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Electron Microscope Study of Human Cerebral Cortex (Left Superior

Temporal Gyrus), in different age groups and gender
Rana AbdulRahman Aziz Al Tae

Assist Prof. M.B.Ch.B / Ph.D. Anatomy

drranaaltae@gmail.com

Abstract:

Human cerebral cortex is the outer folded neuronal layer and represents major part of the cerebrum with
enormous functions. It is a laminar structure, easily visualized grossly. Previous studies showed that the Superior
Temporal gyrus is one of the thickest cerebral cortex regions, reaching (about 4 mm). The Electron microscope study
was made on 6 samples taken to measure the neuronal soma dimension of the large pyramidal cells present in the
internal pyramidal cortical layer V in different age groups and gender. Aging process was obvious on the large
pyramidal cells of the cerebral cortex, in which their neuronal soma dimensions showed shrinkage with age progression.
But statistically there was no differences in the values between males and females.

Keywords: Cerebral Cortex; Electron Microscope; large Pyramidal cells; Neuronal Soma Dimension.

Background: The largest part of brain is the cerebrum and each cerebral hemisphere is covered by a highly
folded layer of tissue called the Cerebral Cortex . The Superior Temporal gyrus includes an area (within the
Sylvian fissure) called the primary auditory cortex involved in hearing . The functions of the left temporal
lobe are not limited to low-level perception but extend to comprehension, naming, verbal memory and other
language functions ®). Histologically; there is a laminar pattern in the Cerebral cortex which is characterized
to have six distinct layers numbered with Roman numerals from superficial to deep: Layer | is the molecular
layer; layer Il the external granular layer; layer 11l the external pyramidal layer; layer 1V the internal granular
layer; layer V the internal pyramidal layer; and layer VI the multiform, or fusiform layer. There are no actual
borders between the layers, and the pyramidal cells are the main cell type and can be extremely large in layer
Vv 456 The study of the cerebral cortex under electron microscope is of great importance and provides
enormous valuable histological and neurological informations at different serial powers that exceed the limit
of light microscope, and most histological descriptions of the Cerebral cortex in the text books and literatures
are referred to the whole brain -9,

The aim of the study:is to measure the differences in neuronal soma dimension of the pyramidal cell in males
and females of different age groups using Electron microscope in a specific Cerebral cortex region.

Methods: This study was carried out during the period from March 2011 to July 2012. The six human cadavers
included in the present study were dissected at the Forensic medicine unit in Tikrit Teaching Hospital. The Cerebral
cortex samples were taken from the area below the Sylvian fissure at the left Superior Temporal gyrus. They were two
in each age group: young (< 35 years old), middle (35-55 years old) and old (> 55 years old); one male and one female
for each age group. Histological slides were prepared for examination under the Transmission Electron Microscope at
the Medicine College of Al-Nahrain University in which, large pyramidal cell in the internal pyramidal layer (layer V)
was chosen in each sample using different magnification powers. Neuronal soma dimensions (NSD) © were measured
which is the height x width of the cell in each sample was included using computer based measurements.
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Results and Discussion: The large pyramidal cell with its nucleus in each sample was obviously seen and examined

under several ascending powers of magnifications (Figure 1, 2, 3). It revealed that in the young age group (< 35 years
old), the NSD of the males' sample 19.20 um was more than the NSD of the females' 18.80 um. While in group (35-55
years old), the middle age group; NSD of the males' sample was 17.60 um and was very close to the NSD of the
females' sample 17.80 um. In the old age group, group (> 55 years old), the males' sample had NSD of 16.00 um; while
the females' sample had NSD was 16.30 pum. In general, the NSD mean value of the males' pyramidal cells in the three
age groups was 17.60 um and was very close to the NSD mean value of the females' pyramidal cells in the three age
groups 17.63 pum (Table 1).

Point value graphic presentation of the neuronal soma dimensions of the males' and the females' samples against the
three age groups were plotted (Graph 1). It revealed that there is slight decrease in the NSD values with increasing age.
In the young age group the males' NSD value was higher than the females'. While in the middle and old age groups the
females' NSD values were higher than the males'. Although there was such difference, application of the Pearson's linear
test revealed that there is no significant difference between the neuronal soma dimensions of the male and female
samples in the three age groups, because the P value 0.979 was more than 0.05.

Table (1) Neuronal soma dimension values of pyramidal cells in layer V for each age group& gender.

Gender and Age groups | No.” | NSD** Mean = s.d
(pm) (pm)

<35 1 19.20

Male 35-55 1 17.60 17.60 1.60
>55 1 16.00
<35 1 18.80

Female 35-55 1 17.80 17.63 1.25
>55 1 16.30

Total 6

* No.: number of samples studied under electron microscope in each age group.
**NSD: Neuronal soma dimension.
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Graph (1) Neuronal soma dimension values of cortical layer V pyramidal cells in different age groups and gender.

The dimensional values ranged from 16.00 um in the old age group to 19.20 um in the young age group agreed with the
ranges obtained by Grazyana et al ™, who reported that the large pyramidal cell soma size is 16.2 pm to 20.8 pm, while
the extralarge cell was 20.9 pm to 36.7 um. Del & Marc D emphasized that, the largest pyramidal cells were found in
cortical layers V, and their neuronal soma dimensions were about 15.7 um = 0.4, Also there was agreement with
Togawa & Otsuka 2, who reported that, the pyramidal cell soma size in general was from 4 pm (0.004 mm) to 100 um
(0.1 mm). The mean values in the present study was 17.60 um for the male samples and 17.63 pum for the females' for
the three age groups, while the mean neuronal soma size was from 7.7 um to 13.3 um in layers | to VI done by

Smith et al 43,

Regarding the affect of age on the neuronal soma dimension of the large pyramidal cells, there was shrinkage in the
somal size with age and this was totally agreed with the study of Rabinowicz et al ® who said that, there was a decrease
in neuronal soma size with the aging process. Henry @4 reported a little decrement change in neuronal size in twenty
seven to thirty two years old age samples compared with young ones who were from six to nine years old and there was
50% loss in spines on the apical dendritic tufts of pyramidal cells. While Wang et al *® mentioned that, although there is
no overt loss of neurons during normal aging, but other, more subtle, changes occur in individual neurons. These include
regression in soma size, loss or regression of dendrites and dendritic spines.

Regarding the gender there was no affect of this factor on the neuronal soma dimensions of the cortical layer V large
pyramidal cells in this work and this was agreed with the study of Smiley et al ®® who achieved that males have similar
neuronal soma dimension as females in the different layers of the cerebral cortex. Castejon et al @ in a histo-
morphometric study included select autopsy brains of six males and five females aged twelve to twenty four years old
samples. In each brain, eighty six defined loci were analyzed for neuronal soma size the female group showed no
difference of neuronal soma size than male. While Ehud & Jochen et al " disagreed with the present study results in
that, laterality differences between the males and females were restricted to neuronal soma size of the cerebral cortex
with significantly larger values in the female group in the left hemisphere. And he explained that, this gender difference
may support female's right-handedness, language advantage, and tendency for bilateral activation patterns. However, the
present study was also made in the left side of the brain and the female values of neuronal soma dimensions were also
larger than the males' in the middle and old age groups, but in the young the males' value was higher. But statistically
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there was no difference between the males' and females' neuronal soma dimensions of cortical layer V large pyramidal

cells.

Conclusion:_In the Electron Microscope study there is a slight shrinkage in the size of the pyramidal cell, but there is
no difference between the male’ and female’ samples in their neuronal soma dimensions.
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Figures:

Figure (1) Electron microscope picture of cerebral cortex large pyramidal cell (PY) and a nearby dendritic section

(DS). (X7900)
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Figure (2) Electron microscope image of large pyramidal cell with nucleus(N), nucleolus(NL) and dendrite(D).
(X10500

Figure (3) Electron microscope image of perikaryon (P) and nucleus (N) of a large pyramidal cell. (X10500)
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Spectrophotometric determination of chlorpromazine hydrochloride by oxidative

coupling with benzdine reagent
Nibras Mohee Ali  Asmaa Ahmed Mohammed Al Ahmed Al-rashidy

Dept. of Chemistry, College of Education for pure sciences, Tikrit University ,Iraq

Abstract

A sensitive and accurate spectrophotometric method was developed for the determination of chlorpromazine
hydrochloride (CPZH) by the oxidative coupling reaction. The method depends on the oxidation of the
benzodine reagent using the oxidizing agent potassium periodate in an acidic medium and the addition of a
chlorpromazine hydrochloride solution to it. 60 minutes, which is long enough to make many measurements.
It gave the highest absorption at the wavelength of 426 nm and followed Beer's law in the range of
concentrations 1.25-25 pg/ml. The molar absorptivity was 7177 L. Molt.cm™ and sandal index 0.049 ng.
Cm The method was accurate and compatible, as the recovery 103.024%, the method was successfully
applied to chlorpromazine hydrochloride in the pharmaceutical preparation.
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ik 38 %103.024 e ls i) el cilS aa daadally d8a (e da gy e il culSy 2o

b a8, G, ilag sl a6l Haar Allall Gl
dadial)
O asen elbia Al dujlisudll clidd) sl e ae (CPZH) oilasnsSl 2)6l<5 50

03Ms Ci7H1CINS. HCI o ddinin diweas (19S5 ,(Dinlip 5B clals€ Jasi Cus duaidie
(2 VS o S il Aapa s 355.33 g/mol s

o) ﬁm

/H3

e = CHy—
CH; ; \CH

3

(CPZH) ity nosiSIhay)lS 5 el 4ansS il druall
s sl & Lsdll Jeu iy eldll b glsill 8 Al mse bl (and Bonna s
A’ Gaegl 3 Bbaag digie da)0 196 Hleeall dayn 05855 Lie AN 3 gy AUy Jsasl
}AS\JJH‘ ) UALA.\.A\‘_AL\GEL\M} *gjgjj MM)&\Mu&M\&ij
& daalall clan¥) a5 ) jiagils 306 —239

2-Chloro-10 (dimethyl amino propyl) phenothiazine hydrochloride
L) dmicad ISE) Gun Aoyl slawy) W
Largactil, Taroctyl, Marazine, Chloractil, Hepanil and Thorazine .

e 3 a8 (4) ué\ﬁij G A e (CPZH)J AaVawall clpcasivadl aag dua
Geodl @k 773 Aahll - @kl i Aalide Allas L (g jles ) slSH )15 H0e
10 RP— HPLC & shll 5 O byl géall @l jla s 8) bl

sl gial
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dasiiall §gad)

s T90+ UV-Visible Spectrophotometer UV-160 g5 daall zsam ilihaall jlea -1

el olae Gy FlsS

c e plea Jlga -2

Kern 770GS/G J g5 pbws e =3

(Harry Gestigkeit GmbH) )l awe — 4
Lasiiaeall dgall Jallae

dafpaSa 1000 s5kag sl 21516 00 Jslae = 1
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eadlgsl) Jallas —2

& ol Gasla (gaase e al20.0092 &i3h 3dad (Ve 1 X 10 73 cpaiill Jlae -
A Jainyg Jo 50 daw Laeas 4 3 ladd) sl Adkall 33 L) sl QST S JglaY)

-

. ddiza

Gsas o s 0.0575 b 5EA  o¥se 1 X 10 72 agaligl Clagn Jslae —o
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e 25 drw daan

oasls Jslae o do 8.4 Ailal Hlad (g¥se 1 ()@ S5 lyglSopngll Ganls Jslaa
N pand) Sy Jo 100 das dpens 338 8 hadall elal (e daS ) (V50 11,8 iS5 pusgl)
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eodn 25 ad e [aaSe 250 SHu (largeactil) (Yawall jeasiuall Jslae A
cadify Jhadl sl (e dime 2 3 L@l A aale 25 (js e Jseanll (Wasall sl
sl A 35 ) aaall JeSly o 100 dacs Gpens A8 8 b)) aingy Gl aeyy Joladl

kil

. Addlially psladl
rdangail) duyal)

g 2Sall Jalall Jslaa g dal (A ooy cadlSl Jolaa e o 1 ddlia) die 4l Jasg]
)5l om8 Jolaw (5o do 1 adlial & cbslSyjugll Gansls Jslae 0 Jo 0.6 25251 asauslisd)
bl Galaaia¥) Ciada (el g - Gslll il 05 o [ a3 250 Sl (63 opilag sl
Sopall dslaall e Adlall 22 ) Jo 20 e doans 4 8 jhadall elalls 4835 ey (pslall
bl sl Joladll G a8 gl 426 oasall Joball die paliaial el Jaey 45 2ag

. dahiall o3 8 palaial (f

Aial) Cig lal) A

il e A Jelil) Cagyl Auhy & dell) Jslaal palaiaV) cish e Joeand) 2

duSha Jaladl Lol -
Jalsal) (o JS (g0 el GV s¥se 1% 1073 KA (60 cpoidl aslSl e de 1 M
G lyslSosngll pada e Jo 0.6 platial Vs 1% 1072 3SHN (63 dadtiicaal) 55l

b Asse Zllly Ja / 236 250 S (63 CPZH Jsbae (o Ja 1 Ll (550 1 S5
olial 1 Jganll

3uShall Jalad) JLES) (1) Jsia

Oxidizing agent 1x Absorbance
10-2M
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Potassium chromate 0.308
Potassium lodate 0.229
N-bromo succinimide 0.210
Potassium periodate 0.521
Sodium oxalate 0.267

Siall Jalad) diaS Ll

3 5SHl (63 (o CaslSl Jslas (e Je 0.6 dilial auSgall Jelall il dueS Ay Ei8

DA (e Vs 1% 10 723850 (63 aguaaligl) Clagym aweSsall dalall Jslaa ) (5)¥s5e] X210

die (550 055 lysloynm (mdla ge e 0.6 2smsr e 1.4 — 0.2 (0 Balfie alaal dile)

e dgana S8 o [a3Se 250 S (63 Gilag sl 2ysiSs 08 Jslae (e da Taaa
U 2 Janll 6 disae ililly Hladall elalls Adlall 35 ) asal) JLeS]5 Ja 20

2S5all Jalall 20aS 530 (2) Jsan

ml of 1x 10 =2 M KIO4 0.2 0.4 0.6 0.8 1 1.2 1.4

Absorbance 0.309|0.370| 0.415|0.491| 0.541 | 0.451| 0.314

pabaial el dany au€3al) Jalall aas il & odlel Jgaal) 8 dnnd) il (DA (g o]
A plaall 8 salaicd :a:.'lg Jal 5o Oeldll Cﬁhﬂ

Uaala Jadl jLaaf

ity 50 1 Sl (53 Adgmaally Lugil) (malsall (e Jo 0.6 alasialy Al o2 G
sy ((3) o olal Jsan 8 Aigae ity (el dad el any o2 Jailll (adlal
ol

paalall il (3) o) Jsea
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1ml of acid 1M Absorbance
HNO3 0.361
H, SO4 0.162
HCI 0.540
CH3COOH 0.191

S sl | i) Galaidl ded el Jdael HCl (aslall of Slel Jgaall o Jangl
) Glaall 8 Adlasial
saalat) il

lysi€osmgll (mala ge do 1.2 = 0.1 Ge zlosS 5alfie alaal alasiul dahall sda cud
b Bigre Elilly palaidll dad ol Jans (3 ans Jumdl jladly (6¥se] S5 (63 Catall

colial Janl)

padall il (4) ) dss
Ml of Acid 0.1 0.2 0.4 0.6 0.8 1 1.2
Absorbance 0.437 0.441 0.476 0.525 0.542 0.386 0.349

b Azl i 13 e 0.8 58 lyslSs hugll anlal aas Judl o adel Joaal) (e Laadly
. dasDU) ylaal)

LY RIS s 5l

S (63 cpud) RSN Jslae e dilida alaal 32 )8V CaalS Baa il Ay i
SAD (63 Glag il 26l e Jslae (e Jal g Je 1.4 = 0.2 Om zsliS (5)¥50 11073
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cobial AJsaal) 3 Aigae miliilly ¢ be 20 Ares Lana A1 8 oo gl asla Jolae

oY) CadlS aueS il 4)Jsn

MI of Reagent 1x 10 3 0.2 0.4 0.6 0.8 1 1.2 1.4

Absorbance 0.321| 0.452| 0.541| 0.493| 0.531| 0.337 0.212

35850 (63 il CadlS Jslae (e o 0.6 aaa G dlel Jsaal) b i) bl (e Jan gl
C &aadU el 8 salael 1A dad el e (5350 1%10

BacsY) ) s

2S5all Jalall dgngn slsall pe cpajhy CadH Jelin any adl aadl 1) gl 50d ciliag
& laalac) 5 el 5ausY) JlinY 4dlS 38y 5 cul€ i, 33182 5 aal agsaligll Cilagyy

A lanl)
52uSY) oy il (5) Jsas
Time minutes 5 10 15 20 25 30
Absorbance 0.535/0.52110.513|0.488 1 0.473|0.461
cldlay) Jadus

Oe e ehal gsld) il Galaaial e delil) dlge dilia) Judas s 58l daly G55
ol G salaiel & 131 skl alill aliaial eb (gaay () d8Laa) Julos G 325 385 coylaal
bl 5 Janll 8 d3ga mililly AUl

clilay) Jula (5) Jsa

Order Number Order of addition Absorbance

I D+O+A+R 0.350
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1 O+D+A+R 0.460
" R+O+A+D 0.544
v D+R+0+A 0.420

stas (A) 5 assisdl o dstas 30834 dalall (0)5 oy 2SI sl (R) &) 3)
Lbeg pslSl y6lSg 538 Jslas (D) - clysiSs yugll (asls

Blall days i

5 dujha cila)a alasiuly 4 yiialy GsSiall Gslal) bl paliaial e shall dayn 5l dulpy G5

Bhall days Lak (6) Jsas

Temp C 5 10 15 20 25 30 35 40 45 50

Absorbanc | 0.461 | 0.467 | 0.485 | 0.501 | 0.543 | 0.538 | 0.508 | 0.491 | 0.483 | 0.470

A palaiay) b

e do 1 aladnud (g (Bl Cagylall ) Jeaasll s Sledl) paliaial) cipla bl &
S (63 cpay AN (e e 0.65 Ja [p3Sa 250 585 (63 Gilag sl a5l 0 Jlas
Je 0.85 GNse 1* 1072585 (63 asalind) Clagnyn 2uSaall Jalall e do 15 550 1%107
2 FBI 5 ey dagie da)d 30 — 25 Bhall dajag (H¥se 1Sl (63 GlyslSy gl Gaals e
de 20 daws dpans A3 (G ADlll 35 ) aaall JleS]y delill Bl g plall 385 lilmY) ala)
pabaial el Jany 531 (gypmall dlslae dilia sl all i) Galeaial Guld & ¢ laiall oLl
(1) o) JS& — sl 426 agal) Johll vie
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Sean Spectium Curve
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o Je [aiSe 25— 1.25 (e Baliie 305 Ao (gt (e 20 daw Loens S8 Al )
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asaalisall Cilagryn 5auSiall Balall Jolae (o Jo 15 (5Nsel X107 3 385l (63 oy 2EK Jolaa
) sl Sg 5¥se 1SN (63 sy pagll (mals e Je 0.8 5 550 1% 1072 SN (63
ey Ciball sy . Digle A2 25 Bha day de 3By 5 UV g phiall sl A
i o 2) A JSally ¢ fiagils 426 asall Jshll die (gHoall Jolaall Jilie Jlladd) (aliaial
255 18 Jslaa (e o fpaa 25— 1.25  3SIl apas (B yn 09l a3 Blaall i
L) dalae acly ¢ da/ p3%6 25 o SS) 35 de 05l ge Gibadl deanag (ulag sl
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1

) y=0.0202x+0.2735
o U° RZ=0.9961
S 0.6
3 04
=

0.2
0
0 5 10 15 20 25 30

concof drug
Ayl (pilagynyslSll ayslSo pam sl Bleal) s ((2) JSG
assalisdll Clagnyn aweSiall Jalall dgag i) C2dlS pa sauslill ol 5aY)
ddb|gil)y 4B
Ml S N angdlsy Bleall Jaie 382 LAY el diph bl Cag ) aladiad &
@ om0 e Gada Goileg sl 2)elSe 0 Jelae (e ddlide CluS COA Qe aed

483 3 Aayhall ) 259 (RSD) (oseetl) ol CilpniWg dpela i) Jane les (o Bpalaall Jinia
Adle 408l ldg %102.99 dcls i) Jaea ddle

Agalglly 28l (7) Jses

Conc.of CPZH pg ml | Conc.of CPZH Recovery, % | Average of RSD",%
ug/ml (observed ) Recovery%

7.5 7.797 103.96 0.371

12.5 13.24 105.94 103.024 0.221

15 14.87 99.174 0.150

s Sl RES I Gl

ek LS oSl esill CadSl) an il cuilS Gum cleld 6 laia slall ilie DL Jolae b
.8 Jsaall %g
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2l as (8) s

Slope sl SD owbdll Calyas¥) | LOD cesill aall | LOQ ST 2l

0.0202 | 0.0014 0.2287 0.6930

O eSial \@.\"C\S\@h

Otk cinla Al ae Slaedl Lalo)) duaiy GSiall Ol ) Jelaall dxde ddjedl
oo (n JS 3S5 05 ooyl S 6 Al Zacl Zily ((cpm By ) Byaiunall il
daph B oNse 1 X107 2 sag SN el B cpay AN Jelaag (pilag nslSH aslS 0
= 1 zsb® CPZH Jslae (ge dilide plaad aay o Jo 20 drw dpaas QU (e Aodes & Gign
oo de 1 Chanl 3 GasSl Jolae e do 1 = 4 san L) aland) o3 oSS iy e 4
Slysle gl ada Jslae e de 0.85 V50 1 X107 355l (63 analisll Cilagiyn Jolas
ve dilladll sds (aliaial (uld 25 jhiall cladl A3l 32 ) caaaall Sy s¥se 1 0)SH
1:1 duail) & o (3) &) JSally 5iegili 426 asall okl
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é 0.4
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Oleg Sl 250 a8 il Casa dayha ((3) US4
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assalisdl Clagin Jolae (e Ja 1 d8lia) & Ja 0.5 = 5 on zolio alaal aalll L) Caaals
) paadl JaSly (5¥5e 1S5 (63 liyslSy gl (aals Je 0.8 5 g¥se 1X 10 72 585 (52

(23)



Journal of Natural and Applied Sciences URAL No: 2 Val:1/ April/ 2023
Qlie fiagili 426 asall Johall die Jlladl) odgl alaia¥) Gad & lid) slally L)) 32

121 dal) (3aats Bpaiesall il ARyl ae 30 Addsal) Laalll G g ¢ Lgie K (gypuall Jsladll

0.8

Absorbance
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0 0.5 1 1.5 2 2.5
vol of Reagent

OlegslSl 2)5iSg paa joad Adgal) Al 455k (4)  JSAN

l8adatly

e

Syilaall Ayl

12.5, & Lyrass o largeactil 100mg yiasioall Jolae (ha dilida 3805 306 @]
Glall dusad Jaee Gl By (gsnall Jslaall Jilie jiagili 426 casall Jshll vie L] aliaiaY)
bl Jgandl 8 digae giliilly daela i) Glua Sy 385 K

syl dinyLall (9) Jsas

Conc of CPZH , ug/ml | Recovery , % | Average recovery , %

3) 95.54 100.44
10 102.22
12.5 103.56
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dol ) cldLzy) 48y

So BMA il o Cildly By dagiall dkll SUS oy (mdd Gkl o Eoal
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(100 mg) At a3
Fuuldll L) (10) Jsas

Chlorpromazine | Chlorpromazine Recovery, (%)

Type of Drug present pg/ml measured pg/ml

Tablets largeactil

Chlorpromazine 12.5 12.8 102.60
001 mg S.D.I Ira
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Abstract

The purpose of suggested in this work presented concept proximinal best simultaneous
approximation, proven the continuous of operator best simultaneous approximation in two-
normed spaces and we find best simultaneous approximation of bounded function by using
linear operators in two- normed space.

Keywords : Two-normed spaces, simultaneous proximinal

and continuous simultaneously operator .

1. INTRODUCTION

The notes of better approxima. has been principal presented via |. Singer(1974) [1], in
Boszny discussed set of remark on simultaneous approximation (1978) [2] , Li and Watson
proved a set of results about best simultaneous approximation (1996) & (1997) respectively
[3,4] ,then Boyd and Vandenberghe explained characteristic of convex set (2004)[9] , and
Mohebi achieve some properties of best simultaneous approximation (2005) [5] . Abu-
sirhan presented a set of researches that include the best simultaneous approximation in
L*(1,X) , operator and functional spaces (2009) & (2012) respectively [6,7,8] , in the end ,I
benefited greatly from the papers of the tow scholars Elumalai and makandeya , on best
simultaneous approximation (2009)&(2013) [10,11] .

in this present working , we studied some marks of better simultane. approxima.of
bounded mappings by using linear operators in two-normed space . This results which
proven in 2-normed space. our main results are continuous and we find best simultaneous
approximation set in two-normed space .

2. PRELIMINARIES

Definition 2.1: &, : H X H — R be real mapping which gratify the following properties
(29)
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1) For vy,vy € H , llvg. vyl = 0 if and only if v,, v, are linearly dependent .

2) ||""'Dr"’1||b,: = ||1’1r1’u||b,: ’
3:] |Iﬂ'1’r[}|.!vj_||b_,2 = |I'-'1| |Iv[:|rv1||b_,2 )

4) gy — vy llps = lhvgyy — w3l + llvgovs —wll,, ,  for  every wvyvy,v,v € and
a € R then &, is named two - normed linear space .

Definition 2.2 : Let »; be a two - normed linear space . for ¢ # B,M € 7V,

d(B, M) = sup,z{llv,,v; —mll,,}m € M, denotes the distance

from the set B to the set A . If

mprE{llvavl _’m"b,z} =Fu}”be:ﬂ{""’ur"1 _’muub,z} .

Then , we say that a function #:, € M is named a better approximation from B to A .

Definition 2.3 : Let &, be a two - normed linear space on F ( real field), M, subspace of ;
and (M # 0 ) a subset of . for a bounded subset Y of &, . as define v,

rady (Y) = in peM SUPaey lz, a—pll,,

for e m/Ma ,and centy, (Y) = p, EM:

sup, ey l5,a — Pyll,, =rady(Y) foreverys e N/M

g

The number rad, (1Y) is called the Chebyshev radius of U with respect

to M and an element p; € cent, () is called a better simultaneous approximation.

Definition 2.4 : [9] : A subspace M of X (vectorspace) is called convex if m;,m, € M
implies

D=[weX, w=jm +{1—-Hm,, 0< j<1]lcM.
Definition 2.5 : A 2-normed v is said to be continuous at (p. q) if
foragivene=0there3a ¢>=0 3

lv(p,q) —v(w,d)| <€ whenever llp —w,qll,, <i &

lw,q—dll,, <iorllp—w,dll,; <iand llp.g—4dll,, .
(30)



Journal of Natural and Applied Sciences URAL No: 2 Val:1/ April/ 2023
then v is said to be continuous at each point the domain .

3. Auxiliary lemmas

Lemma 3.1 :Let M; be two - normed linear space and M,B be closed sub space of M,
Then

|, m@bll,, = lln,ml,, ® lln.bll,,
from n € NM,and me M, beB.

Proof : For vElln,m®bll,, , let v, : M, — M and v, : N, — B be such that v(u) =
llvg (2e), vy ()@ |l , for all w € N, , m € M.

It is clear that v, € [l |l,, and v, € [ln,b|l,,. Define
@:lln,m@bl,, — lln,ml,, ® lln,bll,

from ne M,and me M, beB , by
@(v) =llvg, v, @m |l,,,. Itis clear that ¢ is onto isometry, noting that
lo(Wl,, = max {|lvy, v, @ mll,, )
= sup max {llvg (w),vy () Bmll,,}

= sup llv(u)ll,, = lIvil,, .

4. Main result

Theorem 4.1 : Let M be a closed sub space of two - normed linear space v, for any v, ,v, €
7, , we have

|Iv|} ["LI'.J,V:L ("Ll'.-:] _w.llb_lj i |Iv|}r vj_ - w.llb_.z ¥ E M.
Proof : Since M S IV, , w € M, we need to proof

|I1r'|} (ﬁj?vl ("Ll'.-j _w.llb_lj ::—: ||1’r[:uv1 _w.llb_.z i E M.

llvg (2e)ovy (10) —wxll 2 = max llvg (ee), vy (20) —wrll 5 .

llvy (2e), vy () — ¢l , . We take super. two sides , we obtain

sup v (), vy () —wllyz =sup max {llvg, vy —wlly,, vy, vy —wll,,} . Since w € M was
arbitrary , then
(31)
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sup |lvy(e),vy () _’w"”b,: = llvgowy _’w""b,: .

Now, let 7 = sup llvy(2),vy (u2) — |, , for w € &, , define

@ ()

= {m € M : max {ll""u(’“’jrvl (1) _m"b,:: ”1"1[1"):1"[:- () _m”b,z } = sup ”VD (1&:],111 (u) — ﬂfllb,: }

The @ # @ is subset of M . Now, to show that

closad

@(w) is convex for v « £ N, and ¢ is lower semi continuous .
lete v, , m,, m, €Ep(u), and 0= § =1.
max {llv, (), v, () — 8my — (1 — &)y Iy, llvy (1), v (1) —8my — (1— 8)my ly, }

= max
{8 Nvg (), vy (1) — 1y Nz + (1 — 8) llvg () (1) — sl z s 6 Ny (20), vy (20) — g Nl +
(1 — &) llvy Cee), vy () — m:”b,: }

< § max {Ilvc, (), vy (20) — g Nl g o vy (ae),vg (ae) — gl 5 }

+ (1 — 8) max {|lvy (1), vy (1) — g |l vy (1), v (22) — 5 |l 0}

< & sup [lvy (1), vy (1) —wrll,, + (1 — &)sup |lvy(w),vy (1) — wll,, = sup |vg(ee), v, () — wll,, -
To demonstration that @ is lower semi continuous, let # be an open set in 7 .
toinvestegate p*={ue N, : plu)np= 0}.

It is to be exposed #* is open . Let ¢ € ", then@(e )np # ©.Hance, there existsan m € p
such that

max{llv, (€),vy (&) — mlly, vy (€),vy(e) — mlly, } = sup llvg(a), vy () —wrll,,

By the definition of sup llvy (), vy (1) — wlly 5, sup llvg(ae), vy (2) — wrll, 2 = inf, . 5 max

{llvg(e)vy(e) — allys  llvy (e )vy(e ) — gll,»} , there exists .m ™ € Ar such that

max {”*uu(e ],vl (6 ] —m ||b,2 ’ |1’1(E jr’lfu (5 ] —am |Iz-,-,: }
< sup ||vy(22), vy (1) — ’w"”b,: .

Now , mm £ g, then there exists € = 0 such that

D[m,fj={@EM= g —mll,, {E}gﬁ .

(32)
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Leti = mw ||m—m |Ib,2 = lgif ||m—m |Ib,2 =1;

considerthat 0=+ =1.letsn = (1—4i)m+ im ,then

I =l = éllm=ml,, <<, hancem” < ».

b.2

By the covexity of @(e),m € @(e) and

e we)—m |, }

max {||1"[:|(€ ]rvl (ﬂ j - m-v ||b_.2 !
< sup |[vy (1), vy (2¢) — wrll 5

Now , let L be open ball of e such that

max {"Vu. (e)vy(e) — vy () |Ib,2 Alvy (e )ovg (e ) — v () ||b,g } < sup ||lvy(1e), vy (22) — ’w""b;

vi(e)vole)—m |, |

Tmax {||Vu('5 Jvi(e) —m ||

]
b2

Forany « €L , we have

max {||v[,[u],v1 (w )—m ||M s |v1[«u,],vu( w) —m ||sz }

<max
{""’u(ﬂf Jovy (e ) —vy(e )y, + |I""D (el (e )—m y ||
lvs(edv(e )= m ], }

by Gae ) vg (e ) — vy (e j”b,: +

b2

< max (v (20 ),vy (10 ) — vy (€ )l vy (22 ) (e ) — v (€)ll52 } + max

lvo(e).vi(e) —m” ||;b,2 valed vy (e) —m ||b,2 }

< sup [lvgCee)vy (1) — wrlly

Hence,m ee@(w) Nnpg ,uwe p*,L€ »* and is open.

There exists w € M such that w () € @(«) for all « € v . Hance
max {||vu(u],v1 (u]—w'(ujum vy Cae),vg (ae) — 2 () Il }

= sup ||Vu(1i’jr1’1(ﬂj - ’w"”b; and max

{llvova-ell, , vy vo — wll, 2 } < sup llvg(a), vy () — @l

ThUS, |IV[:.:V1 _’w"”b; = mpllvﬂ(ﬂjrvl(ﬂj - w.”b,ﬂ , W E M.

Theorem 4.2 : Let &, be two - normed linear space and M be a closed subspace of ;. Then

(33)
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1. If ll#2.,91 ||, from = € MV, and . € M is simultaneous.

proximinal in 25, ,then M simultaneous. proximinal in &V, .

2. If 2 has a continuous simultaneous. operator , then |7, ||, 5

from n € N, , n € M issimultaneous.proximinal in IV}, and has cont’'s simultaneous.

proximity operator .

Proof: 1. Letx,y, € ;. Definev, : &; — M, and

vt Ny — N by v, (w)=y,, v, (w)=x,forall we .

Since |l ,m ||l,; from € N, and m € M is simultaneous.

proximinal in v, , 3 g € [ln,mm |l,, such that,

max {”v}.n,v}.‘_ — & || |vxn,vx‘_ — & "b,: }: sup ||v}.‘_,vx‘_ — FFL ||b£

’
b2

SUp [|v vy, = |, < g3y —mlly,

Then, for some «, € N, , we have

max {”v}.n (o) vy, (2,) — g (o), o [, Cetodove, (aa) — @Euﬂjllm}

z(w,)is a better simultaneo.

approx. for x,,y, of A7 .

2. Let B: N, & N, — M be aconts simultaneous.
proximity operator for A . Define

B :lln,n@nll,, —ln,ml,,fromne Nyand m € M,
by 2 (v)=Bov. B can be redefined as

ln,nll,, & lln,nll,, —lln,mll,; ,and

B || vy, vy —mll,, forall m € M . Itis clear that

B llvgv, —mll,, € lln,mll,,.Letg €lln,mll,,,then
max {llvy, vy — Byl v, ve — B lly, }

= max {""’Dr"’l - 9"1-.-,2 lvgev, — 9”1:,2 ]‘ .

Thus , B llvy.v; —¢ll, 2 is a better simultaneo. for v,, v,

from |[ln,m |l,, and then |5 ,m ||, is simultaneous. proximinal

(34)
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in v, . Itis clear that B ": &, @ v, — M is a continuous

simultaneo. proximity operator .

Theorem 4.3 : Let M be a simultaneo. sub space of a two - normed linear space ; . If A has
a linear proximity operator,

then || z,n Il,, is simultaneous. proximinal in |l z,7 |l
from s €N, and s € M, s € I, and has a linear simultaneo. proximity operator .

Proof : Let ¢: 2, &N, — M be a linear simultaneous. proximity operator for A . Define
anther operator

B:llz,n@nlly,, = llz.ml,, fromzenN,andm € M, neN,,

given B (v) = @ov. we may write B : |zl @ lznll,, — llz,m|l,,, define by

llvg, vy _’m”b,: =@ o |lvgvy _’m"b,z .

Since B is linear operator, we have

B{6 | vp, vy — mllys + A1l go, @1 — mlly,)

=3B llvpvy —mlly, +AB |l g5 ¢, —mll,,, forallam € »

and |lvy, vy —mll,, is alinear simultaneous. proximity operator
for |l z.m ||, .

Theorem 4.4 : Let W, be two - normed linear space,  closed

sub space of &, and @+Y¥Y S N,. Then M is simultaneo. proximinal in 2 if and only
if Il w,# |l is simultaneo. proximinal

inllyvnl,,for ye¥and m € M ,neN,.

Proof : Assume that A is simultaneo. proximinal in 2 ,

we need to prove || y.# [, is simultaneo. proximinal
inlly.nl,,foryevand m € M,ned,.

letv,g €lly.nll,,forall ye¥Yand = €;.Since M is
simultaneo. proximinal in &V; , the for any « € ¥ there exists

r

T(w) € M such that

(35)
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max {[|vo(w ), vy (w)-T )|, , . Igs( )91 () = T()ll,, }

< max {[|vo () v ()], | llgo( )9 () — el },

for all w» € G . In particular it holds for any (= )€ G,

w €|l y,m |l,, . By Axiom of choice , the exists Te |l y.m |, .

Hence max {||*uc.,v1— T||,, o g1 — Tl }
<max {||vu,v1—w'||m Mg g1 — wlly }, forallw el y,mll,, .
Then max {||vc.,v1— T||,, lgs g1 — Tl } =llv.g—mll,z,

which implies [l ¥, |, is simultaneous. proximinal

inll v,nll,, forall yeyand m € M, ned,.

Converse : Assume |l y.m ||, is simultaneo. proximinal
inlly,nll,,for ye¥and m € M,n€N,, weneed to prove
M is simultaneo. proximinal in v, .

Let x,, 3, € M. Setv, : ¥ —= N, v, : ¥V —= N,

define by v, (w)==x,,v, ()=y, foralluey.

||">-._r"’x._ —m | _=sup ||"’y._ (), v, (1) —m ||M= 1,31 —mll,

b2
forall#n € M . Since |l ¥, m ||, forall y € ¥ and m € M
is simultaneous. proximinalin || y.# ll,, forallye¥and n € v,

then there exists g €l v, |, such that

max {[vepve, = & Il I vy, —# || }= 233 —mll,.

B2’
¥ € M . Choose 4, € ¥ such that

max {llxg, %, — @ (g)lly 2 1o, ¥y — @ (220) |l 2]

< |lxy, 3, —wrll,, forall w € 6. Then g (w,) is a better
simultaneo. approx. for x, and y, form 27 .
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Abstract

In this notes , we presented tow important properties to the best simultaneous
approximation of bounded functions in k-normed space ,which are continuity and convex set
and proved them .We have extensively discussed the Chebyshev centers and proved its
monotheism in the same space .
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1. Introduction

The notion of best simultaneous approximation of functions in normed space and metric
space, see for example [1, 2, 3].In (1989) Tanmoto [4] studied the problem of simultaneous
approxima. of functions via continuous functions in finite dimensional normed space, in
(1983) Prolla[5] discuss the concept of Non-expansive mappings and Chebyshev centers .
T.Markandeya and D. Bharathi Khandagji [6] discuss the concept of simultan. approxima. in
normed space, in (2014) . Narange [7,8,9,10,11,12] investigate the concept of best
simultaneous approximation and Chebyshev centers.

In this paper, we presented an idea of the continuity property of the best simultaneous
approximation of bounded function in k-normed space and its proof , as well as we know and
prove the convexity property in the same space .In the last part of this article ,we touched on
the Chebyshev centers and some important properties and theorems on it .

2. Preliminaries

Definition 2.1: Let E be the normed space and M be a closed subspace of E. Forte E, we
have

(39)
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d(t. M) = inf {|lt — m|| p:m € M}.

then m is called a best approximant of s € E .

Definition 2.2 Let F be the subset of k-nnormed space A over real vector space and ¢,,¢, f,
€ A.Then e € Fis named the better approxi. tos,_ € A of F when

22ty — Hlle =?£ ety Beaf, — el

The family of all better approximat. into A from F symbolized by j.(e)and we know it

iz(e) = {e € F; inf||ny,ny, ..., ny, — ell, Vn, € A}.

Definition 2.3: Let E be a linear space over F, where F is the real or complex numbers field,
dm E=1 and let
e, ool ; E - R u {0}
be a non-negative real-valued function on E x E with the following properties:

ERLEY

N2) |l #,.£, %, llx is invariant under any transformation .
N3) llzpt, Bt =181 2.1, 1 |l forallg € Fandallg,t, # € E.
N4) ”;1,;2 sosb ol F é”k Sty s it by Mt 10ty et (o€ ||k

The couple (E.|s, ....*|l,) is named an k-normed space .

Definition 2.4 Let (E, ||+,....+|l,) be a linear k-normed space and E be any bounded subset of
E. An element m* € M is said to be a best approximation to the set E, if

EuprEE"-r_ m*| = inmeM{mp_IEE iz —mll}

Definition 2.5 Let (E,||.||) be a L.N.S.. For a nonempty subset A of Eandt € E,
d (t4) = infyz{lla — all, )

denotes the distance from ¢ to the set 4, if

Iz — all = d(z4),

then, we say that a function 2 € A is named a better approxima. fort € E. If each t € E has

one or more better approxima. 4 € A, then A is named a proximinal subspace of E. If every

t € Ehas only one better approximation @ € A, then A is called a Chebyshev subspace of E.
(40)



Journal of Natural and Applied Sciences URAL No: 2 Val:1/ April/ 2023
mp.rEE"-t_ m*|| = z'nmeM{ SUP g Iz —mll}

Definition 2.6: A functional U is a real valued mapping defined on A x £, where A and £ are

linear subspaces of a linear k-normed space (E. I+, ..., *|l,.) is said to be continuous at t,,t, 2, if

for a given = = 0 there existsa C = 0s.t.
() () s (11 ) U(2,) —U®II. < = whenever
lty,ty nnty st —k [l < O . Then Uis said to be continuous at each point .

Definition 2.7 : Let E be a k-normed space and M a non-empty subset of g, . For a bounded
subset A of E let us define

. . . Tty o, 1, EE
rady (A) = infyeysupscilltyt, te_, a—ml|, for every "2k and

8o

rt.:r ---rt.k = E

cent [ﬁl) =my E M:mp'aEﬁ”.tl!.tg t_p.a— mD”k = rad,, [A) for every [ o
.

The rad,(A) is called the chebyshev radius of A with respect to M and an function
m, € cent,, (A) is called chebyshev centre of A with respectto M .

2. Auxiliary lemmas
In this section, we introduced some lemmas which its need in our main theorems

Lemma 3.1 . Let G be a convex subset of a convex k-normed space and F a bounded subset of
E and g .8 €G are best simultaneous approximation to F . Then C(g;.&5.Y) is a best
simultaneous approximation in G to F for every Y € I where 1= [0,1].

Proof . Since g&;.&; € G are best simultaneous approximation to F ,
supter|[tpty oot t — &l = K(F, G) = suppx|t, t, oot t, -85 11

Prer|tirtar ol by — 81l ; Prer Ity bar o b1y 782 Ml
Where K(F,G) = infaeglltyty oot i—t [y -

r .k_l!

For any f € F, consider ||t t,, ...t t, - C(&; .85V, =Y

|1;1_,1;2, ""t-k—l"tk - gillk
TA-D G  hep b~ B2 e

Implies
Supr F"t.lrt.gr ""'Ek—l’t-k - ﬁ[é; ;ég:ﬂlﬂj "J{ = 'Y‘mpr F|It1’t2’ e ’tk—l’tk - ééjc_llk + (1 -

T:]supr F"tirtgr e -'tk—i’tk - é:g |I k

(41)
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=YK(F,G) + 1 - VIK(F,G) = R(F.G) < supsez(tyty o timyot ~CE1.ET) ||

As C(g; ,85,Y) € G by the convexity of G.

Therefore , supgz|[t, ty, ..ty 1, - €(&1.85. ) || = K(F.G), proving there by

€(g; .85, Y) is a best simultaneous approximation in G to F for every Y .

Lemma 3.2 . If Ais a bounded subset of a convex k-normed space (E, || », ....* || ).
then z(A) is a convex subset of E .

Where Z(A) = {t; € E:sup,g;llty,ty, o ty_q.0; —iill, = %(A)}, is set of all centers of A,
w(A) = inf,z supye; Ity ty ooty — il is called the chebyshev radius of A.

Proof . suppose t,t,,..,t, EE, and {i,i € Z(A) ,where0 = ¥ < 1.

Then supsealltyty vty 8= 8], = #(A) = supges iy byt — 8]

Consider

supsealltety, oo tieo = 8l S supsca[Yltn to, ot @ — Bl + (1 =Vt by, s tieg i — Bl ]
< Ysupgealltyty oty @ — 8] + (1= Vsupsealty ty sty =5,

as0 = ¥ < 1.

<¥Yu(A)+ (1 —YIn(A) ==(A) = inf, z sup,c; It by, ooty .0 — 8],

< supgeq |ty ty ot — 8|

This gives sup; ity t,, oty u = 8|| =n(A) and sou € Z(4) .

Then z(A) is convex .

4.Main results

In this section, we proven some theorems which related better simultane. k-approxima. of
bounded functions in k-normed space and Chebyshev centers proved its monotheism in the
same space .

Theorem 4.1: Let (E,|| »,...,» ||.) be a k-normed space, M € E and A be abounded subset of E .
Then the function U(a) define as

) t, 10, t, EE . )
supspllt,to, e, ty g a—mll, VTR 5 ,mEM,aeE Aisacontinuous.

(42)
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Proof : Let 2 € Aand m,m,; € M we have

-

||151’tzr""tk—1*3_m|lk = ||1;1,1;2,--- t é'_'”’11",{ + ||1;1,1;2,--- t ml_m”k ’ bty b €

rig—1 r Sk—17 gy
Then

SUP 3ed |It1’t2""’t-k—1’3 - m||k = SUpsei {”tl’tz"'”’tk—l’a _mlllk + ||t1!t:! b 1a My —m”k} :

F gty

sy —m||k < e,then U(am)= U(am,)+=.

By exchanging m and m; we get
U(am,) = Ulm)+e= |t b, ...t Ulam) — Ulamy)ll,

That is U(a,m) is continuous on E .

Theorem 4.2 . let (E, ||»,....#|l) be a linear k-normed space . Let dimM = n subspace of E . Then
there exists a best simultane. approxima.m* € M to any given compact subset F c E.

Proof. Since F be compact , there exists a finite constant Gsuch that
|It‘1’t'2"""tk—1"t-k _ullk E GI for a” t.lrt.zr-"rt.k = Eru EF

Now we define the subset W of M as W = W(0,2G). Then

i fo e[ttty b —m”k = infpenlltoty - toit —m”k

Since W is compact , the continuous function &(m,u) = sup,cz ||ty 1y wuty s 1, —m"k ,attains

its minimum over W for some m* € M, Which is the better simultane. Approxima. to F .

Theorem 4.3 . Let G be a convex subset of a strictly convex k-normed space and F be a
subset of E, there exists at most one best simultaneous approximation in G to F .

Proof . suppose & ,&; 3 &, # &5 are two best simultaneous approximation in Gto F, i.e.
‘mpfefutl’t:f bty ~ 81l = K[Fr G) = mPfEF”tlrt:! b1t ~ B2l

By Lemma 3.2, €(&; .&;,Y) € Gis also a best simultaneous approximation to F .

Then ||t t,, .t t, ~C(&; 85 V)|, = K(F.G) forevery Y € 1.

Let Y €1, since, there exists an function /' € F such that

6t sty 1= C(EL L85 Vi = K(FLG) e (1)

(43)
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Now, If,t5 oty ti—8ille < K(F.G) and |I£,t5 ...ty ..ty -85l = K(F.G) , Because k-normed

space be strictly convex , We have

18,850 w0ty 1 - C (83,85, V)l < K(F.G) , unless &; =4&; .
This contradicts (1) and hence the uniqueness .

Theorem 4.4 . Let A be a subset of a strictly convex k-normed space (E, || ,....s||) . Then z(A)
is at most a singleton .

Proof : suppose 4,1 € Z(A) ,fi = ii. Then u € Z(A) by Lemma 3 i.e.
supzeallty ty oty u— 8[| =x=(A) Since Ais a subset of E, there exists some 1 € A such that
eyt e tygr ], =%().

Since de Z[‘a“) = mpEEﬁ”tl’tz’ ""tk—i’ﬁ - E'"k = H("E") = infﬁEE SUPseA ”tj_rtgr"'rtk_j_:g_ E'lll-;' ThIS
gives [t ty, .,y 0 —df =x(A) . Similarly , a € Z(A) will give [[t,t, ...t i—al] <=(A).

Since E is strictly convex,

llt, b oty _u— ﬁ||k < u(A) This contradicts unless & = i

Theorem 4.5 Let A be a bounded subset of a uniformly convex k-normed space (E. || =, ....» || .
Then z(4) is at most a singleton .

Proof . suppose i, i € Z(A) , i # iii.e.,

subgeal|tyty ooty 8= 8| = supgealltyty ot 1 = 8| = x(A).

k
Then by Lemma3.3.ue z(4) i.e.,

SupEEﬁa“t-j_!t-g: ---:t.k_lyu - ﬁ”k = H[‘E") = infﬁEE SUDPsei ”trt:’ ""tl.-r.—l’fl - 5"1'5 ’
So, there exists a sequence {f,} in A such that

*

ftots ot pu—full, 2 %(A) s

Also, ||t ty, ..ty G =[] =%(A) forall . Now (*) implies that for every d = 0 there exists a

positive integer g such that

oty oty pu—f|l =n(A) —d forall nzg.

Let |[t,,ty, .ty 8 —i]| =& =0.Since ((E |l » .2 Il) is uniformly convex , there exists a d = 0
such that
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toty oty @ = fo |, < %(R), [t 1, i — £ ]|, <%(A) and

leter ooty £l >(A) — d imply gty st i~ <,
A contradiction and hence i =1ii.

Remark 1.From simple to show that f € E that function in center of f and it’s a unique .
Remark 2. If f € G satisfies the following condition

oty ot F =l = tpty gt = £

For all t,,t,...,t, eE then center of the function f exist and that function t, of best
simultaneous approximation of f in E and it’s a unique .

Then center of f equal [[t,,t, ...ty e+t

Theorem 4.6 . Let (E, || », ....* |l,) be k-normed space and t, be a best approximation of some
one function g belong to subspace 6 of E . Then the function t, is best simultaneous
approximation of f by functions of G

if and only if
et tearto = £l = ity oot bl = eyttt o€
Wherew € G .

Proof . Let center of f belong . Then ||t t,....,t,_,.c +1;||k also belong to & is strictly monotone

function £ of [|t,.t,, ...ty _y,tg — c(F)|, ,where ¢(f) center of f .
for every

Ya=>0andg= 0.Theneveryw #0 , g € G such that

[ty ty oty W) + g ||, = Wl [ty sty (€UF)) + 4],

= £ Wity ty o ty]|

Therefore

Ftyty Wl Iml) = [t 1y, o WL Il |

Hence

eyt et W[ = Nltgty sty W(e(F) — 5" — WD),

< eyt oot WO, + ety ot + 0],
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Imply

= That s* is best simultaneous approximation in E .

Theorem 4.7 . Let (E,|| =, ...,»|l,.) be k-normed space , M compact subspace of £ .Then M is
simultaneous a proximinal in E .

Proof . Lett,,t,, ..., € E and define the function ¥ : M = R by
W) =l e tygort =l

It clear that function W is continuous on M

Implies, there is m,; € M such that

W(my) = inf,, .,y W(m) = inf,, ||ty 1, oty y oty — m”k

= m, best simultaneous approximation from M to function in E
= M is simultaneous a proximinal in E .

Theorem 4.8. Let (E, || », ...,» ||,) be k-normed space , M compact subspace of E and {m,,};-, be
an simultaneous approximation sequence in M . If {m,}>_, convergent to m,; € M then m,
best simultaneous approximation from M to a finite function in E .

Proof. Lett,.t.. ....t, € E and k-norm function is continuous , We have

||t-1 - ml’t-z_mlf .”’t'l{—l - mj_Ht-I_.; _mj'”k £ |It1 _mnrt.z_mnr .”’t'l{—l - mnnt.k - mn ||k
e S ey [y iy N —
=

||1;1 — Mty =My, et — Myt —m1||k < |Ilim povee(ty — my ) lim [tz—mn],... Jim [tl{—i —

mnjrlim fi—* oo [tl{ - mnj |Ik

We have lim . m, =m,
Implies
= m, best simultaneous approximation tot,,t,,..,t, inE .
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Abstract : in this study, researchers studied the chemical and physical Properties of the water
from the Tigris River in Tikrit, Iraq. Through the period of the research's observational time
(November 2021-October 2022), the water's average temperature ranged from 48.0 to 13.0
C°, the water's pH ranged from 8.8 to 7.1, and the rate of total dissolved solids ranged
from275 to 202 mg/ | .. The values of the ranged from 4.2-1.2 mg Biological oxygen demand
/ and the copper rate was NIL for all months. Tikrit city, Iraq; the Tigris River; water quality

Introduction: The hydrogen bond and polarity of water give it unique physical and chemical
qualities that make it a good fit for living systems, The entire nature of the existence of the
organisms in water is changed by changes in these attributes, since One of the most
important factors in determining how water is put to different uses is its physical and
chemical properties, as these are directly related to the environment in which they are
found.(Balami et al.,2019), Water has distinctive physical and chemical properties, which
made it important in uses for various purposes, and the organisms in it show high sensitivity
in the change in its physical and chemical characteristics such as pH or the vital requirement
for oxygen or others, these factors affect the nature of life for the organisms that live in it
(Khalil et al.,2022) The group's primary goal was to investigate the chemical and physical
characteristics of the Tigris River at Tikrit. ( Sohrabi et al.,2021)

Objective of the study:

1- Studying some physical and chemical properties of the water of the Tigris River in

different locations of the city of Tikrit to know the impact of existing pollutants.
(49)
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Study stations (sampling stations) Studying Stations :

The first station (St. 1) - (control sample)Located on the Tigris River just downstream
by 150 meters the nature of the rocky bedrock bottom.

Second Station (St. 2): At the downstream area, this plant was sampled from
untreated contaminated water.

Third Station (St. 3) : Located 25 meters from the downstream area.

Fourth Station (St. 4) : It is located 75 meters from the downstream area.

Fifth station (St.5): Located 150 meters from the downstream area.

Fourth Station (St. 6) : Located 300 meters from the downstream area

Materials and Methods: Study Area : The study area, which spans about 250 kilometers and
consists of a wide variety of natural composition and geomorphology, is situated in the north
of Iragi province of Salah al-Din. This region is bounded north by 33.45° and 35.20°, east by
42° and 45.10’, and south by the Tigris river. The Tigris, an important river in Iraqg, begins in
Turkey and enters Iraq proper. The total distance from the river's source to its final discharge
point at gulfis 1,718 kilometers. Through Iraqg, the river travels for around 1418 km. As far as
river lengths go, it's the 39th longest in the world.

Five sites along the Tigris River were sampled throughout the study period (November
2021-October 2022).

A- C- Evidence gleaned from physical and chemical analysis: Ambient and water
temperatures were recorded using mercury thermometers (48.0 to 13.0C) .

B- 1-Total Dissolved Solid (T.D.S):The measurement was done using the Tester Type
T.D.S Meter electronic device.

C- 2-pH: Use an Oyster pH meter

3-Oxygen Concentration (DO) Dissolved Oxygen : Dissolved oxygen was evaluated using the
method established by whinkler, 1882 (APHA 1998) and given in mg/ |
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4-Biological Oxygen Demand (BOD): by (APHA,1985)

5-Copper element: - Atomic absorption spectroscopy was used to determine the
concentration of copper in the sample. (APHA,2017),

E-Statistical analysis: Anova used statistical data analysis to study the effect of the months
of the year on quantitativeproperties.

Results and discussion:

The results of the current study confirmed the existence of discernible monthly differences in
air temperatures, which is to be expected given the climatic characteristics of Iraq, which
include seasonal and diurnal temperature differences. At the first station before the estuary,
the research period's lowest temperature was 13.0 C° in November2021 while the study
period's greatest temperature was 48.0 degrees Celsius in August of 2022. Despite the fact
that there were no geographically significant changes in water temperature amongst the

sites, there were temporal variances. the site at a significance level of p<0.05 (Figurel).

60

50

40

W 300 meters away

W 150 meters away

30
W 75meters away

20
W25 meters away

10 m At Estuary

W After Estuary

2021-2022

Figure(1):Monthly and locational changes of water temperature (Celsius) values in the

studied site

Dissolved solids were measured, and the findings indicated a range of 275 to 202 mg/L, with
the maximum value recorded in The lowest value was recorded in October at the (after
downstream 25 meters) while the highest value was recorded in February at the second
plant (downstream). A significant concentration of water-soluble salts was found in this
research, which is unacceptable according to the Iraqi Central Standards for Standardization
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and Quality Control,It had been decided statistically (P 0.05) that there was both

geographical and temporal (Figure2).
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Figure (2): The spatial and temporal variation of Total Dissolved Solids mg/L

The results of the current study showed that pH values ranged between From 8.8 in
November at the sixth station (300 meters downstream) to 7.1 in April at the fifth station
(150 meters downstream), with the decrease in summer and the increase in winter possibly
attributable to lower water levels and increased rainfall, the current study found that the pH
ranged from 8.8 to 6.5 Drinking Water Safety According to the Iraqi Drinking Water
Specification No. Iraqgi water is close to neutrality due to the high cability of Iragi waters on
the acidity equation due to the high concentrations of bicarbonate and carbonate ions that
behave in a disorderly manner. and, simultaneously, the World Health Organization, no
statistically significant discrepancies were found in the results (WHO, 2004) (Figure3).

10

8 M 300 meters away
6 m 150 meters away
4 B 75meters away
2 M 25 meters away
0 W At Estuary

m After Estuary

2021-2022

Figure (3) Temporal and spatial pH variation

of dissolved oxygen were found to be higher in the winter and lower in the summer
The reason is because the decrease in temperature increases the solubility of oxygen in
running water. The second plant (downstream) had dissolved oxygen levels of 8.0 in January
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2022 and 5.0 in August 2022, both of which were within the range of the Iraqi water quality
guidelines set by the Central Organization for Standardization and Quality Control in 1996

(CEOH, 2003; United States - Environmental

HealthOrganization, 1999), (Figure 4).

Protection Agency,

O P N W R O W

M 300 meters away
W 150 meters away
B 75meters away
M 25 meters away
M At Estuary

m After Estuary

2021-2022

2003; World

Figure (4) Changes in dissolved oxygen concentrations throughout time and space

For BODS5, also known as the biological oxygen demand, the statistical analysis
revealed significant spatial differences and the absence of significant differences conforming
to the standards of the Iragi Central Organization for Standardization and Quality Control.
The highest value of 4.2 mg/L was recorded in January 2022 at the second station, and the

lowest value of 1.2 mg/L was recorded in March 2022 at the same station (Figure5).

4.5

4

35

2.5

WAt Estuary

W 300 meters away
W 150 meters away
m75meters away

W 25 meters away

m After Estuary

Figure (5) The geographical and temporal variation of the BOD5

Copper : The current study found no detectable value for Copper in the Tigris River's waters

Table (1): Copper in waters of stations in Tigris River under study

at any of the monitored stations.

Months

Site
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After At 25 75meters | 150 300
Estuary Estuary | meters away meters meters
away away away

November | - - - - - -

December |- - - - - -

January - - - - - -

February |- - - - - -

March - - - - - -

April - - - - - -

May - - - - - -

June - - - - - -

July i i i i i i

August - - - - - -

September | - - - - - -

October - - - - - -

Is Nil
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Synthesis and characterization of some derivatives of pyridazine and
phthalazine-1,4-dione and evaluation of their biological activity for some
types of bacteria.

" ae laad Jlgi) "mlla GilS elia"Maa) G (pall 73ka
sLiaSl) ol [ o glall LIS [y S5 daala®
uaild\

pam Jeld 3a ok e G sala-g, 1o YW g 0 Yyl lia gra jucast Al jall o8 8 o
G bl 8 s CilalaiaS dagall LS jall (e 228 Sl 5 (Al 53 IS (el sa) CilinnS §Y1 &1 53l
o5 ) Gaslall gl jlan (e Jgandl Slall () saed) ae Lgilelia ol yinl () Ly ot o
Bkl 3 candll LS jall criads ccangll oS pall ) J sea ol Ll 5 elila) & 5068 e Jeliy
ada sl gy Andulall (3 Hlally Lpaandild &3 LS ¢ jlgaail) da jo (8 CaDEAY) Hlata g o oIS Aayunl] AL 5l
s (Pseudomonas aeruginosa) iy daa da ol gl Letdlad a0 85 o5 (IH-NMR 5 FT-IR 48lbikae
A Uasgia ) il S glal AV adl 5 50 (S0 Jaii Lgie aud elal Cus (Staphylococcus aureus)
Lale gt Caimiin
Pseudomonas aeruginosa ¢y YU s 5l 4alital) cilall)
Summary

In this study, substitutes for pyridazine and phthalazine-1,4-dione were prepared by reacting
some types of auxins (carboxylic acids), which are important compounds as growth
regulators in plants, where they were converted into esters, and then reacted with aqueous
hydrazine to obtain acid hydrazide, which in turn It reacts with maleic and phthalic
anhydrides to reach the target compound. The prepared compounds were identified by
simple physical methods such as color and the amount of difference in melting point, and
they were also identified by spectroscopic methods by FT-IR and 1H-NMR spectroscopy, and
then evaluated their biological activity against bacteria (Pseudomonas aeruginosa) and (
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Staphylococcus aureus), where a section of them showed a great inhibition, and the other

section showed a moderate to somewhat weak effect.

Keywords: Auxin, phthalazine, Pseudomonas aeruginosa.

sdatial) ]

Cpa Adlad) 4l dladiall e 4alall SIS jall (e cp YD 5 G Yo pall LS ja il
Aailly (6¢3) Ol sall (A Jisu IS o sama g (2¢1) O sall (B Gan 5 0 (53 (e (5 50a3
Cpnd gl (8 s S (i sana s (362) (B sl (503 ase S o YR Lal e Sl
[1].clitall s el adal cliide SIS jall 028 i s ¢ 3 A8la e daaile 5SS 5 (4¢1)

2,3-dihydrophthalazine-1,4-dione 1,2-dihydropyridazine-3,6-dione
g J

(523 O 5a) B sl (YLD 31 ) O Cas sl 5 40 53 (ailaad SIS Hall 22 ()

(GABA-A) &3t e Laii ydll (Benzodiazeping) cus »12s il ae Jalas s 4 o sl
u)uu\.;)\:&u:)‘ﬁ\_ts]\umuaudwd]ﬁ[ Jesmanll Sleall b ot ) Jafiall S 5l 5o
b S Bl Ll (o LS [4]¢ Lemal) geiiiil) 5 30 Clalima L oS L) G55 ¢[3]nbme DU gy
5550 DY) [7]u5—»5‘ a5l G z3le [6]cadll bia (mid ([5]adl AT aie dilee

[8].cx 4l
Jardl (31 sk g juaadll 2
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Phthalic anhydride |Maleic anhydride

| |
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R\/“\ R\/“\

N T |
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Cl1
R- (X, 0 0
! S4a-c S3a-c
Scheme 1

[9] : A jpand :1-2

el (e 3MIL 4l Cinnl 5 J 5B (30 30ML o8 ol 53 S il 3 (0,015 mol)
i ol @8 a8 delu 14 3ol Jeliill g e dxia il ld JS5 e Tag )y 35S jall el <))
oseb cpal o ) Adalaal p g3 sl il g0 )80 1090 (e 20 Jslae 4l Caal g 48 2l 5 ) s
o ) Al a5 ytln ol ans ol 2,4-D) aelall (e il L1 () At Sle)

Rl Y1 cpm 4555k o)y cand ) ity pmadi 5 o Loy (Gl i i by Al

(S1a —C) 3 wanall el e Ay gial) caaill g Al i) el 5301 (1) st

Com .
Molecular Molecula 0 Yield
p. R i Color M.P(°C)
formula r weight (%)
No.
Sia phenyl C10H1202 164.20 Lightyellow 64-66 76
S1b Naphthalene-1-yl C14H1402 214.26 Pink 96-98 78
2,4-dichloro
S1c | CioH100sCla  249.09  Yellow  102-104 60
phenoxy

[10] :Acid hydrazide m&aal :2-2

Aol ao ) Bl g jell A S5 80% (Alall ()l el e 25mL (B Y] 0= (0.015 mol) 4313 Caad
23 DUl 3yl & e s 8 5aad Jeliill gy o 3ada o silize 10mL 4l il o3 (el 55 ja Ay
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QJJZTAGJJM\)M\ ;wbmjwjeﬂ‘)M\w\)uﬁw;éﬂ\tﬁjﬂés@ﬂ\u&
sl S jall 4l 3l cilball Giany Cp olial Joaall s (J SN (e 45 ) 5k Cused 5 cand )

(S2a —¢) 5 panall 341 31 gl cliidial &y gial) uandl g Auily 580 (el g&) (2) o

Comp. Molecular  Molecula Yield
R Color M.P(°C
No. formula r weight (c) (%)
S2a phenyl CsH10N20 150.18 Pale yellow 112-114 71

Sab Naphthalene-1-yl C12H12N20 200.24  Faintyellow 122-124 77

2,4-dichl
Sac OTO CeHsN205Cl;  235.07 Grey  131-133 68
phenoxy

[11]:0823 =4,1 Cn ¥R g il clida gra jaudanli 13-2

LG o L) 2y )33 G (0.003mol) g piasbadl 2l 31y i dia aal (40 (0.003mol) z
e S & g el ailad JaY (383 10 32l @l jaill ae GLIA) (aala (e 20mL (2 g al) <l
a5k sale) Cadiy Cai g ol ) s il g sae ddand g Jslaall 3 s &3 ccile L 6 saad Jell

B panall LS jall 4 giall Canall 5 A0 3l Cul 3 Giany Cp olial Jsaall s liae 551 (U (e

(S4a —C)(S3a-C) (I ¥Uall 5 (31 sl Coliidial 4y giall Caeadl) g Ay 3l ol &) (3) J g2

Mo o o wao
S3a Phenyl C12H10N203 230.22  vyellow 85-87 76
Sap E Naphthalene-1-yl CisH12N203  280.28  Wight 75-77 78
S3c ° 2,4-dichloro phenoxy Ci2HsN204Cl;  315.11 Wight 144-146 60
Saa Phenyl Ci6H12N203 280.28  Yellow 85-87 68
Sap E Naphthalene-1-yl C20H14N203 330.34 Brown 75-77 73
=
Sac % 2,4-dichloro phenoxy S it 365.17  Purple 144-146 70

2
;M\.}A\J @uﬁ\ il
&l ) (andldl 1 1-4
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(S 5 S Graslall 4y pall Jaall da ja eliial (Syp) S yall (1) JSE) (e (a8 Cus ] jaall
Bl alaaial e ja sgda NS¢ a5 9S8 (e Jals (u=3350-2860)cm ™ s24ll 2ie (COOH)
3_alhall (aliaie¥) da ja Lal oy i) Ji oo yISU Jaal) 5 AV 3 g (y=1731)cm? 2253l die 4,48
Aciile s )Y (C=0) de saad ISl oyl 51 35aY 39 at g (V=1564 -1458)cmT sadll 2ic
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Abstract

Background polymerase chain reaction (PCR) is a method used to amplify a specific region of DNA. . which
are repeated many times to produce millions of copies of a specific DNA segment In a random PCR, the
primers used in the reaction are not designed to bind specifically to a known target sequence, instead they are
designed to bind to any region of the genome Random PCR is often used to create basic code of random DNA
fragments which can be used as starting material for other techniques such as genomic sequencing, cloning or
mutation. Methodology Fifty samples of proteus mirabilis  were isolated from different sources of
pathological conditions such as Urinary tract infection, middle ear infections, and wounds infection, after
which they were cultured on their selective media and biochemical test were performed to confirm the purity
of the samples .Result the efficiency of each primer and the differentiating ability of each primer. The
efficiency of the OP A-17, OPA-19, OP A-20 primers, respectively, was 39.13, 34.7, 26.08, while the
discriminating ability for them was 37.2, 37.2, 25.5. Therefore, through these results, it is clear The best
primer is OP A19 and OP A 17, as this study agrees with the study where the results were close to our study.
In the context of polymerase chain reaction (PCR), the efficiency of a primer refers to how well it amplifies

the target DNA sequence >
Keywords: proteus miribalis , randam PCR

Introduction
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Proteobacteria involve the use of molecular techniques, such as DNA sequencing and gene expression

analysis, to study the genetic Character and functions of these bacteria at the molecular level® Such studies
have helped researchers to better understand the genes and pathways involved in important biological
processes in Proteobacteria, such as nutrient uptake, metabolism, and virulence® They have also helped to
identify potential targets for the development of new antibiotics and other therapies against Proteobacteria
infections® In addition to their medical importance, Proteobacteria are also important model organisms for
the study of evolution, as they have a large and diverse genome and a long evolutionary history® Molecular
genetic studies of Proteobacteria have provided insights into the evolution and adaptation of these bacteria to
different environments and hosts® © It is often used to generate a diverse set of DNA sequences for further
analysis, such as DNA sequencing or gene expression analysis(” Proteus is a genus of gram-negative
Proteobacteria that includes several species that are important human pathogens, such as Proteus mirabilis and
Proteus vulgaris® These bacteria are often associated with urinary tract infections, and they can also cause
infections in other parts of the body, such as the respiratory tract and the skin‘® It is possible to use random
PCR to amplify and study DNA from Proteus bacteria® For example, researchers may use random PCR to
amplify and sequence DNA fragments from a Proteus bacterial sample to identify genes or pathways that are
involved in important biological processes, such as virulence or antibiotic resistance™ Alternatively, they
may use random PCR to generate a diverse set of DNA fragments for further analysis, such as gene expression

analysis or DNA microarray analysis.
Methodology
Collection of specimen

Following the isolation of (50) specimens of Proteus mirabilis from various sources of pathological
conditions such as urine, middle ear infections, and wounds, the specimen were cultured on their selection
medi

DNA extraction of bacteria DNA extraction is the process of isolating DNA from a sample of cells or tissue.
In the case of bacteria, DNA extraction is typically performed on a sample of bacterial cells*? There are
several different methods that can be used to extract DNA from bacteria, including mechanical lysis, chemical
lysis, and enzymatic lysisMechanical lysis involves physically breaking open the cells to release the DNA (¥
This can be done using methods such as grinding the cells with a pestle and mortar, or using a bead mill or
sonicator to mechanically disrupt the cellsChemical lysis involves using a chemical agent to break open the
cells and release the DNA ™) Common chemicals used for this purpose include detergents, such as sodium
dodecyl sulfate (SDS), or enzymes such as lysozyme Enzymatic lysis involves using enzymes, such as
proteinases or nucleases, to break down the cell walls and release the DNA Once the cells have been lysed and
the DNA has been released, it can be purified using techniques such as centrifugation, filtration, or
precipitation to remove contaminants and obtain pure DNA‘® The purified DNA can then be used for a
variety of downstream applications, such as PCR, DNA sequencing, or genetic engineering.

Table 1 The list of RAPD primer
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NO. Primer Sequence
1 OP A-17 5'-AGCCAGCGAA
2 OP A-19 (5'- CAAACGTCGG
3 OPA-20 (5'-GTTGCGATCC

Result and discussion

Figurel PCR product of primer OP A-17 The product was electrophoresis on 2% agarose at 5
V/cm?. 1x TBE buffer for 90 min.

Primer OP A-17

For OP A-17 18 bundles were recorded and bundles sizes ranged between 200-3000 bp, featured by the
presence of two public bundles 200 and 2000 present and 16 differential bundles; 350, 355 ,400, 425, 600,
625, 650, 700,750 , 800,850, 950, 1000 1300, 1500 and 3000 bp (Figure 1). This figure shows the number of
the main bands that were recognized by the primers, where the total number of was 18, and the number of
different bands that were recognized was 16. This indicates the efficiency of this primer and its discriminatory
ability was high, and this is consistent with the study by ®) Polymerase chain reaction (PCR) is a laboratory
technique that is used to amplify a specific DNA sequence. It is often used to analyze and identify specific
genes or to detect the presence of certain bacteria, such as Proteus. In order to perform PCR on a sample that
may contain Proteus, you would need to first obtain a sample of DNA from the sample. Then, you would need
to set up the PCR reaction using specific primers (short pieces of DNA) that are designed to bind to the DNA
sequence that you are interested in amplifying. You would also need to add enzymes, such as a polymerase,

and nucleotides (the building blocks of DNA) to the reaction. The PCR reaction is then run through a series of
(75)
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temperature cycles, which causes the primers to bind to the target DNA and the polymerase to synthesize new

strands of DNA. The result is a large number of copies of the target DNA sequence, which can then be

analyzed and identified.

Figure2 PCR product of primer OP A-19 The product was electrophoresis on 2% agarose at 5
V/ecm?. 1x TBE buffer for 90 min.

primer OP A-19

For OP A-19 primer, 16 bands sizes ranged between 350-2500 bp, all of its differential bundles; 350, 400,
500, 525, 600, 650, 700, 800, 900, 1000, 1100, 1200, 1450, 1550, 1750 and 2500 (Figure 2). In the context of
polymerase chain reaction (PCR), primers are short pieces of DNA that are used to amplify a specific DNA
sequence. Differential bundles of primers could refer to a set of primers that are designed to amplify different
DNA sequences. These primers might be used in a PCR reaction to analyze and identify multiple different
DNA sequences in a single sample, or to detect the presence of multiple different target organisms (such as
bacteria or viruses) in a sample. Primers are typically used in pairs, with one primer binding to the DNA
template at the beginning of the target sequence, and the other primer binding at the end of the target
sequence’® The polymerase enzyme then synthesizes new strands of DNA between the two primers,
amplifying the target sequence. Differential bundles of primers would include a set of primers that are specific
to different target sequences® These primers could be used in a single PCR reaction, or in multiple reactions

to amplify multiple different sequences.
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Figure 3 PCR product of primer OPA-20 The product was electrophoresis on 2% agarose at 5 V/cm?.
1x TBE buffer for 90 min.

For OPA-20 primer, 12 bands sizes ranged between 250-3000 bp, featured by the presence of one public
bundles 1200 bp present and 11 differential bundles; 250, 300, 400, 500, 600, 700, 750, 800, 1000, 1200 and

3000 bp (Figure.3). In the random method, each primer recognizes more than one gene piece

Table2  The prefixes outputs from the total and differentiated bundles with their efficiency ratios and
discriminatory ability for the studied samples

Primer N(_J. of | Differentiated | The Formal Plu_rality of Effici(_ency Discrim_i_natory
bind Bundles each Prefix Ratios Ability
OP A-17 18 16 88.88 39.13 37.2
OP A-19 16 16 100 34.7 37.2
OPA-20 12 11 91.66 26.08 25.5
Total 46 43

Table 6 shows the efficiency of each primer and the differentiating ability of each primer. The efficiency of
the OP A-17, OPA-19, OP A-20 primers, respectively, was 39.13, 34.7, 26.08, while the discriminating ability
for them was 37.2, 37.2, 25.5. Therefore, through these results, it is clear The best primer is OP A19 and OP
A 17, as this study agrees with the study ©, where the results were close to our study. In the context of
polymerase chain reaction (PCR), the efficiency of a primer refers to how well it amplifies the target DNA
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sequence. The efficiency of a primer is typically measured by the amount of PCR product that is produced

from a given amount of template DNA™® A primer with high efficiency will produce a large amount of PCR
product from a small amount of template DNA, while a primer with low efficiency will produce less PCR
product from the same amount of template DNAThe efficiency ratio of a primer is a measure of how much
more efficient it is compared to another primer(”) For example, if a primer has an efficiency ratio of 2, it is
twice as efficient as the other primer. A higher efficiency ratio indicates that the primer is more efficient at
amplifying the target DNA sequence There are several factors that can affect the efficiency of a primer,
including the length and sequence of the primer, the temperature of the PCR reaction, and the presence of
secondary structure or other contaminants in the primer. Optimizing these factors can help improve the
efficiency of a primer and increase the yield of PCR product
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Abstract

Suppose G be a graph with the set of vertex V(G) and set of edge E(G), and let du P

denote the vertex degree u € V(G). The first general Zagreb index (or general Zeroth-order
Randic index) Q, is defined as Q,(G) = X%, d] = X, (df'l + d;"l), where k is the order

of vertices and y € R.The generalized connectivity index R,, is defined

as R, (G) = Xi-; (didj)F.The general sum-connectivity index H,
as H, (G) = Zi'vj(di + dj)#,,u € [R. .In this paper, we investigate the relationships between
generalized Q,(G),R,(G) and K,,(G) and several topological indices with sum graphs of
groups Z, . m .

Keywords: The first general Zagreb index, The generalized Randic index, and the generalized
Sum-Connectivity index.
1. Introduction

The graph G is a tuple (V, E) that comprises a finite Vertices set V and finite edges set E;
each edge is an unordered pair of vertices. The vertices associated with an edge e are called

the end-vertices of e.
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We usually refer to (u, v) as an edge between two vertices, namely u and v. In addition, we

represent the graph G by V (G) vertices set and the edges of G by E(G) set. Let e = (u, v) be
the graph G edge. Then the two vertices u and v are known as adjacent in G, and the edge e
is known as incident to the vertices u and v. Also, the vertex, u, is known as a neighbour of v
in G and vice versa. The terminologies and notations used but not identified in this article can
be found in [1]. The indices' topological are the numerical values that associate with the
graph structure.

Over the years, numerous topological indices have been studied and proposed based on the
graph's distance, degree, and other parameters. Some of them are mentioned in [7, 11].
Historically, indices of Zagreb can be considered the first degree-based topological indices
that are applied to many sciences such as physical, chemical, and economical. [22-25] are
numerous studies related to ring or group theory aspects for the Z modulo by graph theory;
referer to [3-11, 21, 26] and their references. In 2018, the authors Alwardi A. et al.
investigated the entire indices of Zagreb of graphs [2].

The sum graph of the group (Z» ) is a finite group of order n; the graph vertices represent
(Zn) elements such that there is an edge between the vertices x and y if and only if

O(x) +O0(y) = 0(Zn ) denoted by G, (Zn ). The Topological indices have been studied in

the last few years; they may be found in [12-16]. In 2013, the index of Zagreb was re-defined
as first, second, and third indices of Zagreb by Ranjini et al. [3-4].

In  this paper, we investigate the relationships between generalized

Q,(G),R,(G) and K, (G) and several topological indices with a sum graph of group
G=Z,m.
2. Basic Concepts and Terminology

In what follows, we focus on a topological index that will need in the subsequent

considerations.

The first general Zagreb index (or general Zeroth-order Randic index) Q}, is defined as
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Q,=0Q,(6)=X, df =%, (dfl + d;’_l) , Where k is the order of vertices and y € R

[14].
The generalized Randic index (or Connectivity index) R, is defined as
R, =R,(6) =X, (dd;)", Andy € R[14].
The general Sum-Connectivity index H, as
H, = H,(6) = Z;.;(d; +d,)", And p € R [15].
3. The Sum Graphs of Groups Z,;m and Z ;= m

The following section will investigate the concept of Z, Group via graph theory by
defining that by order laws. Moreover, we found the degree of the exceptional value of Z,,
at pq™ and p™q™ where p , g are prime numbers to power the positive integers numbers n
and m.
Definition 3.1 [26]: "Let G be a finite cyclic group. The group sum graph, denoted by
G, (V,E) of G, is a graph with V(G,) = U,.;{x) and two distinct vertices x and y are
adjacent in G, denoted by {x}~(y) if and only if O(x) + O(y) > O(G), where O(G) is the

order of the group G. (i.e.)."
V(G,) = U (x),
XEG

E(G,) = {xy| {(x)~(y)ifand only if O(x) + O(y) = O(G), where x,y € G and x * y}.
Remark 3.2: "Every finite cyclic group holds the group sum graph are connected and cyclic
graphs."

Theorem 3.3: If G, (V(me),E(me)), then

{m 'pg—(@+q@)+1) ifO@) = pq™

Joglu) ~1 if O(u) = pq

I‘J'Qm
where 2 << P < q are distinct prime numbers, n = 1,n € Z .

2 << p < q are distinct prime numbers and n,m = 1 are positive integer numbers.
4.Q,(G),R,(G) and K, (G) Topological Indices of G.. (V(qum),E(qum))
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Notice in this section that we will compute the @,(G),R,(G) and K,,(G) Topological

indices.

Theorem 4.1: If G, (V(qum),E(qum)), then the first general Zagreb index is @, where

YER ,Q},(qum) = Z?j;n df
1
=q™(pe(p+ q) +1) [q””’l(iﬁ +1) (™ (pe@+ D +1)) +

(pg™1)']

Proof: The vertices of G, (V(qum),E(qum)) have a degree by theorem 3.3, where

2<p<gq and m is a positive integer number mZ=1,
0y = 0,(Zym) = B2 -
(e (@ + 0 +1)) + (™ (o + ) +1)) +
ot (qm’l(pq—(p +q)+ IJ)F

g {p+qr—1}—t€rms

get

+ (pqm—l)r + (pqm—l)y + -+ (pqm—l)y.

g™t '[’.!ﬂt?—':‘p +rq]+ 1}—tm~ms

=™ (p+a-1) (¢ (P + D+ 1)) + (™ e + ) +
1)(pg™1)"

Q) (Zpgm)=q™ (pa(p + ) + 1) [q'”“”l(ﬁﬂ +¢1) (g™ (pg-(p +

q)+ 1))F_1 + (pqm—l)r].

Remark 4.2: The generalized Randic index (or Connectivity index) R,,, is defined as
¥
Ry = Ry (G) = Xi~; (didj)

Theorem4.3: If G, (V(qum),E(qum))’ then M, (qum) =R,=Y... dd

i~vj iy

(e *(pa- @+ +1)+1)
2

= q™ *(pg-(p+q) +1)(pg™-1)

(84)
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Proof: Suppose that S={a;a,,-,a.},a=q" "(pq—(p+q)+1),S<EZ,,m where

a; € 4

™ O0(a;) =pq™, 1=<1i<a, weseethat, every q; €S5,1 <i < « is adjacent to all

vertices that belong to Z, ,m except itself. (The graph is considered a simple graph).
Ry = d(a) |2 d-d(ay)|+d(a,)[E2 d,~(d(a,) + d(a,))| +

-+ d(an) |27 d, — T2, dla)]

Now, since d(a,) = d(a,) =---=d(a,) = d(a) = pq™-1 and

fo:?di = 24 (£is the size of the graph).

= R, =d(a)[(2€~d(a)) + (26-2d(a)) + ---+ (2&-ad(a)]... (1)

=d(a)|e-2&-3%, id(a)]

— d(a) [Zcxe-d(_a)“{“‘ﬂ], [£e,i=2CD

2 2

= ad(a) |26 - =2 d(a)]

q" Hpg-p+q)+1)+1
=qm‘1(39q—('p+q)+1)(qu—1)( ( > )+ 1)

So, in general, we get by eq (1).
R, = (d(a))Y[(28—d(a))Y + (2€ —2d(a))Y + -+ (28 — ad(a))¥]

— (d(@)) £, (28— id(a))”
R, = (pa™) Z; (g™ (pa- @+ )+ 1) (g™ (pg+p +

q-1)-1)-i(pg™1)]"

Remark 4.4: In [15], Zhou defined the general Sum-Connectivity index k,, as
I
k, =k, (6)=X,.;(d;+d,)
Theorem 4.5: If G, (V(qum),E(me)), then the general sum-connectivity index of
G+(qum)

ky = Zins (di + ;)"
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(a™*@a- (p+a)+1)-1) u
=q“"’1(m—(@‘ﬂ+q]+1)[ (2(pg™-1))" +

™ @ +¢D (pg™ + ¢ g (0 + @) + 1))#]

Proof: Suppose that S = {a,,a,,...,a,},a =q™ (pg— (p +q)+ 1)

SES Zy,m,a; € Z,,m, whereO(a;) =pq",V1<i=a.

Since every a; adjacent to all vertices to £, ,m,V 1 = i = a except itself, then

Ky

= (d(ay) +d(ay))" + d(ay) + d(a,)* + -+ (d(ay) + d(ay))"

- (d{:alj + d(ﬂlj)#
+ (d(ay) + d(0))" + -+ (d(a) + d(asmpg™1))" + -
qm_i{p+:ra— 1)-times

+(d(ap) + d(ay))" + -+ (d(ay) + d(ay))
—[(d(ap) + d(a)” + (d(ay) + d(a,))" + -+ (d(a,) + d(a))’]

+ [(d(ag) + d(0)¥ + (d(ay) + d(P)* + -+ (d(ay) + d(@mpg™ ™))"

qm'i{*ph:rg— 1)-times

Now, since d(a,) = d(a,) = --- =d(a,) = d(a) = pgq™ — 1 and

d(0)=d(p) = =d(@nppq™ ) =q" (pg—(p +q) + 1)

k, = [(@—1)(2d(a))* + B(d(a) + &)* + [(a — 2)(2d(a)]* +
B(d(a) + a)¥] + -+ [(a — a)(2d(@))* + B(d(a) + a)]

where f =qg™ (p+q—1)

k, = (Zd(ajj'“z (a — 1) +af(d(a) + a)*

since X%, (a-i) = @

ke = [ @d(@)* + B(d(@) + 0¥

1 (pg- (p+q)+1)-1)

(2(pg™-1))" +

=q"*(pg-(p +q) +1) [(qm

p
g @ +q-D) (g™ + g e + @) + 1)) ] -
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5. The Relationship between @,(G),R,(G)and K, (G) with Some Other Topological

Indices with a Sum Graph of the Group £, .

Some of the standard topological indices for particular values of ¥ can be considered a

specific case of this index.

This chapter introduces the relationships between the first general index of Zagreb QT(G]J

the second general index of Zagreb R, (G), and the general sum-connectivity index K, (G),

with some other topological indices, with a sum graph of the group Z, ,m . The relationships

are shown in the tables below:

Table (1): Relationships between the first general index of Zagreb @, (Z,,~) and some

other topological indices.

Topological indices Corresponding Formula
Q,(Z,qm)index
_ _ _ y-1
v | e© " g — @+ +D]e™ o +q- D" g - @+ + D)+
Topological indices Corresponding Formula
Ry (Z,qm)index
general Randi’c index VoI R(G) | (pgm -1 Y (@' — (p+ @)+ (@™ g +p+aq—1) - D—i(pg™ -

DY e=q"pg—(p+q)+1)

modified second Zagreb

Ry (G)

T (g™ M pa— e+ )+ D)@ pg+p+q—1)—1)—i(pg™ - 1)]™

(pe™-1)°
index MOy(G)
connectivity index (or w2 | Ry (6) —=2llle" - e+ + D)@ e +p+a -1 1) -
v -
Randi’c index)A(G) ) B
i(pq™ — 1)1
Second Zagreb index, M(G) 1 R, (6)

(pq™ - I)Z[(q’“‘l(pq —++ D@ (pg+p+q-1D - D-ilpg™ - 1)]

i=1

Table (2): Relationships between the second general index of Zagreb R,(Z,,=) and some

other topological indices.
Table (3): The relationships between general Sum-Connectivity index K, (Z,,=) and some

Topological indices Corresponding Formula
K, (Z,qm)index
¥ K,(6) " 'pg-(p+a)+ 1) [‘(qm_l(pq_iL'm)_l) @Ed" -1 +q" " (p+a—
Dpe™ -14+q¢" 7 (pa— (P +q) + 1))1’]
First Zagreb index, M;(G) 1 K1) A" (g~ P+ @)+ DIpe™ - D@ g - P+ +1) -1 +q" (P +q -
Dpe™—1+¢"(pq — (p +q) + 1))]
= P — - prey—
Harmonic index, H(G) 1 2K_1(5) 2¢™ (pg — (p+q) + 1) [(q (i?pq(itcﬂﬂ) 1) (pqm_1{iqm—(f(;1_2,+q)ﬂj]
Sum connectivity index 1y2 K_i;2(G) A" g — (P +q) + 1) [qm’:.(j%c;;\(f;ﬁq-c:j:rf)—l) T \4{pqm—?:—n{:’;(’{t;q_jép+q]+1_]]
UG)
Hyper-Zagreb index y(G) 2 K (6) " (pg — (0 +q) + 1) [(q”"ltpq—(zp+q)+1)—1) 2(Pa™ — 1)) + g™ (p +q —
Dlpq™ —1+q¢" 7 (pa—(+q) + 1))2]
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ther topological indices.

6. Conclusions

In this paper, we investigate the relationships between generalized

Q,(G), R,(G) and K, (G) and several topological indices with sum graphs of groups Z,,m .
References:

[1] West, D. B. (2008). Introduction to graph theory, 2nd ed. (Vol. 2). Upper Saddle River:
Prentice Hall.

[2] Alwardi, A., Algesmah, A., Rangarajan, R., & Cangul, I. N. (2018). Entire Zagreb indices of
graphs. Discrete mathematics, algorithms, and applications, 10(03), 1850037.

[3] Ranjini, P. S., Lokesha, V., & Usha, A. (2013). Relation between phenylene and hexagonal
squeeze using a harmonic index. Int. J. Graph Theory, 1(4), 116-121.

[4] Buragohain, J., Deka, B., & Bharali, A. (2020). A generalized ISI index of some chemical
structures. Journal of molecular structure, 1208, 127843.

[5] Ahmed, M. S., Mohammed, A., & Arif, N. E. (2020). Hosoya Polynomial, Wiener Index,
Coloring, and Planar of Annihilator Graph of Zn. AL-Rafidain Journal of Computer Sciences
and Mathematics, 14(2), 41-52.

[6] Nawaf, A. J., & Mohammad, A. S. (2021). Some Topological Indices and (Hosoya and
Schultz) Polynomial of Subgroup intersection graph of a group Z_r. Journal of Al-Qadisiyah for
computer science and mathematics, 13(1), Page-120.

[7] Nawaf, A. J.,, & Mohammad, A. S. (2021). Some Topological and Polynomial Indices
(Hosoya and Schultz) for the Intersection Graph of the Subgroup of [1] _ (r™ n). Ibn AL-
Haitham Journal For Pure and Applied Sciences, 34(4), 68-77.

[8] Arif, N. E., Hasani, R., & Khalel, N. J. (2021, May). Pseudo-Von Neumann Regular Graph of
Commutative Ring. In Journal of Physics: Conference Series (Vol. 1879, No. 3, p. 032012). IOP
Publishing.

[9] Arif, N. E., & Khalel, N. J. (2020). Chromatic Number of Pseudo-Von Neuman Regular
Graph. Ibn AL-Haitham Journal For Pure and Applied Science, 33(2), 149-155.

(88)



Journal of Natural and Applied Sciences URAL No: 2 Val:1/ April/ 2023
[10] Khalel, N. J., & Arif, N. E. (2020). Chromatic number and some properties of Pseudo-Von

Neumann regular graph of the cartesian product of rings. Tikrit Journal of Pure Science, 25(3),
135-140.

[11] Anderson, D. F., Axtell, M. C., & Stickles, J. A. (2011). Zero-divisor graphs in commutative
rings. Commutative Algebra, 23-45.

[12] Anderson, D. F., & Badawi, A. (2008). On the zero-divisor graph of a ring.
Communications in Algebra, 36(8), 3073-3092.

[13] DeMeyer, F. R., McKenzie, T., & Schneider, K. (2002, July). The zero-divisor graph of a
commutative semigroup. In Semigroup forum (Vol. 65, No. 2, pp. 206-214). Springer-Verlag.
[14] Milovanovic, I. Z., Ciric, V. M., Milentijevic, |. Z., & Milovanovic, E. I. (2017). On some
spectral, vertex, and edge degree—based graph invariants. MATCH Commun. Math. Comput.
Chem, 77(1), 177-188.

[15] Mateji¢, M., Milovanovi¢, I., & Milovanovi¢, E. (2018). On bounds for harmonic
topological index. Filomat, 32(1), 311-317.

[16] Jahanbani, A., Atapour, M., & Khoeilar, R. (2021). New Results on the Forgotten
Topological Index and Coindex. Journal of Mathematics, 2021.

[17] Bharali, A., Doley, A., & Buragohain, J. (2020). Entire forgotten topological index of
graphs. Proyecciones (Antofagasta), 39(4), 1019-1032.

[18] GURSOY, N. K. (2021). Computing the Forgotten Topological Index for Zero Divisor
Graphs of MV-Algebras. Journal of the Institute of Science and Technology, 11(4), 3072-3085.
[19] Rasha A Isewid, Nabila | Aziz, Samer R Yaseen & Mahera Rabee Qasem(2020).

Some Properties of Regular and Normal Space on Topological Graph Space. Published under

license by IOP Publishing Ltd.

[20] Mahera R. Q., Akram S. M. &Nabeel E. A. (2023). New Concept of Finite Group( B =_)on

the Sum Graph with Some Topological Index. Preprint.

(89)



Journal of Natural and Applied Sciences URAL No: 2 Val:1/ April/ 2023
[21] Qasem, M. R., Arif, N. E. ., & Mohammed, A. S. . (2023). Sum Graph of Z_ (p"n g"m )

Groups and Some Topological Indices of G+ (Z_(p”n g”m )). Samarra Journal of Pure and
Applied Science, 5(1), 192—-203. https://doi.org/10.54153/sjpas.2023.v5i1.486

[22] Mansour, I. A., Qasem, M. R., Salih, M. A., & Hussain, M. Q. (2021). Characterization of
semi-hollow-lifting module. Materials Today: Proceedings.

[23] Qasem, M. R., Salih, M. A., & Noori, S. M. (2020). Soft set and its direct effect on a ring
structure. Journal of Intelligent & Fuzzy Systems, 38(3), 2885-2888.

[24] Qasem, M. R., Salih, M. A., & Arif, G. E. (2019). Modern cyclic groups and their relation

with classical groups: Theory and Application. Opcidn, 35(88), 1379-1388.

[25] Mahera Rabee Qasem, Unitary and commutative rings and their relations with ideals.

Materials Today: Proceedings

[26] Mahera R. Q., Nabeel E. A., Akram S. M. (2022). On the Study Sum Graph of the Group
B.= With Some Topological Index. Journal of Al-Qadisiyah for Computer Sciences and

Mathematics.

(90)



Journal of Natural and Applied Sciences URAL No: 2 Val:1/ April/ 2023

(91)



Journal of Natural and Applied Sciences URAL No: 2 Val:1/ April/ 2023

ISSN (Print): 2958-8987
ISSN (Online): 2958-8995

Doi: 10.59799/APPP6605

Contra-if-continuous and Almost Contra-if-Continuous Functions

Sumaya A. Abed
Minisitry of Education, Mosul, IRAQ

Sumayaabdulelah@gmail.com Email

Abstract

In this study, using the concept of if-open sets in topological space to study and develop a novel class of
functions called contra if-continuous and almost contra if-continuous functions as a new expansion of contra
continuity and almost contra continuity. The basic properties of both these types of functions are developed.
Several theorem and characterizations of these functions are given , Relationships between these functions and
other related classes of functions are also discussed. Also ,on the other hand, some examples to show that the
converse may not be true have been introduced.

Key words : if#-closed set, contra if-continuous , almost contra i-continuous.

1.Introduction and Preliminaries
Contra and Almost Contra Continuous Mappings in topological spaces (P, ) were introduced in [1]. They

defined a function f : P—K is contra continuous if f=*(U) € C(P), V U € in K. Numerous types of

contra continuity have since been researched. Dontchev and Noiri [2] develop and study the contra semi-
continuous functions a new weaker form of these functions . Caldas and Jafari introduced and studied the
contra-continuous function [3]. By Jafri and Noiri [4,5], contra super continuous, contra pre-continuous and
contra a-continuous functions were introduced and studied. Contra y-continuous & almost contra y-
continuous function have been presented and investigated by Nasef [6]. Many different types of almost
contra continuity have recently been studied. EKkici [7,8] proposed the ideas of an almost contra pre-
continuous function and an almost contra super continuous function. Baker [9] introduced the concept of
contra almost-f-continuous functions. In 2012 Mohammed and Khattab [10] presented the idea of contra i-
continuous functions and contra ia-continuous functions and study the concept is-contra-continuous in[18].
Shaheen in 2022 introduced the concept of contra iR-continuous functions [11] and study the concept if-
open set[12] in topological spaces. In this direction, We continue to investigate some characteristics of
contra if-continuous and almost contra if-continuous functions. We denoted the topological spaces (2, 1) ,
(K, o), (H, 8) simply by P, K, H, respectively. Let E be a subset of a space P. The closure and interior of E

in relation to P are denoted by Clp (E) and Inte (E) respectively or simply by CI(E) Int(E) respectively and
the complement of E is denoted by P-E. Open sets (resp. closed sets) by ( OS), (CS), topological spaces by
TS.

Let's study the definitions below because they will be helpful in the sequel:

Definition 2.1 In T.S P, a subset E is defined as #-open set[13] denoted by 8-0S, if E =nt6(E) where
Intd(E) = U{U: U € z, cl(U)< E}.

Definition 2.2 In T.S P, a subset E is defined as -open set[14] denoted by &-0S, if E =Int3(E) where Intd(E)
= U{U: U eRO(P), U c E}.

Definition 2.3 In T.S P, a subset E is defined as semi-open set[9] denoted by semi -OS , if E € (cl(Int(E)).
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Definition 2.4 In T.S P, a subset E is defined as regular open sets [9]denoted by regular-OS , if E

= Int(cl(E)), and regular closed[21] denoted by (regular-CS), if E= cl(Int(E)).

Definition 2.5 In T.S P, a subset E is defined as pre-open denoted by pre-OS , if E € Int(cl(E))[9]
Definition 2.6 In T.S P, a subset E is defined as a-open set[9] denoted by a-OS, if E SInt (cl(Int(E)).
Definition 2.7 In T.S P, a subset E is defined as f-open set (= semi- preopen)[9] denoted by p-0OS, if
E C (cl(Int(cl(E))[9]

Definition 2.8 In T.S P, a subset E is defined as b-open set (= y -open )[15] denoted by b-OS, if E

C (cf(fnt(E)) U (Int(cf (E)).

Definition 2.9 In T.S P, asubset E is defined as i-open set [16]denoted by i-OS , If
ECcl(EnU),and3U €tand U= P,0 [16]

Definition 2.10 In T.S P, a subset E is defined as ia-open set[9] denoted by ia-OS, if E < cl(ENU) ,where 3
UeaO®P) and U £0, P [9]

Definition 2.11 In T.S P, asubset E is defined as clopen set, if E is both OSand CS .

Definition 2.1 In T.S P, a subset E is defined as iR-open set[17] denoted by iR-OS , if
EC cl(ENU),where3 Ue RO(P)and U=P 0.

Definition 2.12 In 7.5 P, a subset Eis defined as is -open set[18] , denoted by iS-OS , if E € cl(ENU),
where3 U € SO(P) andU# @, P.

Definition 2.13 In T.S P, a subset E is defined as if-open set[12] denoted by i#-OS | if
E < cl(ENU),where3 Ue poP)and U=P 0.

The family of all (open #-open, o -open, regular open. ,regular closed , semi-open , $-open , b-open, pre-open,
a-0pen , i-open, ia-open , clopen , iR-open, is-open) sets of T.S (P,t ) is denoted by t, 80(P), §0(P), RO(P)
,RC(P), SO(P), , po(P), BO(P), PrO(P), «0(P) , iO(P), ieO(P) ,CO(P) , iRO(P), USO(P) , ifO(P) respectively.
The complement of the above open sets are (closed , 6- closed, & - closed, regular open , regular closed , semi-
closed, 8- closed, b-closed, pre-closed , a- closed , i-closed, ia- closed , clopen , iR-closed , is- closed) sets
respectively .The family of all the above closed set denoted by C(P) (8C(P), 6C(P), RO(P), RC(P), SC(P),
, PC(P), BC(P), PrC(P), «C(P) , iC(P), iaC(P) ,CO(P) , IRC(P), USC(P), ifC(P) respectively.

Let Pand K be T.S.

Definition 2.2A function f:P — K is said to be Contra-continuous [19,23] , denoted by (C. continuous)
if f7AU)eC(P),vUETInK.

Definition 2.3 A function f: P — K is said to be Contra-i-continuous [10], denoted by (C. i- continuous.)
if f7A(U)eiC(P),vUeT inK.

Definition 2.4 A function f: P — K is said to be Contra -ia-continuous [10] denoted by (C. ia- continuous)
if fFA(U) €iaC(P),VUETINK.

Definition 2.5 A function f: P — K is said to be Contra-iR-continuous [11]denoted by (C. iR- continuous)
if f71(U)€IiRC(P),VUETINK.

Definition 2.6 A function f: P — K is said to be is- contra-continuous[18]denoted by (C. iS-continuous ) if
f7Y(U)eUSC(P),vUertinK.

Definition 2.7 A function f: P — K is said to be Contra-a-continuous[19]denoted by (C. a- continuous)
if f7AU)€ aO(P),VUET inK.

Definition 2.8 A function f: P — K is said to be Contra-f-continuous[19] denoted by (C. S- continuous)
if f~3(U)epCP),vUETINK.
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Definition 2.9 A function f: P — K is said to be Contra semi continuous[2][19] denoted by (C. semi-

continuous) if f71(U) e SC(P), VUEtinK.

Definition 2.10 A function f: P — K is said to be Contra-pre-continuous[19] denoted by (C. pre-
continuous) if f~1(U) e PrC(P),vU e tinK.

Definition 2.11 A function f:P — K is said to be Contra-b-continuous, denoted by (C. b- continuous) if f
I(U) eBC(P),V UerinK][15]

Definition 2.12 A function f: P — K is said to be Contra-Completely continuous =(RC-continuous )if f
“I(F) € RO(P), vV F € (CS) inK [20]

Definition 2.13 A function f: P — K is said to be Contra R-map, denoted by (C. R-map ) if f /(U) €
RC(P), v U € RO(K) [21]

Definition 2.14 A function f:P — K is said to be R-map [21] denoted by (R-map) if f ~/(U) € RO(P), V
U € RO(K).

Definition 2.15 A function f: P — K is said to be Strongly continuous, denoted by (Str. continuous) if f
“I(U) e CO(P), vV U eK [22]
Definition 2.16 A T.S P is said to be Locally indiscrete if every (OS) is (CS) in P [22]

Definition 2.17 A function f: P—K is defined as Almost contra 8-continuous[14]denoted by (Al. C. 8-
continuous) if f /(U)is8-CSinP, Vv U e RO(K).

Definition 2.18 A function f: P—K is defined as Almost Contra super-continuous[14] denoted by (Al. C.
super- continuous) if f /(U )is §-CSinP, v U € RO(K).

Definition 2.19 A function f: P—K is defined as Almost Contra b-continuous [14]denoted by (Al. C. b-
continuous) if f3(U) e BC(P), vV U € RO(K).

Definition 2.20 A function f: P—K is defined as Almost Contra s-continuous[9] denoted by (Al. C. -
continuous) if f3(U) € SC(P), Vv U € RO(K).

Definition 2.21 A function f: P—K is defined as Almost Contra-pre-continuous[19] denoted by (Al.C. pre-
continuous ) if f1(S) e PrC(P), ¥ S & RO(K).

Definition 2.22 A function f :P—K is defined as Almost perfectly [23] (=regularset-connected) denoted by
(Al.per- continuous) if f~1(U) e CO(P) v U € RO(K).

Definition 2.23 A function f : P—K s defined as Perfectly (totally)-continuous[23] denoted by (Per-
continuous) if f~1(U) e CO(P),v U et inK.

Definition 2.24 A function f : P—K is defined as Almost-Contra continuous [24] denoted by (Al. C.
continuous) if f£71(U) € (CS)inP, Vv U e RO(K).

Definition 2.25 A function f: P—K is defined as RC-continuous [19] if f}(V)€RC(P), VU € in K.

Lemma 2.26 Every (CS), regular-OS, regular-CS, ¢- CS, a- CS, semi- CS, 8- CS, pre- CS, b- CS | i- CS, ia-
CS, - CS, clopenset in T.S is i- CS [12].

Lemma 2.27 Every regular-OS in T.S is (OS)[25]

3.Contra i-continuous functions
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Definition 3.1 If f }(S) € iBC(P), V S € ¢ in K, a function f:P—K is said to be contra-if-continuous
denoted as (C. if- continuous ) .

Proposition 3.2 Every (C. i- continuous) is (C. if-continuous).

Proof : Let f: P=K be (C. i- continuous) and S be any (OS) in K . Because f is (C. i- continuous) f-(S) is
i-CS in P, moreover every i-CS is if-CS in P by lemma 2.5 . So, f-1(S) is i-CS in P.finally, f is (C.
iff-continuous) m

Proposition 3.3 Every (C.ia-continuous) (resp.(C.iR-continuous),(C.a- continuous) ,(C.p-
continuous),(C.pre-continuous),(C.semi-continuous),(C.b-continuous) is (C.if- continuous.)

Proof : Same the proof of Proposition 3. 2, and since every ( ia-CS, iR- CS, a- CS, - CS, pre- CS, semi - CS ,
b- CS and CS) is an i8-CS by lemma 2.5 m The example 3.4 that follows explains that (C. ia- continuous) are

not required (C. if- continuous).

Example 3.4 Let P={d,b,c,a}, ={P,{a,d},{b,c}, @},0={0,{b,a},P}, iaC(P) ={@,{b,c,d}
{c,a,d},{a,b,d}{acb} {a,d}{cb}, P} ipCP) =P(P) (power set). The identity map f : P-K is (C. ia-
continuous) but f is not (C. i#- continuous)

The example 3.5 that follows proves that (C. i- continuous) need not be (C. continuous.) (resp. C. S-
continuous), (C. semi- continuous), (C. a- continuous), (C. i- continuous), (C. pre- continuous) and (C. b-
continuous.)

Example 3.5 Let P ={a, b, c}, . ={@,{b}{b,c}, P}, o ={0 {b,c}, P}, BC(P) ={@{ac}{c}{a}, P}, SC(P)=
aC(P) ={ @d,{a,c}{c} {a}, P}, ipC(P) = P(P), iC(P)

={@{ac}.{ab}{c}.{b}.{a}.P}, PrC(P)={® {ac}.{a.b} {c}{b}.{a},P} BC(P)={@ {a.c.{ab}.{c}{b}{a}, P }.
The identity map f: P—K is (C. if- continuous) but f is not (C continuous), (C. - continuous), (C. semi-
continuous), (C. a- continuous), (C. i- continuous), (C. pre- continuous) and (C. b- continuous) .

Proposition 3.6 Every (RC- continuous) is (C. i$- continuous).

Proof : Let f: P— K be (RC- continuous )and S be any (OS) in K . Since f is (RC. continuous) then f~1(S) is
regular -CS in P. Since , every regular- CS is an i8-CS via lemma 2.26 So, f ~1(S) is anif-CSin P . Hence f is (C.
i- continuous) m

Proposition 3.7 Every (Per. continuous) (resp. Str. continuous) is (C. i5- continuous).

Proof : Let f: P—K be (Per. continuous) and S be any (OS) in K . Since f is (Per. continuous) then f=1(S) is
clopen set in P . Because , every clopen set is an i -CS via lemma 2.26 consequently , f£=1(S) isan i8-CSin P.
Finally , f is (C. if- continuous) m

The example 3.8 that follows explains that (Per. cont. fun.), (RC- continuous), (Str. continuous) and (C. iR-
continuous) are not required (C. i#- continuous).

Example 3.8 Let P ={a, b, c ,d }, t ={@, {a}.{b, c,d}, P }, o ={@ {b,c}, P}, CO(P) ={®, {b,c,d}{a},P},
RC(P) ={ 0, {a} {b, c,d}, P}, iRC(P) ={ o {a} .{a,c,d} ,{a,b,d} {a,b,c} {a,d} {a,b} {a,c} {b,c,d},
P}. ,ipO(P)= P(P) . The identity map is (C. i5- continuous) for f : P—K but f not (Per. cont. fun.),(RC-
continuous), (Str. continuous) and (C.iR- continuous)

Remark 3.9 : The composition of two (C. if- continuous) as notes need not be (C. i$- continuous) in the
example below :
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Example 3.10 Let P =K =H ={c, b, a}, = ={@, {c}{b,c}{ac}, P}, o={0,{b}, K}=6,

iBO(P)={ 0 {a}{b}.{c}{ac} {b,c}, P}, iBO(K)={ 0 {a}{b}{ac}{ab}.{c}.{b,c}, K} Define f:P— K by
f(a) =b f(b) =cand f(c) =a, g : K= H by g(a)=b, g(b) =c and g(c) =a . Consequently , f and g are (C. i-
continuous) but gof - P— H is not (C. if- continuous) since (gof) 1 {b}=f (g7 {b}) =f{a} ={c }inP is
not if3-CS .

Theorem 3.11. If /- P— K isafunction, g - K— H is injective and closed, and if gof : P — H is (C. i-
continuous) then f is (C. i- continuous) .

Proof. Let A be any (OS) in K. Since g isclosed, g(A) is closed in H . Since g 1 is (C. if- continuous) and
g is injective, we see that f=1(A) = f1(g *(g(A))) is i8 -CS in P, which proves that f is (C. if- continuous)
|

As a result, we have the diagram with implications below :

RC-cont.fun.) (Per.cont.fun.) (C.cont.fun.)
(C.iR-cont.fun.) (C.a-cont.fun.)
(C.i-cont.fun.) (C.semi-cont.fun.) (C.pre-cont.fun.)

Vo

(C.b-cont.fun.)

(C.is=cont.fun.) (C.p-cont.fun.)

(St@n.) (C.i/?-co%m.)

Diagraml

(C.ia-cont.fun.)

Remark : ( cont.fun.) represent the continuous function
4. Almost Contra if-continuous functions

Definition 4.1 If f 1(S) € iBC(P), v S € RO(K) , a function f: P —K is called almost contra if-
continuous denoted by (Al. C.i- continuous)

Proposition 4.2 Every (Al. C. continuous) is (Al. C. i- continuous)

Proof : Let f: P —=K be (Al. C. continuous ) and S be any regular-OS in K. Since f is (Al. C. continuous)
then £ ~1(S) is (CS) in P and because every (CS) is if-CS ,f~1(S) is if-CSin P . So f is (Al C. ip-
continuous) m

Proposition 4.3 Every (C. R-map ), (resp. R-map) is (Al. C. i5- continuous)

Proof : Let f: P—K be (C. R-map ) ,(resp. R-map) and S be any regular- OS in K. Since f is (C. R-map),(
resp. R-map) then f~%(S) is ( regular- CS) (resp. regular- OS) in P . Since every regular-CS and regular-OS
is iB-CS, f ~1(S) is if-CS in P. Therefore f is (Al. C. i8- continuous) m

Proposition 4.4 Every (Al .per- continuous) is (Al. C. i- continuous).
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Proof: Let f: P —K be (Al.per- continuous) and S be any regular- OS in K. Since f is (Al.per-continuous)

then £ ~1(S) is clopen and since every clopen is i8-CS ,Therefore f is (Al. C. if- continuous) m.

Proposition 4.5 Every (Al. C.pre- continuous), (resp., (Al. C. b- continuous) and (Al. C. g- continuous) is (Al.
C. if- continuous)

Proof: Clear, since every pre-CS, p-CSand b-CS isanif-CS.

Remark 4.6 The example below shown that (Al. C. if- continuous) need not be (Al C.pre-
continuous),(Al.per-continuous),(Al.C.b-continuous) and (Al. C. S- continuous).

Example 4.7 Let P=K= {1,2,3 }, r ={@.{2}.{2,3}, P}, ¢ = {0.{1},{3,2}.,K}, RO(K) ={ 0.{3.2} {1}, K }.

Prc(P)={0.{1,3}{1.2} {3}{2}{1}, P }, CO(P)={@,P } , BC(P) ={@.{1,3}{2,1},{3}.{2}.{1}, P}, BC(P)
={0,{1,3},{3},{1}, P }.ipCc(P) = P(P) . Clearly , the identity mapping f: P—K is (Al. C. if-cont. fun.) but
f isnot (Al. C. pre- continuous) and (Al. C. b- continuous) and (Al. C. - continuous).

Proposition 4.8 Every (Al. C. super-continuous) (resp. (Al.C. - continuous )is (Al.C. i5- continuous) .
Proof : Clear, since every 4-CS and 6-CS is an i3-CS.

The following examples prove that (Al. C. i#- continuous) does not have to be (Al. C. super- continuous) and
(Al. C. 8- continuous)

Example 4.9 Let P = {a,b,c},1 = {0,{a},{a, b}, P}, ifO(P) =P(P) andthe set {a, b} = Intf({a,b}) = 0,

Example 4.10 Let P ={a, b, c}, 1 ={®,{a},{a ,c},P },RO(P)={®,P} We note The set {a,c} is not 5-OS
since Into ({a,c})= 0. ifO(P)= P (P) (power set).

Corollary 4.11 Every (C. if-continuous) is (Al. C. if-continuous)

Proof : Let f: P —K be (C. if-continuous) and S be any regular-OS in K, then by lemma 2.27 Sis (OS) in
K . Because f is (C. if-continuous), then f~1(S)is an if-CSin P. Hence f is (Al. C. if-continuous) m
The following examples prove that (Al. C. if- continuous) does not have to be (C. i#-continuous)

Example 4.12 P={a,b,c} with = ={® {a}{b}.{a,b}.{b.c},P },o={0, {b } P} RO(K) ={@, P}, iBC(P)
={ 0, {a,b} {b,c}.{ac}.{c},{a},P } Clearly , the identity mapping f:P—K is (Al. C. if-continuous) but f is
not (C. if- continuous)

As a result, we have the diagram with implications below :

C.R-map)

—{(AI.C. 8-cont) (Al.C.super-cont.)

~
—> (AlC.cont.))  (ALC.pre-cont.) (Al.C.b-cont.)

—(Al.per-cont.) (R-map) \l/ (AlL.C.p-cont.)

> (C.iB-cont.)  (Al.C.iB-cont.)
Diagram 2

Remark : ( cont.) represent the continuous function

Theorem 4.13 If f: P — K isa (continuous) and P is locally indiscrete then f: P — K is (Al. C. if-
continuous).
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Proof. Suppose f is (continuous) and V be any regular-OS of K then V is (OS) in K. Since f is

continuous and P is locally indiscrete , then f(V) is open and closed in P . Hence f!(V) is clopen
in P and by lemma 2.26 f~1(V) is i8-CS in P. Therefore, f is (Al. C. i8- continuous) m

Theorem 4.14 If f: P — K'is (Al. C. pre- continuous) and A is a semi- OS of P, then the restriction f|A: A
— K'is (Al. C. i8- continuous).

S € RO(K) Since f is contra-pre continuous ,then f(S) € PrC(P) and Since A is semi open Let Proof.
in P, by ([7], Lemma 2.1) we get (f|A)YS)=AnfLS)

€ PO(A)so, f|Ais (Al C. pre- continuous) .Since every (Al. C. pre- continuous) is (Al. C. i#- continuous)

by Proposition 4.5 therefore, f is (Al. C. i5- continuous) m

Theorem 4.15 If /- P — K is (Al. C. i- continuous) and g : K — H is (C. continuous) , then g °f: P —
H is (Al. C. i- continuous).

Proof : Let f: P=K be (Al C. i#- continuous) and S be any regular-OS in H ,then Sis (OS) in H . Since
g is (C. continuous) then £=1(S) is (CS), hence f-1(S)is ani-CS by lemma 2.26 in P. Therefore, f is (Al
C. if- continuous) m

Remark 4.16 : The composition of two (Al. C. if- continuous) need not be(Al. C. if- continuous) as shown
in the example below :

Example 4.17 Let P =K=H ={a, b, ¢}, ={0, {c}{b,c}{ac}, P}, o={0,{b} {ac }, K }=6 , RO(K)
={0.{ac}{b}, K} RO(H) ={ @.{a,c}.{b}, H }. iBO(P) ={ 0 {a} {b}.{c}{ac} {b,c}, P } IBO(Y)=P(P).
Define f: P —=K by f(a) =b f(b) =c and f(c)=a, g : K— H by g(a)=b, g(b) =cand g(c) =a,Then f and g
are (Al. C. ip- continuous) but gof : P— H is not (Al. C. if- continuous) since (gof)*{b}=
f (g {b})=F {a}={c }is still not aniB-CSinP.

Corollary 4.18 : For two functions f: P—K and g :K—H, let g < f be that the composition function P —
H . The following are hold :

(1) If fis(Al.C.ip-continuous) and gis (Per- continuous), then g is (C. if- continuous). (2) If f is (ALC.ip-
continuous) and g is an R-map, then gof is (AlLC. i#- continuous). (3) If fis (C. if-continuous) and g is (Al.
continuous),then go f is (Al.C.if- continuous).

Proof:(1) Let V be (OS) in H . Since g is (per-continuous ) , g=* (V) is clopen in K. Since f is (Al C. is-
continuous), f gt (V)) = (g = f)"1(V) isif-OSand i-CSin P . Therefore g of is (C. if- continuous)m

(2) LetV be any regular- OS in H . Since g is R-map , g~ (V) is regular-OS in K . Since f is (C. is-
continuous) f~1gt (V))=(g = f)~* (V) isip- CSin P . Therefore, gof is (Al C. i8- continuous) m

(3) Let V  be a regular-OS in H . Since g is (Al. continuous), g~ (V) is (OS) in K. Since f is (C. is-
continuous) f (gt (V))=(ge )"t (V)isiB-CSin P.Finally g = f is (Al C. if- continuous)m

Conclusions

In this paper, our attention is on the contra i-continuity and its properties and their relationship to other
as shown in the diagram1. Moreover with the help of these known applications in topological spaces
functions there has been research on the almost contra if-continuous functions as shown in the diagram 2.
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