgjaq o (1-3)

whereas; - ¥i=1,23,...n ,¥j=0,123,.m

R =ki:t ,(Ax)? = A7
B2
2- The general form of the implicit method for solving the
homogeneous harmonic equation.
Vigje1 TVis15-1 = 2Vis1; = 2V 500 = 2V 541 o (1—4)

Yi=123 ..,n, Yi=0123, ... m

And we express it as v, ;.4 by v, ;, we find that the time domain and the spatial domain are

L
already represented in each time period, we write ( j ) (inner node),and the equations are
solved simultaneously with the initial conditions and borderline

So the implicit method is easily as shown in the following figure [1], [2].
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Y
t=t,
t=t;
e 6 o
\ 4 @
t=t, ;[
Initial conditions X
Figure (1-1)

1-3  Algorithm of Implicit Method:
1- We divide the solution area into several divisions that represent each level and are in the
form of a rectangular grid, and we place the initial conditions, the right boundary conditions,

and the left boundary conditions mentioned in the problem.

2 - Substitute values (¥i=1,23,..,n,j = 0} into the general form of the equations, the

implicit method (1 — 3)

3 - Substituting the values of the boundary conditions, the values of the initial conditions, and
the value of R in the general formula, so we will get three general equations simultaneously
with the addition of substituting the values of the initial conditions and the values of the

boundary conditions.

4 - After the substitutions made in step (3) and solving the three equations, we get the

unknown values (v, 4, v,,,7, ) and by repeating the process on the previous steps when
=1

5- Continuing to repeat the process in order to get the approximate solution that satisfies
the condition.
1-4  Initial conditions: [5]
In order to solve a partial differential equation of the second degree, it is required to know the
initial conditions of any harmonic and bi-harmonic equation. When we solve problems that
appear in the harmonic and bi-harmonic equations, we have to know the initial conditions of
the wave equation, which depends on two functions g and f as linear sinusoidal functions or

as complex exponential functions
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v(x,t) =0 = f(x,0)

vix,t) =v(x) , 0<x<I

1-5 Boundary conditions and their types: [3] [8]
1- The boundary conditions of the harmonic and bi-harmonic equation consist of a set of

types as follows

The boundary conditions of the harmonic and bi-harmonic equations are met according to the

following mathematical formulas
v(t,0) = v, (t) 0<x<1I
v(t,I) = v,(t) . 0<x<1

This boundary condition is called the (Dirichlet Condition) in which the value of the function

is known through each boundary point on the boundary of the solution region.
2 - While the boundary condition in the harmonic and bi-harmonic equation allocated within
the borders of any region is in the following form
dv
—I(t,0)=0
e (£,0)
It is called (Neumann Condition), where the value of the derivative of the used function is
clear through every boundary point

3 - Robin Condition within the limits is in the form
+ hv(t, 1) =g(t
c a L, .g( j

And this condition depends on the partial derivative of the function with the variable x

In conclusion, the three conditions that were mentioned earlier are used during the boundaries
of the region by relying on knowing the value of the function once and knowing the value of

its derivative within each region or on part of the boundaries

All conditions can be mixed, so we can get some values of the function or its derivatives
through some boundary points. Therefore, the boundary conditions must be compensated

once for the function itself and once for its derivatives.
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1-6 Deriving the general formula for the implicit method for solving the

one-dimensional heat equation: [2] [4] [7]

The one-dimensional heat equation is

a2 17148
“=[ Y (1-5)

ax? |kl ar

From equation (3 - 1) we have

Ver Taxz T e
In order to get the general form of the implicit method, we use the finite differences

- Vi 41— 2V 501 T Vigg i (1—6)
X [r"ﬁsz wee

Va1 T Uy

Ve T At

(1=7)
Yi=123...n, ¥i=012,..,m

Where we substitute the differences ending (1 — 6) and (1 — 7) in equation (1 — 5) we get

Vi1j41 ~ Va1 T Visg a1 1V —
el R w(1—28
h? ( At ) ( )
We multiply both sides of equation (1 — 8) by (k At) we get
kAt
h? (vi—l,_;l'+1 — 20544 T ”e+1,j+1) = Vije1 — Vi -(1—9)
Suppose that
_ kAt
=0
So equation (1 — 9) becomes as follows
R [”z‘—l,ﬁl — 20544 T 1"z‘+L}'+1) = Vijer — Vi - (1—10)

After simplifying equation (1 — 10) to its simplest form, we get the general formula for the

implicit method, which is:

Vii = (1+ ER:]?-?E,_;'+1 — R,y 541 — RV 54 e (1—11)
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vi=123,..,n, ¥i=012,..,m

Whereas:

_ kAt
==

1-7  Deriving the implicit method for the harmonic equation:
It is called the implicit method, since the solution for each level we walk through requires it

to solve a system of linear equations with a dimension (n X n}and the points required to find

the solution through the j+1 level are based on a known point in the level, and to find the

point v; ., at the level we do the following: -

1- The general form of the homogeneous harmonic equation is:

1- We use the following finite differences [5]

_ Vie1je1 T 2Vijeq T Visgje

v — (1 —8
v = Vitrj—1 — 2Visgy T Viggj+1 (1-13)
- By)?

vi=123,..,n, ¥i=0123, ....m
knowing that: (Ax)* = (Ay)* = h?

2- We substitute equations (1 — 6) and (1 — 13) into equation (1 — 12) as shown below

Victje1 — 2Vije1 T Visgjen 4 Visrjo1 = 2Vig1j T Visgjen .

h? h?
By multiplying equation (1 — 14) by (h*)for both sides and simplifying the equation, we get

0 .(1—14)

Viogj41 — 2V 41 T 2Vipq500 T Vi1 — 20449, =0 ..(1—15)
And it can be formulated as follows as well
Vg 41 T Vi1 -1 = 2Vis1; = 2V580 — 2549 541 .. (1—16)

Yi=123..,n, ¥ji=0123,..,m
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Whereas, equation (1 — 16) is the general form of the implicit method for solving the

homogeneous harmonic equation.

Where the solution area is divided into levels and each level contains points that represent the
initial conditions and the boundary conditions, where equation (1 — 16) is used to find the

points in the levels and are solved simultaneously and with the frontier and initial conditions.
Example: - Use the implicit method to solve the one-dimensional heat flow equation

v, = v, on a rectangular plate, its dimensions are 4 * 2, applied on the x-axis and the y-axis

at the center of the origin, according to the following data:
At = 4 sec . Ax =2 k=105
and primary conditions
v(x,t) =0 , 0<x<12 ,t=0
and boundary conditions
v(0,t)=5° ,  w(10,t) =3°

Solution / We initially make a grid that contains nodal points and put the data in the issue in it

and it is in the form

We write the general equation for the implicit method in solving the one-dimensional heat
flow equation, namely
vy; = (L+2R)v 0y — RV 54y — RV 5y - (1-11)
whereas: - vi=1,23,..,n , ¥j=0,1273,.m

We find the value of R through the following mathematical formula

kAt 2 2
= — R b = =

)
R =05 * R=05

T (27 '
We start when i =1,2345 ,j=20

i=1, j=10
v 0 =1(1+2R)vy; —Rvy, —Rv,, w(1=17)
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v, =(1+2R)v, , — Rv,; —Rvg,

Vgp =(1+2R)v;, — Rvy, —Rv,,

i=2, j=0

i=5, j=0

. (1-21)

We substitute the value of R = 0.5 and the values of the boundary conditions and initial
conditions into equations (1 — 17), (1 — 18), (1 — 19), (1 — 20) and (1 — 21), and then we

simplify and arrange the equations, we get

25=2v, —05v,,
0=—-05v,; +2v,; — 051y,
0=—-05v,, +2v;; — 051y,
0=—-05v;; +2v,; — 051,
1.5 = —0.5v,, + 2v5,

By multiplying equation (1 — 23) by (4), we get

':I = —ZE?L:L + Sﬂ:}i - 21”3.’1

w(1—22)
w(1—23)
(11— 24)
..(1—25)

..(1—26)

~(1-27)

We take the two equations (1 — 23) and (1 — 27) and solve them simultaneously (by the

combination), so we get equation (1 — 28)

':I = _Eﬂl,.i + Sﬂ:}i - 21”3.’1

2.5 = ?.5?.:-‘2}1 - E’UE‘.i
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By solving equations (1 — 24) and (1 — 28) simultaneously (by the combination), we get
equation (1 —29)

0= —0.5v,, + 25, — 0.5u,, o (1—24)
2.5 =75v,, — 2vy, .. (1—28)
2.5 = ?ﬂ:}i - 0.51’14}1 wen (1 - Egj

By multiplying equation (1 — 29) by (4), we get

1':. = 281’12’1 - Eyd-_.i wen (1 - 3':']

By solving equations (1 — 25) and (1 — 30) simultaneously (by the combination), | get
equation (1 —31)

':I = _D.Swa‘li + 21’14‘.1 - 0.51?5}1 e (1 - 25]
1':. = 281’12.’1 - Eyd’;i wen (1 - 3':']
1':' = 281’]2}1 - ':'.51?3}1 - 0.51’15.’1 wen (1 - 31)

By multiplying equation (1 — 31) by (4), | get:

40 = 112v,, — 2v,, — 275, .. (1—32)

We take equations (1 — 26) and (1 — 32) and solve them simultaneously (by the combination)

to obtain equation (1 — 33)

1.5 = —0.5v,, + 2v,, . (1—26)
40 = 112v,, — 2v,, — 2v;, . (1—-32)
41.5 = 112’1?:}1 - 4.'1;:'3}1 - D'St:lq-_.i wen (1 - 33:]

By multiplying equation (1 — 33) by (4), we get:

166 = 448v,, — 16wy, — 2v,, . (1—34)
By solving equations (1 — 29) and (1 — 34) simultaneously (by subtraction), we get equation
(1-35)
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25=Tv,, —0.51,,
166 = 448w, , — 16v;, — 2v,,
156 = 420w, , — 16v; 4

By multiplying equation (1 — 28) by (8), we get

By solving equations (1 — 35) and (1 — 36) simultaneously (by subtraction), we get

156 = 420w, , — 16v,,

20 = 60v,, — 16w,

..(1—129)
. (1—34)

..(1—35)

..(1—36)

..(1—35)

..(1—386)

136 = 360v,,

vy, = 03777

Substitute the value of v,, = 0.3777 into equation (1 — 35)

156 = 420(0.3777) — 16wy,

1675, = 2.6634

o v, = 0.1665

Substituting the value of v, ; = 0.3777 into equation (1 — 22), we get

2.5 =2v,, — 0.5(0.3777)

2v, , = 2.6885

nvy, = 13444

Substitute the value of v,,; = 0.3777 into equation (1 — 29)

2.5 =7(0.3777) — 0.5v,,

0.5v,, = 0.1439

o vy, = 0.2878
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Substituting the value of vy, = 0.2878 into equation (1 — 26), we get the following
0 = —0.5(0.2878) + 2v,, — 1.5
2v;, = 1.6439
~vg, = 0.82195

In the same way as the solution when applied to the other levels, you will get the following

point values.

v, , = 2.12284
v,, = 0.82557
vy, = 0.41829
v, , = 0.51458
vs, = 1.28962
v, 5 = 262751
v, 5 = 1.25287
vy, = 0.73283
v, 5 = 0.84186

vy 5 = 1.60528
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