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ABSTRACT

Information security is an important matter, especially with the increased demand for
information due to the advent of the Internet, as this information has entered many
scientific, commercial, and military fields, and this has become widely circulated as
the need to protect this information from penetration has arisen by developing
techniques to encrypt and preserve information. In this research, a system based on
mixing was developed, taking advantage of the strengths of both algorithms, to ensure
information protection and more reliability, and to add an additional level of security,
where the modified symmetric encryption algorithm, which works with the public key
AES, was combined with the modified asymmetric encryption algorithm, which
works with the private key, RSA algorithm. In the AES algorithm, there was an
increase in speed and a new security prefix by adding Four-S Boxes to the generation
key, as well as adding Four-S Boxes to the encryption algorithm to increase the
computational complexity of the difficulty of breaking by the attacker. In the RSA
algorithm, an additional level of security was added to the modified algorithm by
increasing the complexity of (n), which depends on the values of the initial numbers
(p, 9), in addition to adding other layers of complexity by calculating the value of e.
Among the most prominent findings of the study is that hybrid algorithm(AES+RSA),
compared with previous studies, has a high level of security, strength, and speed at the
time of encryption and decryption, as this hybrid system algorithm was faster than the
RSA algorithm and slightly slower than the AES algorithm, as the throughput was
high compared to other studies.

Keywords: Cryptography, Cryptography Algorithms, Mixing AES and RSA,
Execution Time, Throughput

1. INTRODUCTION
The matter of protecting and preserving information from penetration is a major
concern as a result of the increased demand for this information, which is represented
by (texts, images, audio files, and video files) that have entered many areas, including
wireless networks, and engineering, medical, and military fields, where this
information is exchanged through an open environment that is easy to penetrate, as it
called on scientists to develop techniques to hide this information, and among these
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technologies are cryptography algorithms (Zong & Natgunanathan, 2014)(Abood,
2017).

Cryptography is of Greek origin from two words first, crypto means "hidden secret”;
The second is graphein, meaning "covered writing". Encryption is an important
science and it is one of the techniques of concealment science. It is an important and
necessary technique to protect information from external attacks. Through this
technique, the original message is converted into a secret encrypted message between
the sender and the receiver using encryption algorithms. There are two types of
cryptography algorithms: symmetric key algorithms are also known as the private key
cipher system, where this one has one private key for encryption and is itself private
for decryption, while the second type of algorithm is known as the asymmetric key
cipher system is also known as the public key cipher system, where this type of
algorithm has two keys, the first is private for encryption and the second key is private
for decryption(Rajkamal & Zoraida,2014)(Bokhari & Shallal,2016)(Timilsina &
Gautam,2019), as shown in Figure 1.

Encryption Decryption
P Cipher Text P

Plain Text 5 \w Plain Text

Figure 1: cryptography model

The main term of cryptography can be described as follows (Stallings,2006):

Plain Text: An original plain message or data, it's nourished into an encryption
algorithm.

Encryption Algorithm: The encryption algorithm converts plain text into ciphertext by
using performs various substitutions and transformations.

Key: The secret value independent of the plain text and encryption algorithm. It's also
input into the encryption algorithm. The exact substitutions and transformations
performed by the algorithm depend on the secret key.

Cipher Text: The ciphertextis a random stream of data, it’s the output
incomprehensible of a scrambled message. It depends on the plaintext and secret key.
Decryption Algorithm: The decryption algorithm run in the opposite. It takes
the ciphertext and secret key and produced the plain text(original format),as shown in
figure 2.
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[ Cryptography Algorithms ]
/ J \
Symmetric - . .
Algorithms (private [ ASymr(Tr;euttr)llti:CiIg]\grlthms ][ Hash Function ]
key)
DES AES RSA Diffie SHA-1 MD5
Hellman
3DES ECC
Figure 2: Cryptography Algorithms

2. LITERATURE REVIEW

(Bokhari et al.,2018) "Hybrid Blowfish and RSA Algorithms to Secure Data between
Cloud Server and Client." In this paper, a hybrid algorithm is proposed to encrypt and
decrypt data during transmission between the server and the client in cloud computing
(CCS and CCC). Applying the HMAC feature to the ciphertext that was produced by
the fish algorithm, the results of the proposed system were good in comparison with
previous literature.

(Abd Zaid &Hassan,2018) "Lightweight RSA Algorithm Using Three Prime
Numbers." In this study, a novel strategy is utilized to obtain (n) with the same length
as the usual RSA but with fewer bits for prime numbers by using three prime numbers
instead of two prime numbers. This method uses three prime numbers and the Chinese
Reminder Theory (CRT) to increase speed for both the regular RSA key generation
side and the decryption side. Research results indicate that the average speed
improvement is 80% in the key generation process, 96% in the decryption process,
and only 4% in the encryption process.

(Carlo et al.,2019) “Modified Key Generation in RSA Algorithm”. In this paper, the
RSA algorithm is modified based on modulo and public key. , the public key was
modified to be a hidden key through the random selection of the collected values and
converting it to a different value. From the results of this research, the modification of
the RSA algorithm based on modulo and the public key gave a new model consisting
of two levels of the encryption process and the decryption process. One of the
conclusions of this research is that the new model has the factors to hide the private
key.

(Isiaka et al.,2019) “Hybridization of RSA and Blowfish Cryptography Algorithms
for Data Security on Cloud Storage”.In this research, a hybrid system is proposed that
is able to use the BLOWFISH symmetric encryption algorithm and the other
asymmetric RSA, where the algorithms are designed in such a way that one of them
authenticates the authorized user and the other provides confidentiality and security
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for the data stored on the cloud. One of the most prominent results of this research
was a high improvement in data security in cloud storage.

(Ezekiel Bala et al.,2019) “Hybrid Data Encryption and Decryption using RSA and
RC4”.In this study, a hybrid system based on two algorithms was designed to add
very high security to the public and private keys. The first is private key encryption
based on a straightforward symmetric algorithm, and the second is public key
encryption based on a linear block cipher. Compared to other encryption algorithms,
this one offers a more reliable and secure authentication system. Data is transferred
utilizing keys with symmetric encryption to accomplish hybrid encryption. Public key
cryptography has been implemented for symmetric random key encryption. Once the
symmetric key is retrieved the recipient can use the public key encryption method to
decrypt the symmetric key. In comparison to earlier tests, the research's findings
indicate a significant improvement in data security and a general improvement in the
system's performance. This system was programmed using the C# programming
language.

(Alegro et al.,2019) "Hybrid Schnorr, RSA, And AES Cryptosystem.”. This study
develops a hybrid Schnorr Authentication Algorithm-based authentication algorithm
that confirms the identity of the message's sender. When a message is sent from the
sender to the receiver and vice versa, algorithms with RSA and AES encryption
methods are combined to increase security and lessen the impact of a man-in-the-
middle attack on the system. by including further encryption techniques.

(Timilsina et al.,2019) "Performance analysis of hybrid cryptosystem-A technique for
better security using blowfish and RSA”.In this research, a hybrid system was created
by combining two algorithms, AES and RSA. By combining them with each other,
their performance is analysed based on five parameters, which are throughput,
encryption time, decryption time, total execution time, and plaintext size to the ratio
of ciphertext size with key size. Various for the Blowfish algorithm range from 32-
bit-448-bit. As a result of this research, we found that Blowfish RSA with a key size
of 448 bits has better performance than all other bit sizes.

(Abd Zaid & Hassan,2019) "Modification advanced encryption standard for design
lightweight algorithms.”. In this paper, AES-128 encryption has been analysed and
made lightweight with respect to power consumption. In the modified AES algorithm,
it is proposed to implement the AES mix columns operation and combine the round
key addition operation with the mix columns to perform one cycle, and the shift row
operation is modified into shift rows and shift columns and the number of rounds is
reduced to only 6 rounds for the modified AES. The results of the research were that
the modified algorithm excelled and was faster and had a safety ratio of 6 rounds due
to the modification in the operations of mix columns and transformation rows higher
than the standard algorithm due to its success through the set of statistical tests.

(Gupta &Sanghi,2021) Matrix Modification of RSA Public Key Cryptosystem and its
Variant” .In this paper an RSA public key cipher system is proposed using h x h
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square matrices. Also, a variant of RSA using the model coefficient p" g with a matrix
with a modified matrix has been proposed.

(Chaloop, & Abdullah,2021) "Enhancing Hybrid Security Approach Using AES And
RSA Algorithms.” In this study, a hybrid encryption method is introduced to
safeguard sensitive data shared between individual users, businesses, organizations, or
cloud applications, among other things. During data transmission over the network.
Firstly, the algorithm was designed by merging two algorithms, AES and RSA, and
secondly, the work of this algorithm was evaluated in comparison with other hybrid
algorithms based on its efficiency based on time analysis. In comparison to earlier
studies, the experiment findings demonstrated that this hybrid method is more secure.

(Guru & Ambhaikar,2021). "AES and RSA-based Hybrid Algorithms for Message
Encryption & Decryption.” In order to address security issues, lack of complexity,
time, and other issues, a hybrid encryption method that combines the AES and RSA
algorithms is developed in this study. According to the research's experimental
findings, the hybrid encryption algorithm RSA and AES may not only encrypt files
but also improve the technique's efficiency and security.

(Abroshan,2021) "Enhancing Hybrid Security Approach Using AES And RSA
Algorithms".In this paper an effective encryption system is proposed to improve
security in cloud computing. Improvements have been made to the hybrid algorithm
(Blowfish, ECC). In order to improve security and performance, Blowfish will
encrypt the data and the elliptical curve technique will encrypt the key. Moreover,
digital signature technology is used to ensure data integrity, and the results show
improvement in throughput, execution time, and memory consumption parameters.

(Sahin,2023) “Memristive chaotic system-based hybrid image encryption application
with AES and RSA algorithms” .In this paper, we propose a two-stage image
encryption model, the first stage is the logistic map, chaotic Lorenz system and
memristor-based super similar system, and the second stage with AES and RSA
encryption algorithms applies the scheme to improve the security of encrypted
images. The results of this research show the effectiveness of the proposed image
encryption scheme in terms of security, speed, and reliability and provide valuable
insights for the development of chaos-based encryption systems in the future. This
research was evaluated through statistical tests and compared with previous studies.

1. PRINCIPLES OF ALGORITHMS AND TECHNIQUE

1.1 AES Symmetric Algorithm

It is a symmetric algorithm that was replaced by the DES algorithm in 1991. The AES
algorithm supports three key sizes 128,192,256. The AES algorithm is an analog
algorithm that uses a single key for encryption and decryption. The AES algorithm
gives more security and high confidence in the encryption of information, as AES 10
passes Rounds for the 128-bit key, 12 rounds for the 192-bit key, and 14 rounds for
the 256-bit key[Stallings,2006][Chowdhury et al.,2010]. The AES algorithm goes
through four stages [Mandal et al.,2012]:-
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1- First Stage (Substitute Byte)

In this stage. The AES algorithm contains a 128-bit data block, which means that each
data block is 16 bytes, in this type, every byte (8 bits) of one block of data is
converted to another block using an (8-bit) square known as Rijndael Sbox.

2- Second Stage (Shift of Rows)

In this stage and depending on the location of the row, the data in the three rows of
the case is shifted periodically, a circular left shift of 1 byte is made, and a circular
left shift of 2 bytes is performed, for the third and fourth rows.

3- Third Stage (Mix Columns)

In this process polynomial bytes are taken instead of numbers as the fix matrix is
multiplied by each of them as polynomial vectors.

4- Fourth Stage (Add Round Key)

In this stage. It is a single XOR between 128 bits of the current state and 128 bits of
the round key. Figure 3 shows the steps of AES algorithm.

Plaintext Key Plaintext

Add round key wio, 3] Add round key

| Subsiitute bytes |

Round 10

Round 1

Round 9

Substitute bytes

Round 9

Round 10
Round 1

Ciphertext

(a) Encryption {b) Decryption

Figure 3: AES Encryption and Decryption Diagram

1.2 RSA Asymmetric Algorithm

This algorithm was published in 1977 by scientists (Rivest-Shamir-Adleman), which
IS an encryption algorithm used to encrypt information and increase its security, and
this type of algorithm is asymmetric as it consists of the public key that is for
encryption and the private key that is for decryption, simply the RSA algorithm is
slow, and the calculation is RSA is of integer modulo n=p*q, where this algorithm
requires a key of at least 1024 bits to increase the security of information encryption,
the larger the key size such as 2048, 4096, the more secure the information
encryption[Sadkhan & Sattar,2014]. To create public and private keys, follow these
steps [Chuang et al.,2016]:

Steps of RSA Asymmetric Algorithm
Step-1: consider two large prime numbers p and g.
Step-2: compute n=p*q
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Step-3: compute ¢(pq)=(p-1)*(q-1)

Step-4: select integer e such that GCD (p(n),e)=1; 1<e< ¢(n), then get public key:
KU={e,n}using for encryption.

Step-5: Calculate d=e*(mod ¢(n)), then get private key: KR={d,n} using for
decryption

Step-6: Calculate cipher text C from plain text M such that (C=M® mod n) for
encryption, then calculate plain text M from cipher text (M=C% mod n) for decryption.
Figure 4 shows the steps of RSA algorithm.

l/’r Koy Generatlon _h\\
Select &2, g pand g both prime
Caloulate o= pag
Caleulate &) = (@ = 13(g = 1)
Select mteger & goed{din), ay = 1; 1 = &= &in)
Caleulate of am eV mod Hlr)
Public key KU = {e, n}
Private Koy KR = {d n}
l\\._ _r/
f_ Encryptilon iy
Flaintext Af = n
Cipherntaxt o A {mod 1)
AN o
fa !
Decrypiilon
Ciphertext L=
Plaintext Af = 4 (mod 1)
A -

Figure 4: RSA Encryption and Decryption Diagram

3. METHODOLOGY

In this paper, a hybrid system based on three steps was developed. The first step is the
encryption and decryption of information using the modified AES algorithm with a
symmetric key, the second step is the encryption and decryption of information using
the modified RSA algorithm with two keys, and the third step is the combination of
the two algorithms to produce A new algorithm takes advantage of the strengths of the
two algorithms called mixing AES and RSA cryptography algorithms represented in
speed, security and computational complexity. The steps are divided into the
following:

3.1 First Step (AES Algorithm Modification)

The first stage of the research methodology is the modification of Advanced
Encryption Standard (AES) algorithm with one symmetric key AES with a key size
of 128 bits. The purpose of developing the algorithm is to increase the percentage of
security and speed and add complexity to the key and encryption to be four times
higher than the standard algorithm by adding (Four S- Boxes) to generate the key and
(Four S-Boxes) to encrypt the original data so that it is difficult for the attacker to
break it and access the original information.

Encryption Process
Inputs: Plaintext data block.

()
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Output: Ciphertext data subblock right.

- Use a latch selector to select the right block of 128 bit from the input data block.
- Store the plaintext in 2d 4x4 state matrix Sy, ..

- Select the round key of 128 bit.
- For key expansion, generate the word0 of keyk[0] from

K[n]:w[0] = K[n — 1]:w[0] D SubByte(K[n — 1]:w[3] > 8) @ Reconli]

- Generate the remain words from K[n]:w[i] = K[n — 1]: w[i] © k[n]: w[i — 1]

- Store the round key in 2d 4x4 key matrix Ky 4.

- Add round key matrix to the plaintext wusing  xor-function
514><4 = Saxs D Kyxa-

- Select two bits, (Byte 3.2) mod 2 and (Byte 3.3) mod 2 of key matrix K.

- The selected two bits determine one of four sub byte (s-box table).

- Each value of produced state matrix S, replaced with the corresponding value in
the selected S-box to produce SB,, 4.

- Each row in SB,,, is moved over (shifted) 0,1, 2, or 3 spaces over the right
depending on the row to produce SRy4.

- Product the state matrix SRy, by mixing columns matrix M,,, to produce
CMyxg = Myxs X SRyxa.

- Repeat the above steps 10 times from Add round key.

- The ciphertext of 128-bit produced CM,, 4

w(0]:woo Wo1 Woz Wos
Il w[l]: wig wi; wip wys
TW[2]:wyg Wy wpp W
w[3]:w3zp w31 wiy Wiy
Where w;; 2 hexadecimal digits for word w[0]
Decryption Process
Inputs: Ciphertext data subblock right.
Output: Plaintext data block.

- Product the state matrix SR,,, by mixing of Inverse Columns Matrix M,,, to
produce ICM 4y = Myys X SRy 4.

- Each row in ICM,., is moved over (shifted) 0,1, 2, or 3 spaces over the left
depending on the row to produce ISR, ..

- Each value of produced state matrix ISR, replaced with the corresponding value
in the selected S-box to produce ISB,..

- Apply inverse for the selected two bits to determine one of four sub-bytes (s-box

table).
- Select two bits, (Byte 3.2) mod 2 and (Byte 3.3) mod 2 of key matrix K.

- Add inverse round key matrix to the plaintext using xor-function
Saxa = Saxa © Kyya.

("¢)



Journal of Natural and Applied Sciences URAL No: 3, Vol : 2\October\ 2023

Store the plaintext in 2d 4x4 state matrix Sy..4.

Select the round key of 128 bit.
For  key expansion, generate the word0 of keyk[0] from

K[n]:w[0] = K[n — 1]:w[0] @D SubByte(K[n — 1]:w[3] > 8) @ Recon|[n]

Generate the remain words w’s from
K[n]:w[i] = K[n — 1]:w[i] @ k[n]:w[i — 1]
Store the round key in 2d 4x4 key matrix Ky, 4.

Repeat the above steps 10 times from Add round key to find deciphered text.
AES Modified Encryption and Decryption, as shown in figure 5.
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Figure 5: AES Modified Encryption and Decryption

3.2 Second Step (RSA Algorithm Modification)
The second stage of the research methodology is the modification of the standard

asymmetric algorithm with two keys. The purpose of developing the algorithm is to
increase the security rate and add complications to the clear text by dividing it into a
matrix with dimensions (h*h) and calculating its determinant, in addition to adding
complexity to the key by giving large values to (p,q) and thus The value of (n, N)
increases, in addition to adding other complications to the algorithm, so that it is
difficult for the attacker to break it and access the original information.

Encryption Process

Select p, q, where p, q both prime, p #q.
Calculaten = p x q.

Construct (M);,,;, matrix from plaintext block into.
Calculate determinate |M]|.

Calculate N = p(p" — 1) x (" — 1)

Calculate the Greatest Common Divisor gcd(|M|,n).

(")
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- Select integer e where gcd (e, N)=1; 1 <e <N
- Select integer k, where 0 < k < e; d|e.

- Calculate d = kXNH, where: d = e L mod N

- Select », where r = 2.

- Calculate x = r + 2e

- Calculatey =2n —r

- Public Key PU = {x,y,r}
- Private Key RP = {d,y,r}

yv+r

- Calculate ciphertext C = M= mod [TD

Decryption Process
- Calculate decipher text M = C¢ mod[ygi])
RSA Modification Algorithms Encryption and Decryption, as shown in figure 6.

Figure 6 : RSA Modification Algorithms Encryption and Decryption

3.3 Third Step (Mixing AES and RSA Cryptography Algorithms)

In the third step, the files are encrypted and decrypted using the hybrid or combined
system by merging the two modified algorithms AES and RSA, where the file is
divided into two parts, one part works with the modified AES algorithm with a 128-
bit key, and the other part works with the RSA algorithm. . That works with a 128-bit
key. Thus, after the encryption process between the two algorithms, the encrypted file
is obtained, through the decryption algorithm of this mixing algorithm, the original
file is obtained. The primary purpose of mixing two algorithms is to take advantage of
the strengths of security, speed, reliability, and throughput of each form of encryption.
The second primary purpose, by combining public and private key cryptographic
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systems, is to overcome some of the drawbacks of each algorithm. The block diagram
of mixing AES and RSA cryptography algorithms, as shown in figure 7.

Figure 7: Block Diagram of Mixing AES and RSA Cryptography Algorithms
4 QUANTITATION ANALYSIS

There are many performance measures, used to measure the performance which is
used to enhance hybrid system-based AES-RSA Algorithms and the hopping
technique, and they are as follows [Isiaka et al.,2019]:

4.1 Time of Encryption: It takes to convert a plain text to a cipher text.

Time of Encryption = recording time after Encryption - recording time before
Encryption ....(1)

4.2 Time of Decryption: It takes to convert a cipher text to a plain text.

Time of Decryption = Record time after Decryption — Record time before
Decryption ...(2)

4.3 Time of Execution: Is the summation the encryption time and the decryption
time.

Time of Execution = Encryption Time + Decryption Time......(3)

4.4 Throughput: Is the rate at which data or file is transferred. It is the size of the file
uploaded divided time it takes to recover the file.

Throughput = Total size of the file uploaded /Total Evaluation Time of
Algorithm...... “)

("Y)
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4.5 File Size: Is the size of the file uploaded to the server.

5 RESULTS EVALUATION

In this research, two algorithms, AES and RSA, were modified and a third integrated
algorithm called Hybrid Algorithm(AES+RSA) was produced. Where these
algorithms were evaluated in terms of speed in encryption and decryption time as well
as different file sizes for information, as well as calculating the throughput of each
algorithm, through the use of the platform Microsoft Visual Studio Community 2022
(64-bit), Version 17.6.5 Visual Basic language to construct the algorithms, under
Windows 10 64-bit, The CPU Intel(R) Core(TM) i5-3230M CPU @ 2.60GHz, RAM
8 GB DDR3 and HARD 320 GB are the device specifications used. This paper uses
ten files with sizes of different (1.19 MB, 5.384 MB, 11.804 MB, 21.4 MB, 35.350
MB, 42.8 MB, 46.4 MB, 50 MB, 59.809 MB, 106 MB). In this paper calculates the
encryption and decryption time for (AES, RSA, and Hybrid System), and compares
this study with previous studies. The results in this paper depend on two approaches
as shown below.

5.1  Securing Data

In this research, three algorithms were developed and tested on ten files format (.txt,
Jpg, .mp3, .mp4, .pdf) of different sizes, where the encryption and decryption time
measured (in seconds) were calculated for each of the AES, RSA, Hybrid Algorithms
(AES+RSA). The results showed that the hybrid algorithm provides reliability and
has a high level of security of the transmitted the data when comparing the algorithms
RSA and AES, as shown in table 1 and figure 8.

Table 1: Time for each Algorithm in second
No of Plain file Modification Algorithms Mixing Algorithms
File size (MB)
AES RSA AES+ RSA

Encryption Decryption Encryption Decryption Encryption Decryption

Time Time Time Time Time Time
1. 1.19 0.011 0.028 0.1 0.2 0.01 0.19
2. 5.384 0.09 0.07 0.2 0.9 0.1 0.3
3. 11.804 0.18 0.12 0.25 0.95 0.15 0.45

4. 214 0.3 0.33 0.35 1.55 0.25 0.7
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58 35.350 0.55 0.61 0.65 2.85 0.35 0.95
6. 42.8 0.79 0.8 0.83 4.57 05 11
7. 46.4 0.88 1.01 1.1 5.1 0.75 1.35
8. 50 1.04 1.14 1.25 5.65 0.87 1.43
9. 59.809 11 1.19 1.3 6.2 1.02 1.48
10. 106 2.18 1.35 2.38 7.62 15 2.1
2.5
2
15
0.5
o =t il HJ ﬂJ ‘u
1.19 5384 11.804 214 3535 2. 59.809
M AES Encryption Time M AES Decryption Time i RSA Encryption Time
M AES +Encryption Time M AES +RSA Decryption Time
Figure 8:Time in Second for each algorithm

By calculating the total execution time in table 2 of the three algorithms for ten files
of different sizes, it is shown in figure 9. Because compared to other algorithms, the
hybrid algorithm produces outcomes that are better and has higher levels of
information security. And that the speed of the hybrid algorithm in the overall
execution is faster much slower than RSA algorithm and much slower than AES
algorithm

Table 2: Total Time in Seconds for Each Algorithm

Plain file Modification Algorithms Hybrid Algorithms
size (MB)

AES Total RSA Total AES+ RSA Total

File Time (Second) Time (Second) Time (Second)
1. 1.19 0.039 0.3 0.2
2. 5.384 0.16 11 0.4
3. 11.804 0.3 1.2 0.6
4, 21.4 0.63 1.9 0.95
5. 35.350 1.16 35 1.3
6. 42.8 1.59 5.4 1.6
7. 46.4 1.89 6.2 2.1
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8. 50 2.18 6.9 2.3
9. 59.809 2.29 7.5 2.5
10. 106 3.53 10 3.6
10
8
6
: 1
2
C e e S ol L
1.19 5384 11.804 214 3535 428 6. 59.809 106
M AES Total Time (Second)
m RSA Total Time (Second)
W Hybrid Algorithms AES+ RSA Total Time (Second)
Figure 9: Total Time Execution Time for Three Algorithms

The results in this research showed that the hybrid algorithm in this
research was faster 23.31% execution time compared with previous
studies (Chaloop, & Abdullah,2021) ( Ghaly & Abdullah, 2021) and
table 3 shows that.

Table 3: Compare Hybrid Algorithms with Existing Systems

No of  Plain file Existing Systems  Hybrid Algorithms
File size (MB) (Second) AES+RSA (Second)

1. 1.19 0.53 0.2

2. 5.384 0.67 0.4

3. 11.804 0.90 0.6

4. 21.4 1.26 0.95

5. 35.350 1.73 1.3

6. 42.8 2.15 1.6

7. 46.4 2.45 2.1

8. 50 2.78 2.3

9. 59.809 2.95 25

10. 106 4.26 3.6

Figure 10 shows the execution time of the hybrid algorithm with execution time for
previous studies
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1.19 5.384 11.804 21.4 3535 2. 59.809
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M Existing Systems [ ][ ] (Second) Hybrid Algorithms AES+RSA (Second)

Figure 10: Execution Time for Hybrid Algorithms with Existing Systems

5.1  Throughput

Throughput means the sum of file sizes different divided by the average execution
time of the algorithm. The table shows the values of throughput of the three
algorithms (MB/second). Analysis of throughput shown in table 4 and figure 11.

Table 4: Throughput values for the algorithms

Total Files Sizes RSA Hybrid Algorithms AES
(MB) Throughput Throughput Throughput
380.137 86.395 244.461 276.082
244461 270,08

300
200 86,395

100 [—‘

RSA Throughput Hybrid AES Throughput
Algorithms
Throughput

Figure 11: Throughput values for the algorithms

The results of this research , through table 5 showed that the throughput of the
hybrid algorithm was higher according to the size of the files and compared with the
throughput of previous studies (Chaloop, & Abdullah,2021) ( Ghaly & Abdullah,
2021) , and the figure 12 shows the throughput analysis.

Table 5: Values of Throughput of Hybrid Algorithms with Existing System

Total File Size Existing System Hybrid Algorithms
(MB) Throughput Throughput
380.137 193.110 244.461
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244.461
300 193.11
200
100
0
Existing System [] []  Hybrid Algorithms
Throughput Throughput

Figure 12: Values of Throughput of Hybrid Algorithms with Existing
System

6 Conclusion

In this research, a hybrid system based on the combination of the symmetric and
asymmetric encryption algorithm AES-RSA has been improved. Where the
purpose of this research was to improve encryption performance, enhance data
security, store keys, calculate encryption and decryption time, execution time, and
throughput for the standard algorithms and the hybrid algorithm, and compare it
with previous studies.

Among the most important findings of this research is that the improved hybrid
AES-RSA algorithm is 63.15% faster than RSA Algorithm, and 36.85% slower
than the AES algorithm.
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Abstract:

This study presents a semi-quasi Hamsher module that each non-zero Artinian
submodule has a semi-maximal submodule, which is a generalized of Hamsher
module. And semi-quasi Loewy module that each non-zero Noetherian submodule
has a semi-maximal submodule, which is a generalized of Loewy module. This article
introduces some properties of semi-quasi Hamsher and semi-quasi Loewy modules .

Keywords: semi-quasi Hamsher module, semi-quasi Loewy module, semi-maximal submodule and
semi-socle submodule .

Introduction:

Throughout rings and modules are unitary. We use the terminology and notations of
Anderson and Fuller[1]. Faith [2] defined a module X is Hamsher if each non-zero
submodule of X has a maximal submodule. In[3] we see that X has finite length if and
only if X is Hamsher and Artinian. Weimin[4] generalized to quasi-Hamsher module
X if every non-zero Artinian submodule of X has a maximal submodule. A ring R is
said to be right maximal if each non-zero right R-module has a maximal
submodule[2].This class of rings includes right perfect rings. In this paper, we
characterize semi-quasi-Hamsher module(for short; S.Q.Ham.Mod) if each non-zero
Artinian submodule has a semi-maximal submodule(for short; s-max.sub).

1-S.Q.Ham.Mod: The class of S.Q.Ham.Mod is closed under submodules, also
closed under extensions, direct products, and direct sums as we see in the following
propositions .

Proposition(1.1)Let 0 —X; £>X g>X2—> 0 be an exact sequence of modules. If X1 and
Xz are S.Q.Ham.Mod, then so is X.

Proof: Let L#0 be an Artinian submodule of X. If g(L) # 0, being an Artinian
submodule of the S.Q.Ham.Mod Xz, g(L) has a s-max.sub N. Then LNg*(N) is a s-
max.sub of L. If g(L) = 0,L < ker(g) =Im(f) = X, , so L has a s-max.sub since X is
S.Q.Ham.Mod .

Proposition (1.2) Let {Xi}S.Q.Ham.Mod be a family of modules, then the following
statements are equivalent :

1-Each Mi is S.Q.Ham.Mod

2-11,,X; is S.Q. Ham.Mod
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3-@,; X; isS.Q.Ham.Mod
Proof: (1) = (2) Let L#0 be an Artinian submodule of [[;,;X;, and let fi :
IL.;X; —Xi be a canonical projections. We have X; such that fi(L)# 0. Then f; (L) is

an Artinian submodule of S.Q.Ham.Mod Xi so fi(L) has a s-max.sub N. Thus LNf
Y(N) is a s-max.sub of L[6], therefore [],., X; is S.Q.Ham.Mod .

(2) = (3) = (1) These are obvious because the class of S.Q.Ham.Mod is closed
under submodules. Cai
and Xue[5] called a module X is strongly Artinian if each of its proper submodule has
finite length. It is easy to see that a non-zero strongly Artinian module has finite
length if and only if it has a maximal submodule if and only if it is finitely generated.
And since every maximal submodule is a semi-maximal submodule, thus we can see
that a module X is semi-strongly Artinian if every of its proper submodule has finite
length[6]. So we can say that a non-zero semi-strongly Artinian module has finite
length if and only if it has a semi-maximal submodule if and only if it is finitely
generated . Proposition(1.3) the following statements are equivalent

Xis S.Q.Ham.Mod,

2-Each Artinian submodule of X has finite length

3-Each Artinian submodule of X is finitely generated

4-Each semi-strongly Artinian submodule of X is finitely generated

5-Each non-zero semi-strongly Artinian submodule of X has a semi-maximal
submodule, so it has finite length .

Proof: (1) = (2)Let L be a non-zero Artinian submodule of X. Since each submodule
of L is still Artinian, L is an Artinian Hamsher module, which has finite length.

(2)= (3)= (4) © (5) and (3) = (1) Thes are obvious .

(3) = (2) If L is an Artinian submodule of X and L has infinite length, then the non-
empty family { N € L | N has an infinite length } has a minimal member, say N.
It is easy to see that N is strongly Artinian and N has infinite length .

As a generalization of maximal module the module X is semi-maximal if it is semi-
simple[7], and [8] defined quasi-maximal module if Rad(annr X) is semi-maximal
ideal of a ring R. Also a ring R is said to be right semi-maximal if each non-zero right
R-module has semi-maximal submodule[9], and we call a ring R is right semi quasi
maximal if every right R-module is semi quasi Hamsher. The next characterizations
of right semi quasi maximal rings follow immediately from the above proposition.

Theorem(1.4) The following statements are equivalent :
1-R is right semi quasi maximal ring

2-Every non-zero strongly Artinian right R-module has a semi-maximal submodule
3-Every (strongly) Artinian right R-module has finite length;

4-Every (strongly) Artinian right R-module is finitely generated.
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Camillo and Xue [3] called a ring R right quasi-perfect if every Artinian right R-
module has a projective cover. Using Th.(1.4) and [3], we see that a ring R is right
quasi perfect if and only if it is semi perfect and right quasi semi-maximal[3]

Proposition(1.5) If R is commutative semi perfect ring with nil J(R), then R is semi-
quasi maximal ring .

A ring R is right maximal if and only if R/J(R) is right semi-maximal and J(R) is
right T-nilpotent[5]. The ring R is a local commutative ring with nil J(R) which is not
T-nilpotent. Hence R is not maximal[3], but R is semi-quasi maximal (Prop.1.5).
Therefore there is a semi-quasi-Hamsher R-module which is not Hamsher. We
conclude that semi-quasi-Hamsher modules and right semi-quasi-maximal rings are
proper generalizations of Hamsher modules and right semi-maximal rings,
respectively.

Example(1.6) Let V be a division ring. Let R be the ring of all countable infinite
upper triangular matrixes over V with constant on the main diagonal and having non-
zero entries in only finitely many rows above the main diagonal. Then R is a local
right perfect ring which is not left perfect. Miller and Turnidge [10] constructed and
Artinian left R-module X which is not Noetherian. Hence R is not left semi-quasi
maximal. This shows that the notion of semi-quasi maximal rings is not left-right
symmetric.

In view of the above example and prop.(1.5), we mention the following result .

Proposition(1.7) Let R be a semi perfect ring with nil J(R). If J(R) is of bounded
index n, i.e.( j" = 0) for each j € J (R), then R is semi-quasi-maximal or semi-quasi-
perfect.

Modifying the proof of [2] we have an analogous result.

Theorem(1.8): The following statements are equivalent
1-R is right quasi-maximal ring
2-The category Mod-R has a cogenerate G which is S.Q.Ham.Mod
3-The injective envelope E(X) of X is S.Q.Ham.Mod for each simple right module X.

Proof: (1) = (2) This is obvious.

(2) = (3) Since G is a cogenerator there is a monomorphism E(X) G for each simple
right R-module X. Hence E(X) must be S.Q.Ham.Mod, since G is.

(3) = (1) Let X range over all simple right R-modules. Then @E(X) is a co-
generator of Mod-R and @E(X) is S.Q.Ham.Mod by prop.(1.2) Let A be a non-zero
Artinian right R-module. We have a non-zero homo. f:L— @E(X). Since f(L) is a
non-zero Artinian submodule of E(X), which is S.Q.Ham.Mod, f(L) has a semi-
maximal submodule of N. Then f }(N) is a semi-maximal submodule of L .

2-Semi-Quasi Loewy Modules : [12]Recall that a module M is called Loewy if
every non-zero factor module of M has non-zero socle. And a module M is called
quasi-Loewy if every non-zero Noetherian module of M has non-zero socle[4]. A
module M has finite length if and only if M is Loewy and Noetherian [1]. A module X
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X
Rad(X)
module X is semi-quasi Loewy module(for short; S-Q Loy. Mod.) if every non-zero
Noetherian module of X has non-zero semi-socle. The next two propositions show
that the class of S-Q Loy. Mod. is closed under extensions and direct sums.

is semi-local if is semi-simple[13]. In this section we interduce a concept that a

Proposition(2.1) Let 0 —X; £>X E>X2—> 0 be an exact sequence of modules. If both X1
and X are S-Q Loy. Mods., then X is S-Q Loy. Mod.

Proof: Let % # 0 be a factor module of X.

X, X X,
We have an exact sequence 0 5 —— —— ——= 0

L, L I,
1f X2 0 and (Xl) 0, th (X) 0
— % —)+0, —)=0.
f L and soc L ten soc |y
Aol X o (XZ) 0 and (X) 0
le—,LzzLi.lensocqut and soc| | # 0.

Proposition(2.2) Let {Xi}ia be a family of modules. W is S-Q Loy. Mod. if and only if
every X is S-Q Loy. Mod..

Proof: The class of S-Q Loy. Mod. is closed under factor modules .
Conversily; let f;:X; 2@ X; be a canonical injection.

If % is a non-zero (Noetherian) factor module of

WL
@, Xi thenthereisiel suchthat 0 # g;: X; - GBL;"

ier Xi

where g:Dier X; — is the natural epimorphism.

Since Im(gj) # which is isomorphic to a (Noetherian) factor module of
X;,we have 0 # soc(Im(gji)) S soc (GB:EIXI') _

o

If R = P; is an infinite product of the fields P;
i=1

then R is not a Loewy module [8]. Since every P; is a Loewy module, this shows that
the class of Loewy modules is not closed under direct products. We do not know if
the class of S-Q Loy. Mod. is closed under direct products.

A module is called strongly Noetherian if each of its proper factor module has finite
length[14],[15]. It is easy to see that a non-zero strongly Noetherian module has finite
length if and only if it has non-zero semi-socle if and only if it is finitely
cogenerated[6] .

Proposition (2.3) The following statements are equivalent:

1-X'is S-Q Loy. Mod.
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2-Each Noetherian factor module of X has finite length

3-Each Noetherian factor module of X is finitely cogenerated
4-Each strongly Noetherian factor module of X is finitely cogenerated

5-Each non-zero strongly Noetherian factor module of X has non-zero semi-soc
and finite length

Proof: (1) =(2) Let % # 0 be a Noetherian factor module of X.

Since each factor module of fis still Noetherian, thus }L—( has finite length .

(2) =(3) =(4) & (5) and (3) =(1) These are obvious .
(5) =) If% is a Noetherian factor module of X and % has infinite length, then the

non-empty family {L € L' < X| ;_r has infinte length} .

has a maximal member say L".Thus A is strongly Noetherian and

has infinite length .

A ring R is called right S-Q Loy. if every right R-module is S-Q Loy. . The next
characterizations of right S-Q Loy. rings follow immediately from the above
proposition.

Theorem(2.4) The following statements are equivalent :
1-R is right S-Q Loy. ring

2-Each non-zero (strongly) Noetherian right R-module has non-zero semi-socle
3-Each (strongly) Noetherian right R-module has finite length

4-Each (strongly) Noetherian right R-module is finitely co-generated

It follows from Th.(1.4) and Th.(2.4) that the rings studied by Tanabe [11] are
precisely left semi-quasi maximal and left S-Q Loy. rings. An analogous result of
Th.(1.8) is the following

Theorem (2.5) A ring R is right S-Q Loy. if and only if Mod-R has a generator C
which is S-Q Loy.

Proof: If Xis a Noetherian right R — module X = % :

C"is S-Q Loy. prop.(2.2), so % has finite length prop.(2.3). Hence R is right S-Q
Loy. th.(2.4) .

The convers is clear

The next proposition gives a class of commutative S-Q Loy. rings.
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Proposition (2.6) If R is a commutative semi-perfect ring with nil J(R) then R is S-Q
Loy. Mod. ring .

Proof. By Th.(2.5), it suffices to show that R is a S-Q Loy. Mod. . Let A be an ideal of
R such that g is a Noetherian R-module .

R R
Then the commutative semi — perfect Noetherian ring 1 has nil | (E) :
Hence g IS an Artinian ring. Then f has finite length as an R-module .

R is right Loewy ring if every right R-module is Loewy[4], its mean every non-zero
right R-module has non-zero socle, equivalently, the right R-module Rr is Loewy.

Every left perfect ring is right Loewy. In [16] R is right Loewy if and only if% Ris

right Loewy, and J (R) is left X-nilpotent. The ring R in [3] is a local commutative
ring with nil J (R) which is not X-nilpotent. Hence R is not Loewy, prop.(2-6) but R is
semi-quasi. Therefore there is a S-Q Loy. Mod. which is not Loewy. We conclude
that S-Q Loy. Mod. and S-Q Loy. rings are proper generalizations of Loewy modules
and right Loewy rings, respectively.

Let R be the ring in ex.(1.6) Then R is a local right perfect ring which is not left
perfect[17]. Miller and Turnidge [6] constructed a Noetherian right module X which
is not Artinian. Hence R is not right S-Q Loy. Mod. .This shows that the notion of S-
Q Loy. rings is not left-right symmetric. In view of this fact and prop.(2.6), we state
the next result, which follows from [11] .

Proposition (2.7) Let R be a semiperfect ring with nil J(R). If J (R) is of bounded
index n then R is (two-sided) S-Q Loy. ring .

Since a commutative regular ring need not be Loewy (see R = []{2, P; preceding prop.
2.3),

Proposition (2.8) Every strongly regular ring R is a (two-sided) S-Q Loy. ring .

n
Proof:let Z xiR be a Noetherian right
i=1

R —module.It suf fices to show X

has finite length, we have

x;R = — for some ideal A of R,since — is aright
' A A

Noetherian regular ring it is semi — simple,

and % = x;R has finite length .
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3-Semi-Quasi Hamsher Rings(S-Q Ham. Rings)

Morita duality. A bimodule clr defines a Morita duality if clr is faithfully balanced
and both Ir and gl and Ir are injective co-generators. In this case, both R and G are
semi-perfect rings. In [18] we can see a presentation of Morita duality, by using
properties of Morita duality .

Proposition(3.1) Let glr define a Morita duality. If Xr is a I-reflective right module
then

Xr is S-Q Low. Mods if and only if the left G-module gHorni(Xr, clr) is S-Q Low.
Rings .

Xr is S-Q Ham. Mods if and only if the left G-module cHorni(Xr, clIr) is S-Q Ham.
Rings .

Theorem(3.2)If cIr defines a Morita duality, then the following statements are
equivalent:

R is right semi-quasi maximal

G is left semi-quasi maximal

3- R is right semi-quasi Loewy

4- G is left semi-quasi Loewy.

Discussion and conclusion: The aim of this manuscript is to introduced a new
generalized of Hamsher module which is semi-quasi Hamsher module that each non-
zero Artinian submodule has a semi-maximal submodule. This class of module is
closed under extension, direct product and direct sum. Furthermore; we introduce a
new generalized of Loewy module which is semi-quasi Loewy module that each non-
zero

Noetherian submodule has a semi-socle submodule. This class of module is closed
under extension, direct product and direct sum .
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Abstract:

The aim of this research is to understand the radiation effects on the physical
properties of the specific minerals and assess their susceptibility to radiation exposure.
This research may contribute to improving the understanding of the effects resulting
from radiation exposure and guiding the use of minerals in relevant nuclear and
industrial applications. The objective is to investigate the radiation effects on five different
minerals using the plot method. The main steps of the study include:

Selection of the five minerals to be studied. These minerals could include Iron,
thorium, lead, calcite, and pyrite as examples. And exposing the mineral samples to a
specific radiation source. Radiation sources such as cesium radiation or X-rays can be
used. Also, Measuring the effects resulting from radiation exposure using the plot
method. This involves plotting the impact curves for each mineral based on changes
in their physical or chemical properties when exposed to radiation. Moreover,
Analyzing the data extracted from the plots. This includes analyzing the increase or
decrease in specific characteristics of the minerals based on the level of radiation
exposure. Finally,

Assessing the radiation-induced effects on each mineral. The results are analyzed to
evaluate the impact of radiation on the physical and chemical properties of each
studied mineral.

Keyword: Radiation effects, Mineral, Thorium, Calcite, Pyrite.
1. Introduction

Graph theory is widely used in biological network analysis, such as protein-protein
interaction networks, gene regulatory networks, and metabolic networks. It helps to
understand the organization and dynamics of biological systems. For example, the
study by Barabasi and Oltvai (2004) explores the use of graph theory in analyzing the
structure and function of biological networks [1]. Additionally, the work by Almaas
(2007) discusses network analysis methods and their applications in systems biology
[2]. Also, Graph theory plays a crucial role in the study of molecular structures,
chemical reactions, and properties of atoms and bonds. Chemical compounds can be
represented as graphs, where atoms are vertices and chemical bonds are edges. The
work by Trinajsti¢ (1992) provides an in-depth exploration of graph theory
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applications in chemical graph theory [3]. Moreover, Graph theory is employed in
electrical engineering for analyzing communication networks, designing efficient
routing algorithms, and coding theory. For instance, graph-based models and
algorithms are used in the design and optimization of network topologies. Deo (2005)
presents various applications of graph theory in electrical engineering [4]. In addition,
Graph theory forms the foundation of many algorithms and data structures used in
computer science. It has applications in areas such as network analysis, social network
analysis, algorithm design, and optimization. by West (2001) provides a
comprehensive introduction to graph theory and its applications in computer science
[5]. Furthermore, Graph theory is employed in operations research for solving
optimization problems, such as scheduling, transportation networks, and supply chain
management. Graph-based algorithms help in modeling and analyzing complex
systems to optimize resource allocation and decision-making processes. Ahuja et al.
(1993) covers graph theory applications in operations research [6]. Its applications
span across scientific disciplines and modern information and computing
technologies. A graph, represented as Q = (M, N), consists of a set of vertices (M(H))
and edges (N(H)) in graph H.

In graph theory, a cut-set refers to a set of edges that, when removed, disconnects the
graph. The vertex connectivity of the compatibility graph H is defined as the
minimum number of vertices that, when removed, leave the remaining graph
disconnected [7-9]. Notably, Haregeweyn and Yohannes applied the non-agricultural
pollution model (AGNPS) to estimate watershed pollution in Ethiopia [11], while the
studied second-generation computer software for internal dose assessment in nuclear
medicine [10]. llyas et al. focused on estimating and comparing diffuse solar radiation
spread across Pakistan [12]. Arshad Ali investigated temperature degrees for heat
systems using the spectral system [13]. Additionally, conducted research on skin dose
measurements and techniques to estimate radiation dose to the skin during
fluoroscopically guided procedures [8].

In this article, we explore the graphical method to assess the impact of mineral
radiation on five specific types of minerals. This study builds upon previous works,
including the use of established techniques to estimate radiation dose on the skin
during fluoroscopy, as investigated by [16].

2- Create a mathematical model using hr to estimate the estimate of M(hr)

Graph theory.

In practical terms, we employed the graph-based approach to estimate the mineral
quantity and assess the radiation impact on a selected group of individuals. By
considering all feasible scenarios, we explored various probabilities of mineral
radiation across a random sample of 11 people. Subsequently, we conducted a
comprehensive analysis of these scenarios, comparing and evaluating the different
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possibilities to identify the most accurate estimations. We have three choses as
follows:

2-1 By utilizing the graph-based method on the interval [3, 23] in Table 2-1, we
aimed to estimate the average mineral concentration in urea samples for a selected
group of individuals. In this context, hr represents the rate center for mineral M, (hr ),

indicating the mineral radiation count on the sample of people. Through our analysis,
we derived the following equation:

_ m(hr, )-m(hr,;)
M; (hr) =M, (hr) + ) hr 1)

This equation serves as a tool to calculate and determine the average mineral
concentration based on the mineral radiation rates observed in the given interval.

Table 2-1. M(hr ) to hr and compare with the obtained experimental value using graph.

No Name Rate of Class of Class of Absolute
mineral Ml People People Error
Exp. Det.
M(hr) M(hr)
1 Iron 3 3.11 3.09 0.15
2 Thorium 9 3.48 341 0.041
3 Lead 14 3.52 3.49 0.048
4 Calcite 17 3.73 3.66 0.109
5 Pyrite 23 3.90 3.81 0.199
Z 0.547
3.;[1
3.52

3..4'3

3.90

Fig. 2-1 The function M(hr ) is determined based on the variable hr, and it represents the
relationship between hr and the corresponding values of the mineral M.

2-2 By utilizing the graph-based method on the interval [4.26] in Table 2-2, we aimed

to estimate the average mineral concentration in urea samples for a selected group of

(™V)



Journal of Natural and Applied Sciences URAL

No: 3, Vol : 2\October\ 2023

individuals. In this context, hr represents the rate center for mineral M; (hr),

indicating the mineral radiation count on the sample of people. Through our analysis,

we derived the following equation:

M; (hr) = M,

(hl") n m(hrg )-m(hry)

(hr; )—(hr;)

Table 2-2. M(hr ) to hr and compare with the obtained experimental value using graph.

No Name Rate of Class of Class of Absolute
mineral Ml People People Error
Exp. Exp.
M(hr) M(hr)
1 Iron 4 423 423 0.07
2 Thorium 11 4.45 4.45 0.037
3 Lead 17 472 472 0.051
4 Calcite 21 4.89 4.89 0.089
5 Pyrite 26 5.01 5.01 0.125
Z 0.372
4.23
4.45
4.72
4.89
5.01

Fig 2-2. The function M(hr) is determined based on the variable hr, and it represents the

relationship between hr and the corresponding values of the mineral M.

2-3 By utilizing the graph-based method on the interval [5.31] in Table 2-3, we aimed
to estimate the average mineral concentration in urea samples for a selected group of
individuals. In this context, hr represents the rate center for mineral M; (hr),
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indicating the mineral radiation count on the sample of people. Through our analysis,
we derived the following equation:

M, (hr) = M, (hr) + —‘“(i‘lf:;_(‘:f:‘;> hr 3)
Table 2-3. M(hr ) to hr and compare with the obtained experimental value using graph.
No Name Rate of Class of Class of Absolute
mineral Ml People People Error
Exp. Det.
M(hr) M(hr)
1 Iron 5 5.19 5.16 0.12
2 Thorium 9 5.31 5.28 0.041
3 Lead 18 5.36 5.31 0.049
4 Calcite 26 5.39 5.33 0.057
5 Pyrite 31 5.51 5.44 0.082
Z 0.349

5.19

A T
# -

-
#

5.31 5.36 5.39

5.51

Fig. 2-3 The function M(hr) is determined based on the variable hr, and it represents

the relationship between hr and the corresponding values of the mineral M.

Conclusion

This research aimed to understand the radiation effects on the physical properties of
specific minerals and assess their susceptibility to radiation exposure. The study
focused on five minerals: Iron, thorium, lead, calcite, and pyrite. By exposing the
mineral samples to radiation from sources such as cesium radiation or X-rays, the
researchers measured and analyzed the resulting changes in their physical and
chemical properties.

The findings of this research contribute to an improved understanding of the effects of
radiation exposure on minerals. This knowledge can be valuable in various nuclear
and industrial applications, guiding the appropriate use of minerals in radiation-prone
environments.
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The study employed the plot method to measure and analyze the effects of radiation
exposure on the minerals. By plotting the impact curves for each mineral, based on
the changes observed in their physical and chemical properties, the researchers
obtained valuable data. The data were then analyzed to identify the increase or
decrease in specific characteristics of the minerals, depending on the level of radiation
exposure.

Furthermore, the research involved using the graph method to estimate the amount of
mineral radiation on a random sample of people. Ten different possibilities were
considered, representing the paths that could be taken to estimate the mineral
radiation. A comparison was made among these possibilities, and the best guesses
were identified.

The results of the research showed that the best guessing path occurred within the
interval [3,23], with an absolute error rate of 0.547, which was the lowest among all
the periods considered. On the other hand, the worst guessing path occurred within
the interval [5,31], with an absolute error rate of 0.349, which was the largest
possible. Therefore, it is recommended to select the path with the least absolute error
rate to obtain the most accurate estimation of mineral radiation.
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Abstract. In this work we will study geometric conharmonic curvature tensor
characteristics Viasman- Grey menifold ,and the constant of conharmonic type Vaisman-
Gray Manifold conditions are obtained when the Viasman- Grey menifold is a manifold
conharmonic constant type (V). Also,we will prove that M Vaisman-Gray Manifold of
point wise constant holomorphic sectional conharmonic (PHKm(X)) — curvature )
curvature tensor if the components of holomorphic sectional (HS- curvature) curvature
tensor in the adjoined G-structure space that satisfies condition.

Keywords: Constant type, Vaisman-Gray Manifold, Pointwise holomorphic sectional.

1. Introduction

The Hermitian manifold is one of the most crucial topics of the Comparative
geometry. This subject classified into various elements in trying to precisely
determine its specifications and features. Then appeared important matter is the
classification of the different classes of almost Hermitian manifold according to
specific features. Many researchers studied the almost Hermitian manifold and they
found many important geometrical properties. One of them is Russian scholars called
Kirichenko, when he used G-structure space to study the almost Hermitian manifold
that does not depend on a manifold itself but on a sub principle of all complicated
frames' collective fiber bundle is known as the adjoined G-structure space[8]. We
used this method to study the projective tensor of the class Vaisman-Gray manifold

(VG-manifold). This class Wy € W, denotes this, where W; and W} corresponding

to the neérly kohler menifold as well as the locélly conformal kohler manefold (LCK-
manifold)[2].

In 1994, Kirichenko and shchipkova, studied the class Wy @ W, under the name

Vaisman-Gray manifold. They found its structure equation in the adjoined G-
structure space [6]. In 1996, Kirichenko and Eshova studied the conformal invariant

of the class W1 @ W4 [7]

There are many researchers studied the geometry properties of the curvature tensors
on almost Hermitian manifold. Ali Shihab [1] studied the geometry of conhormonic
curvature tensor of almost Hermitian manifold. One of these curvature tensor is
conharmonic tensor. Kirichenk & shechepkova fund the equations of proper VG-
manifold with respect to the structured & vertual teasers [3]. In particular, M.
Vaisman-Gray was prove of point wise constant holomorphic  sectional
conharmonic (PHKm(X)) — curvature ) curvature tensor if the components of
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holomorphic sectional (HS- curvature) curvature tensor in the adjoined G-structure
space that satisfies condition.

2. Preliminaries

Make X(M) the smooth surface. vector field module of M. C*(M) be a set of
operations on M. The Hermitain manifold (H M) be a set {M, J, g=(.,.)} where M is
2n-dimensional (n>1) smooth manifold; J is a tangent space endomorphism.Tp(M)
with  (Jp)?=id and g=<..> Metric Riemann such that on M.
(IZ,IW)=(Z,W);Z, WeZ(M)[9].The basis {€1 -..--,€, -..]J€1 ....JEen} is named an
authentic competent AH- structural basis { J, g }, by using this basis, the new as a
basis be constructed as follow {iy, ... 1y, ... Il, In}.Where iz=0(e,) and i,= 0 (e,),
this basis is known as an almost structure basis or almost basis. The equivalent of the
frame is {P, ... i1, ..., 1y ..., i1, ..., iy} This is known as an A-frame.

The indicators u, g, | and p in the vicinity 1,...,2n and the indexes m, q, o, p, n, 1, s
and d We shall wuse the numbers 1,2,..,k. employ the markings

{if =1ij,....i5 = iy} where 4 =a+nthan form can be used to write a-
frame{p,i; ..., 1, ...., i, .- ix}. The components matrices of the complex structure
f and y of adjoined the following forms of Q-structure space are:
- v—11I 0 - 0 1
XY =( ¥V @=(. )
0 —V—=11I, n

Where I, is the rank n unit matrix[8].

Definition 2.1 [10]:

A tensor of type (2,0) which is defined as is 13; = R¥

ijk = g’“Rkiﬂ called a Ricci

tensor.

Definition 2.2 [4]:

In The adjoined G-structure space , the components of Ricci tensor of Viasman-Grey
manifold are given as the following forms:

1-n
Fap = 2 (aab + Apa + dq + ab)

— ,.a — cah ca n-1 a h 1 _n a . a
Yap =1 = 3B““"Bepy + Agy +_2 (aay —a “n)_za n0p + (n—2)a%,

Definition 2.3 [4]:
Let (M,J, g) be a Vaisman- Gray Manifold .The Conharmonic curvature tensor of

AH- manifold M of type (4, 0) which is defined as the following form:

1
Tijki = Rijia — m[mgfk — T Gix + ik Gir — ik 9jil 1)

(£%)
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Where 7, R and g are respectively Ricci tensor, Riemannian curvature tensor and
Riemannian metric. And satisfies all the properties of algebraic curvature tensor:

HTXY,ZW) =-T{,X,Z,W);
2)TX,Y,Z,W) =-TX, Y, W,Z); 2)
NTX,Y,ZW)+TY,ZX, W)+ TZX,Y,W)=0
NTX,Y,Z,W)=T(ZW,X,Y);
VX, Y,Z,W e X(M)
Theorem 2.4 [12]:
In the adjoined G-structure space, the components of Conharmonic tensor of VG-
manifold are given by the following forms:

) Tapca = 2Ug.f;zb[cd] + l93[.{15‘){)](:41)'
i) Tapca = 245ca + 50 1) (Tpadc — 1pc0q);

b 1 b b
III) Tdﬁcd =2 (—Babh’thd + a[[f(?d]]) —_ ﬁ ('r[a(?c] —_ ?"C[ (S\g]),

iv) Tdbcéi = A%g + Bathhbc - Balthgl 1) ( ( d)

1. Main results
Definition 3.1 [11]:
Suppose that A(X, Y, Z, W ) = AX,Y,Z,W ) — A(X,Y,JZ,JW )

Consider the following tensor A(X,Y) = A(XY,Y,X)

We say that an AH - manifold M is of constant type at p € M
Provided that forall X € T,, (M)

AXY) = A(X, Z2) (3)

Remark 3.2 [11]:
If (3) holds for all p € M then the manifold M has pointwise constant type.

If (3) is constant function, then (M, ], g) has a globally constant type .

Definition 3.3 [11]:

An AH- manifold M ?™n is conharmonic constant type (V- constant type )
fX,Y,Z,W € X(M?"). That
AXY,ZW)=AX,Y,ZW)—AX,Y,]JZ,]W)

Consider the following tensor A(X,Y) = A(X,Y,Y,X)

We say that an AH - manifold M is of constant type at p

(£2)
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Provided that forall X € T,, (M)

AXY) = A(X, 2).

Theorem 3.4

If M is Viasman-Grey manifold of the conharmonic tensor then M is manifold
conharmonic constant if and only if

AX,Y) = A(X,Z) = 8(—Bab“Bm + a[a(?b]) S (-r[“(?f’] - -r[f’(?“])

[c “d] m-1)\'a ¢ c Ya

Proof:
Suppose that M is Viasman-Grey manifold of conharmonic tensor,we find the
following result:
By using definition (3.3) it follows :-
1-AX,Y)=TXY,Y,X)— T(X,Y,]Y,]X)
Let M2™ Viasman manifold to compute the A(X,Y, Y, X)and A(X,Y,JY,JX) on
the space of the adjoined G -structure
(i)
T(X,Y,Y,X) = Tiji X Y YRX! = Topoq XYLV XD 4 Ty g XYPYEXD 4+ T g XYY XD
TapeaX YPYCXT 4T ) oXOYPY XD 4 T  XAYDYCXD 4 Ty XOYPYEXd 4 T, -X9YD
TopeaX YPYEXT+ Ty 5oaXYPYXT 4T 5 aXOYPYEXD 4 T 5 s XOYPYEXT 4Ty 05 XY
T a5eaX OYPYEXT 4 T o5 2 XVDYexd 4T, - xX0yPytxd
By using the properties of conharmonic tensor equation (2), we get:
T(X,Y,Y,X) = Top g XOY VXL 4 T, a XOYPYEXD LT, o XOYDYEXA 4T o o XOYDYC
T 5eaXYPYEXE 4T ) o XY YEXA
(4)
() T(X,Y,]Y,]X)
In the space of the adjoined G -structure space
TX,Y,JY,JX) = Ty X Y (V) UX)' = TapeaX YUV UX) + TapcaX Y UY)UX
TaﬁcaXayﬁ UY)CUX)d + Tab@anYb UY)CUX)C{ + TabcéiXaYb UY)CUX)& + TaﬁchdYE
TapeaX Y2 UV)EUX)? + TapeaX YUV UX)? + ToeaX YPUY)EUX)? + Top0aX Y
TapeaX VP UV UN? + TapeaX VP UV UX) + TapeaX VY2 UVEUX)T + TapeaX Y
TapcaXYP UV UX)? + TapeaX*YP UV (X"

By using the properties of conharmonic tensor equation(2), we get:
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TX,Y,JY,JX) = Ta5eaXYPUVUX) + TapeaXYPUNCUX 4+ TapeaX¥P(JY)E
TabeaX YPUY) UX) + TapeaX Y UNUX) T+ TapeaX Y UVEUX)1

(5)
According to the properties (JX)* = V=1 X%and(JX)? = —V—1 X% we get;

T(X,Y,JY,]X) = —Tdﬁcdxdyﬁyfxd + TapeaXYPYEXT+ TopqXYP yexd + T, 5e0aX
T 5caXYPYX4— T, .2XYPyexa

Making use of the equation (4) and (5), we get :

T(X,Y,Y,X) =T(X,Y,JY,JX) =T 4,a XY Y XU 4 Tpp s XOYPYEXD 4 Ty XOYPYEX 4

To5caXYPY XD+ T, 50 XOYPYEXT 4T 0 XOYPYEXALT XOYPY XD — Ty g XOYP)
TapcaXWYPYXD =T o5paXYPYEXD = T o5 aXYPYEXD + TopoqXOYPYEXA

= 4T 5., XYY XD

This is the V, of theory (2.4) equation (iii) and the compensation, we get:

b 1 b b
=4 (2(=B"Byeq + alf 0] — 5 (rd 02 = P o gh))

1
=8 (—B“b”"thd + a[[fé'g]]) ey ('rd[a(?f] — 'Q[b(?g]) (6)
2-AMX,2)=TX,Z,2,X)— T(X,Z,]Z,]X)
Let M 2™ Viasman manifold to compute the A(X,Z, Z, X)and A(X, Z,]Z,]X) on

the space of the adjoined G-structure

(i)

T(X,Z,Z, X)) =TijjaX'ZIZEX!' = TopeaXZPZXT 4
TaubeaXZPZ XY 4+ TopeaXZPZXA + T qp5.q X ZPZ
T peaqXZPZEeXd 4 T, o X ZPzcxad 4 T 5. -XZPZ
TppeqX@ZPZeXE 4 T 5 5XAZ0272eXa 4+ T, .2 XOZ0Z

By using the properties of conharmonic tensor equation (2), we get:
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T(X,Z,2,X) =T gpeaXZPZ XY + Tpppa X ZPZEX U4 Ty g XZPZXT + T 5,0 X Z0 2
TopeaXZPZ¢XT + T, .4 X 2076 X4

(7)
(i) T(X,Z,]JZ,]X)

In the space of the adjoined G -structure space

T(X,Z,]Z,)X) = T;jiuX Z7JZ)UX) = TapeaXZPUZ)UX) + TapeaXZPJZ)°(X)
TaﬁcaXaZE UZ)CUX)d + Tab@anZb UZ)eUX)d + TabcéiXaZb UZ)CUX)& + TafichaZE
TabeaXaZb UZ)aUX)d + Tabc&Xde UZ)CUX)a + TaﬁeanZE UZ)eUX)d + Taiio:’:iXaZE
TapeaX ZPUZ)UX) + TapeaXZPUZ)CUX) + TapeaX ZP U2 UX)E + T apeaX 2
Ta5caX®ZPJ2)UX) + Tgpea X220 (JZ)° (U X)4

By using the properties of conharmonic tensor equation (2), we get:
T(X,Z,]Z,JX) = TapcaX 2" UZ) UX)? + TapeaX Z° U2 UX)? + T apeaX“Z°J2)°U
TapeaX“Z°UD) UX) + TapeaX“ZPUZ) UX) + TapeaX “2° U 2) U X)*

According to the properties (JX)* = V=1 X%and(JX)? = —V—1 X% we get;
T(X,Z,]Z,]X) = —TdﬁchaZﬁZCXd + TapeaX2ZP 726X + TdbCaXaZbZ"Xa + To5eaX
To5eaX®ZP7¢X% — T, .2X0207¢X1
(8
Making use of the equation (7) and (8), we get :

T(X,Z,2,X) = T(X,Z,JZ,JX) =T 3,.a X Z°Z° XL 4 Tppsq X ZPZE X+ T o5 ., XOZP 7€ X

To5eaXZP7 X 4T 50X ZPZEX L4 T 1 0o XOZP ZEX AT 1500 X OZPZEX Y — Tppra X U
TapcaX ZPZ XY = ToppqXOZPZEX P — TopoaXOZPZ X + T oo X ZPZEX

= 4T 5,4 X ZPZC X2

This is the V, of theory (2.4) equation (iii) and the compensation, we get:

1
=4 (2(=B™"Byeq + alf63]) — 5 (62 = P8 g))

b] 'r[bﬁa]) )

C C d

_ bt [a 501 — (rf
-8 (—B“ ‘Bpea + @, 5:11) - (n—l)(rd 0

From equation (6) and (9) it follows:
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AXY)=A(X,2) = 8 (—B“b’lthd + a[[g(s;;]]) - (nil) (-rd[“fsfl - 'rc[bé'g])

Thus by definition (3.3) we get:
M is constant type if and only if

1
AXY) = A(X,2) = 8(=BW" Breq + alf8y]) — 5 (rd"62 - vl o)

Lemma 3.5 [5]:

An AH- manifold M is a zero constant type if, and only if, M is Kahler manifold.
Corollary 3.6:

If M is V G-manifold of conharmonic tensor , then M is not Kahler manifold.
Proof:

Let that M is VG-manifold of conharmonic tensor

By using Theorem (3.4) we get:

M is constant type

1
AXY) = A(X,2) = 8(=BW Breq + alf8y)) — 5 (rd*02) - vl o))

By using Lemma (3.5) it follows
M is not Kahler manifold .
Conclusions

1- Prove that if M is Viasman-Grey manifold of the conharmonic tensor then M is
manifold conharmonic constant if and only if

AXY)= A(X,Z) = 8 (—B“b’lthd + a[[jﬁj;]]) - ﬁ(rd[“fsfl - 'rc[b(?g])

2- Prove that if M is V G-manifold of conharmonic tensor , then M is not Kahler
manifold.
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Abstract. In this work, we made a concept game of & -nano g-open sets “employing
the notion of grill nano topological space, or G(NT;.S), where i = {0.1.2}. The
relationships between various kinds of games have been researched with the use of
numerous figures and propositions while providing similar examples.

Keywords. SN g-closed set, SN g-open set, G(NT,.3), G(NT;.S)and G(NT,.S).

1. Introduction

Choquet [1] studied grill (&) on a topological space (X.t)that has already been
explored. In [2] a nano topological space was defined using lower, upper, and
boundary conditions. In [3] a game was studied and the concepts of grill Ti-space
where i = {0.1.2} and denoted by G (Ti.X) . In [4] introduced grill g-open set on the
game of the generalized , grill-g-closed set and  insert & — g — Ti-space with
i = {0.1.2} were examined, and a game G(T;.S) was defined. In [5] introduced the
game denoted by (G) between “two “players Aand B , the range of options
J1.J>.J5 .. J,, for every Player. These possibilities are referred to as moves.In [6,7]
studied a game is defined as alternating when one of the Players A chooses one of the
options J;.J,.J5. ...J,, . Can be chosen by B when the choices of A are Known. In
alternating games, the player must determine who starts the game. In this paper
provided the sorts of games through a given set. The gaining and losing strategy of
any player P inthe game G , if P has a gaining strategy in G denoted by (P & G).
On the other hand, if Pdoesn't have a gaining strategy denoted by (P < G). if P has
a losing strategy denoted by (P <« G) and if P doesn't have a losing strategy denoted
by (P < G).

2. Preliminaries

Definition 2.1 [2] Let R be an equivalence relation on U known as the
"indiscernibility relation,” and let U be a non-empty finite set of objects termed the
universe. Then different equivalence classes for U are created. It is argued that
elements in the same equivalence class are indistinguishable from one another.
e “The approximation space is referred to as the pair (U.R). Let X © U". The
set of all objects that can be categorically identified as X with regard to R is
the lower approximation of X with respect to R, and it is denoted by "Lz (X).
To put it another way, L_R (X)=_ U.cy{R(X) : R(x) € X}, where R(x) stands
for the equivalence class established by x U.

(°Y)
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e According to U_R(X), "the set of all objects that can possibly be classified as
X with respect to R and™ it is the upper approximation of X with respect to R.
This is,

Ugp (X) =U eg{RE):RX) N X9 }

e The collection of all objects that cannot be classified as either X or not-X with
regard to R is known as the boundary region of X with respect to R and is
indicated by the symbol B r(X) thus Br(X) = Ug (X) — Lg (X). is defined.

Definition 2.2 [2] The set of all objects that may conceivably be categorized as X
with respect to R and it, as denoted by U_R(X), is the upper approximation of X with
regard to R. That is, suppose U is a“universe, R be an equivalence relation on U
and” 175 (X) ={¢@.U.Lg (X).Ug (X).Bg (X)}where X agree with the following
axioms.

o U.p€etz(X)

e The union of the elements of any sub-collection of Tz (X) isin 7z (X)

e The intersection of the elements of any finite sub collection of 7z(X) is in

Tr(X).

Then tz(X) is called the Nano topology on U with respect to X. The space
(U.tr(X)) is the Nano topological space. The elements of tz(X) are called Nano
open sets.

Definition 2.3 [1,8] A nonempty collection & of nonempty subsets of a topological
space X is named a grill if

e AEGandA € B<S X thenB € &.

e A BSCXandA U BEG thenA ESorB €S [6].

Let X be a nonempty set. Then the following families are grills on X. [1,67]

Definition 2.4 [2] In space (X, T, ), let D < X. D is named to be grill-g- closed set
denoted by " & - g-closed”, if (D- U) € & then, (cl(D) — U) & S where, U € X and
U €t Now, D€ is a grill-g- open set denoted by & -g-open”. The family of all " & -
g —closed" sets denoted by SgC(X). The family of all " S -g-open" sets denoted by
S g0 (%)

Definition 2.5 [4] The space (X, T, ®)is a & -g-T5-space shortly S -g-T,-space” if for
eachm # oand m.o € X, there exist U € & gO(X) whenever, m € U and o &€ U
orm&Uando € U.

Definition 2.6 [4] The space (X.T.S)is a & g 7;,-space shortly & g-7J;-space” if for
each m, o € X and m =+ o. Then there are & g-open sets U;, U, whenever m € U,
0 Ul’ and o € Uz, m e UQ.

Definition 2.7 [4] The space (X.T.3) is a ©g T,-space shortly " & g J5-space” if for
each m # o . There are © g-open sets U;, U, whenever me m € Uy, 0 € Uy, U; N U,
=0

3. Grill Nano g-open —on Game
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Definition 3.1 Let (U,7z(x),8) be grill Nano topological space and E € U |E is
called “grill Nano -g-closed set” denoted by &Ng-closed if (E —G) ¢ & thans
(CL(E) —G) ¢ S where G €U and ,G € 1g(x).E€ as “grill Nano -g-open set
denoted by ©Ng —open” . The family of all “grill Nano -g-closed set denoted by
SNgC(U) .The family of all “grill Nano -g-open set” denoted by SNgO(U) .

Example 3.2 Let (U,7z(x). &) be grill Nano topological space
U={a,. a; az} U R={{a;} {ay as}} X ={a; .a3} € U.
r(x) ={0.U.{a; }. {ax} {a; a,}}

tz(x) — closed ={0.U.{ay as}. {a; asz}.{az}}

S ={UAa }.{a; a;}{a; a3}}

Then SNgC(U))=P(X) / {@} and SNgC(U) is (SNgO(U))¢

Remark 3.3 For any (U,tz(x). ) then

e Each Nano closed set is a SN g- closed set
e Each Nano open set is a SN g-open set.
Convers above Remark is not true. Shows from exam 3.2
o {a;}is&NgC but{a,} isnot Nano closed set.
e {a, a;}isBNgO setbut{a,; as}isnot Nano open.

Definition 3.4 Let (U,tz(x).3) be grill Nano g — T,space denoted by SNg — T,-
space if for every I#] and i#j€U.3G € GNgOU) whenever
i€EGandj ¢ Gori & Gandj € G.

Definition 3.5 Let (U,7z(x).S)be grill Nano g — T;space denoted by GNg — T -
space if for every i#] and i.JE U.3dGNgO sets G, .G,
wheneveri € Giandj & Gy and i & G,.] € G,

Definition3.6 Let (U,tz(x).S) be grill Nano g — T, space denoted by SNg — T,-
space if for every i=] then are &NgOsetsG;.G, Wwhenever
i€EGandj €EG,and G NG, = 0.

Definition 3.7 Let (U,7z(x), ) be a grill Nano topological space, G(NT,.S) is a
game that is defined as follows :In the m-th inning, the two players A and B will play
an inning for each natural number., the prime race, A will select a,, # b,,, whenever
a,,, b,, belong to U. Next B choose NG,,, belong to SN gO(U) such that a,,, belong to
NG,and b,,, not belong to NG,,, B get in the game, whenever B ={
NG;, NG, ... ... ,NG,,...} satisfies that for all a,, # b,,in U 3 NG,, belong to P such
that a,,, belong to NG,,, and b,,, & NG,,. Other hand A gets.

Example 3.8 Let G(NT,.©) be a game U ={a; a, az} and
U/R = {{az Jay . a; }}
X ={a; ay} S U thentp(x) = {0.U,{a; }.{a; a3 }}
tr(x) —closed= {0.U,.{ay a3z }.{a; }} ,©={U,{a; }.{a; a;}.{a; a3}}
e ThenSNgC(U)={U,Dd.{a; }.{a, }.[al, a, }.[al_ as }}
e GNgOWU) ={0.Ufa, az}{a; az}{as}{a;}}
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Then in the first race A shall choose a; # a, whenever a, .a, € U following B
choose {a,.as;}€ SNgO(U) such that a, € {a,.as} and a; & {a,.as}in the other
race A shall choose a; # aswhenever a; .a; € U following B choose {a,.a3}€
SNgO(U)such that a, € {a,.az} and a; € {a,.as}in the tertiary race , A shall
choose a, # aswhenever a, .a; € U following B choose {a;.a3z}€ GNgO(U) such
that a; €{a;.as}and a, & {a;.az} B get in the game ,whenever B =
{{ay.a3}.{a,.a3}} satisfies that for all a,, # b,, in U ING,, €B such that
a,, € NG,,and b,, € NG,, whenever NG,, € SNgO(U) so B is the getter of the
game .

Theorem 3.9 Let (U,7x(x),S) be SNgT,- space ifand only if B & G(NT,.3)
Proof. since (U,tx(x).®) is a SNgT,- space, then any choice for the primary player
A in the m-th inning a,, # b,, Whenever a,, .a,, € U. The other it is possible to
locate player B. NG,, € GNgO(U) so B ={ NG;.NG, ... ... NG,,...}is the gaining
strategy for B . Contrary to lucid .

Theorem 3.10 The space(U,tz(x),3) is a GN gT,- space if and only if. there is a
SNg — closed set containing only one of the items a # b .

Proof. Suppose that two points are a and b. belong to U with a = b since U is
SNgT,- space .G isa SNg — open set contain only one of them ,therefore
(U — G) is &Ng — closed set contain the other one .Contrary to Suppose that a and b
are two points belong to U with a #+ b .3H is a &Ng — closed set contain only one
of them ,therefore (U — H)is SNg — open set contain the other one .

Corollary 3.11 Let (U,tz(x).©) be a grill Nano topological space, B & G(NT,.®) if
and only if, foreacha # b of U 3H € SNgO(U) suchthata € H and b & H.
Proof. Suppose that a # b with a.b € Usince B & G(NT,.S) then by Theorem
3.9 the space(U,tz(x).®) is a SN gT,- space therefore theorem 3.10 is applicable.
Contrary to: by theorem 3.10 the grill Nano topological-space (U,7z(x).S) is a
&N gT,- space, therefore Theorem 3.9 is applicable.

Theorem 3.12 (U,tz(x),3) be notaSNgT,- space iff A & G(NT,, ©).

Proof. Of the m-th race A of G(NT,.S) choose a,, # b,, whenever a,, .b,, € U.
B of G(NT,.S) cannot be founder G, isa ©SNg — open set contain only one point
of them, because (U,7z(x).S) be notaSNgT,- space then A & G(NT,.S) Contrary
to lucid .

Definition 3.13 Let (U,1z(x).®) be a grill Nano “topological space”, and describe
the game G(NT;.3) as follows: the two players A and B compete in a race for all
natural numbers, with the m-th race, the prime round, being the most difficult. A shill
picks a,, # b,,, whenever a,, .b,,.belong to U. Therefore B choose G,, and H,,,
belong to &Ng0O(U) such that a,, € (G,, — H,,), and b,, € (H,, — G,,),B get in the
game whenever B ={{G, — H; }, {G, — H, },..., {G,, — H,, },...} satisfies that for
al a, #b, of U 3{G,H,}€B such that a, €(G,— H,) and
b,, € (H,,— G,,), other hand A get .

Example 3.14 From Example 3.8
SNgCU) ={U,0.{a, },{ ax},{ay ap },{a; as}}
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SNgo(U) ={0,U,{ay az}{a; as}{az}{a; }}

Then in the prime race A shall choose a; # a,whenever a; and a, € U therfore
B choose {a,.as}and{a,.as} € SNgO(U)) such that a; € ({a;.as}-{a,.as}) and
a; € ({ay.as}-{a;.as})in the other race A shall choose a; # as;whenever
a; and a; € U therfore B can’t find G,,.H,, € SNgO(U) , such that a; €
(G,,— Hy)and a; € (H,, — G,,) then A get in the game .

Theorem 3.15 (U,7x(x).3) is aGNgT; - space ifand only if B & G(NT,.3).
Proof. Suppose that (U,7z(x).S) be a grill Nano topological space in the prime run A
shall select a; # b, whenever a, and b; € U ,therefore ,since (U,7z(x).©) is
aGNgT; - space B can be founder G;.H; € @NgO(U) such that a; € (G; — H,)
and b; € (H; — Gy) in the other race A shall choose a, # b,whenever a, and b,
€ U therefore can be founder G,.H, € @NgO(U) such that a, € (G, — H,) and
b, € (H, — G5) in the m-th race , A shall choose a,, # b,,whenever a,, and b,,
€ U therefore B can be founder G,,.H,, € 8NgO(U) such that a,, € (G,, — H,,)
and b,, € (H,, — G,,).- S0 B ={{G,.H, }, {G,.H, },..., { G,,-H,,, },...} is the gaining
strategy for B. Contrary to lucid
Theorem 3.16 (U,7z(x).©) isaGNgT;- space if and only if for every point a #+ b
Jtwo SNg — closed sets K;and K, suchthata € (K; — K;)and b € (K; — K;).
Proof Suppose that a and b are two points of U with a = b since U isa SNgT;-
space then 3 Gyand G, are SNg — open sets such that a € (G; — G,) and b €
(G, — Gy).then 3 GNg — closed sets (U — G;) and (U— G,) , suchthat a €
{U - Gy) —(U - G} and b€ {(U—- G
—(U — Gy)}whenever (U — G,) =K; and (U—- Gy) =K,.
Then 3 two GNg — closed sets (Kjand K,) satisfy a € (K;NKy5) and b €
(K; NKf) thena € (K; — K;) and b € (K, — K;). contrary to suppose that a and b
are two points of U with a = b 3two SNg — closed sets K;and K, satisfy a €
(K1 nKy5)and b € (K, N Kf) then 38NgO(U — K;) and (U — K,) whenever a €
{U—- K,) —(U- Ky} and be {(U—- K;) —(U- K;)} whenever
(U—- K,)=Gand (U— K;) =G,.
Corollary3.17 Let (U,7g(x).S) be space, B & G(NT;.®) if and only if for each
a, # a, of U K,,K, € SNgO(U) ,suchthata, € (K; — Ky)and a, € (K, — K;).
Proof. suppose that a; # b; with a; .b; € U since B & G(NT;.S) so by-theorem
3.15 the space (U,7gz(x).©) is a@NgT;- space. So, Theorem 3.16 is, applicable.
contrary to Theorem 3.16 the grill Nano topological-space (U,7z(x).&) isa&NgT; -
space so theorem 3.15 is, applicable.

Definition 3.18 Let (U,7z(x).®) be a grill Nano topological space, G(NT,.S) is a
game defined as follows: In the m-th race, the prime round, the two players A and B
compete in a race for each natural number. A shill picksa,, # b,,, whenever
@, - b,,-belongto U. Therefore B choose disjoin G,, and H,,.i.eG,, N H,, = ¢
belong to SN gO(U) such that a,, € (G,, — H,,), and b,, € (H,, — G,,),B get in the
game whenever B ={{G, — H; }, {G, — H, },..., {G,, — H,, },...} satisfies that for
al a, =#b, of U 3{G,.H,}€B such that a, €(G,— H,) and
b,, € (H,,— G,,), other hand A get .

Example 3.19 From Example 3.8
SNgCU) ={U,0,{as },{ax},{ay ap },{a; as}}
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SNgoU) ={0.U,{a, az}{a; as}{as},{a;, }}

Then in the prime race A shall choose a; # a,whenever a, and a, € U therfore
B can’t find two disjoin @NgO(U) with a €G,, ,b € H,,i.e., G,, N H,, = @ then
A is get in the game.

Theorem 3.20 A space (U,tz(x).S) is SNgT,- space ifand only if B & G(NT,.3).
Proof. Suppose that (U,7z(x).S) a grill Nano topological space in the prime race A
shall choose a; + b; whenever a;and b; € U therefore .Since(U,tz(x).&) is a
SNgT,- space then B can be found G; and K, € @NgO(U) such that a; € G; and
b€ K; .GiNK;=0 in the other race A shall choose a, # b, ,whenever
a,and b, € U .Therefore B choose G, , K, € @NgO(U) such that a, € G, and b, €
K5, G, N K, = @ in the m-th race A shall choose a,,, # b,, whenever a,,, and b,, € U
, therefore B choose G,, ,K,, € SNgO(U) such that a,, € G,, and b,, € K,
,G,NK,, =0 . So B={{G, ,K;}{G, ,K;}.........{G,, K,,}....... }. Is the
winning strategy for B. Contrary to is Lucid.

Corollary 3.21 A space (U,7z(x).S) is aGNgT,- space if and only if A
> G(NT,.3).
Proof. From theorem3.20 the proof is lucid.

Theorem3.22 A space (U,7g(x).3) isnotaSNgT,- space iff A & G(NT,.S) .
Proof: by corollary3.21 the proof is lucid

Theorem 3.23 A space (U,7z(x),3) is not aSNgT,- space if and only if B
+ G(NT,.3) .
Proof. by theorem3.23 the proof is lucid

Remark 3.24 For any space (U,tgz(x).S):

e IfB & G(NT;;;.©) then B & G(NT;.S) wherei = 0.1

o IfB - G(NT;.5) then B < G(NT;,S) wherei = 0.1

The relationships described in the Remark 3. 34 are made clearer by Figure 1 that
follows.

(°Y)
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‘ A % G(T2.X) | - | A% G(T1. X) | — | A% G(Tp. X) |
‘ B = G(T2.X) j e l B = G(T1.X) | —_— | B © G(Tp.X) |

| "1 !
‘ T, — space ‘ - | Ty — space | »> | Ty — space |

! J )

| ENg — Ty — space

S — — — | SNg —T) — space |
| Ng — T> — space | g 1 P

] I |

| B < G(NTy.S) |

‘ B < G(NT2.€) J —_— | B = G(NT;. &) I-—r
| A % G(NT,.€) | —_— ‘ A% G(NT..€) ‘ e | A% G(NTp.S) |

Figure 1. The relationships described in the Remark 3. 24
Any player's winning and losing tactics in in G(T;. X) and G(T;. ©).

Remark 3.25 For any space (X.t.&):

e IfA5 G(T;.S)then A & G(T;4;.S), whenever i = {0.1}

e If B> G(T,.G) then B * G(T,4;-©), wheneveri = {0.1}.

e IfA0 G(T;.S)then A & G(T;.X), wheneveri = {0.1.2}.

The relationships described in the Remark 3. 25 are made clearer by Figure 2
that follows.

(°A)
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B % G(NT,.S)

B % G(NT,.S)

T

Not GNg-T,-space

T

I

. I Not&Ng — T, — space ‘ B

A S G(NT,.©)

I

A S G(NT,.S)

!

B % G(Ty.X)

B % G(T,.X)

E—
A5 G(To.X) A S G(T,. X) —— | acemx |
| Not T, — space ‘ —_— Not T, — space —_— Not T, — space

I

Not ©Ng-Ty-space

|

—_— ‘ A G(NT,.S)

I

B % G(T,.X)

Figure 2. The relationships described in the Remark 3. 25

The winning and losing strategy whenever X is not SNg — T; — space and not

T: — space
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E. coli duglgall Lpmnll LSS L,a€) glelY) (mny 8alaas Langl 5 olaall (e Ayl gls¥) cilie
Cirtobater 5 Aeromonas sobria 5 Staphylococcus spp. 5 Klebsiella spp.
.Salmonella enterica s Enterobacter aerogens s amalonaticus

Abstract

The study was conducted from July 2022 to June 2023 to investigate the seasonal
biological, chemical, and physical changes in the waters of the Tigris River and their
impact on the city of Tikrit. The results showed significant temporal variations in
water temperature for all study stations, with the lowest values occurring in winter
and the highest in summer. The biological oxygen demand (BOD) also exhibited
temporal and spatial differences, with lower values in summer and spring and higher
values in winter. Total dissolved solids (TDS) exhibited significant temporal and
spatial variations at a significance level of p < 0.05, with lower values in summer and
higher values in winter. Calcium ion (Ca*") levels showed significant temporal

()



Journal of Natural and Applied Sciences URAL No: 3, Vol : 2\October\ 2023

variations, with the highest values in winter and spring and the lowest in summer.
Magnesium ion (Mg?") levels exhibited temporal and spatial differences, with lower
values in summer and higher values in winter. Sodium ion (Na*) levels showed
temporal variations but not significant spatial differences, with the highest values in
winter and the lowest in spring. Potassium ion (K*) levels exhibited temporal
variations, with higher values in winter and spring and lower values in autumn.
Nitrate (NOs") levels showed temporal variations, with the highest values in summer,
autumn, and winter, and the lowest in spring. Phosphate (PO*") levels exhibited
temporal and spatial differences, with the highest values in summer at the fifth station
and the lowest values in summer at the third station.

Bacterial species were isolated from the water samples, and some predominant
bacterial species were identified, including Escherichia coli, Klebsiella spp.,
Staphylococcus spp., Aeromonas sobria, Citrobacter amalonaticus, Enterobacter
aerogenes, and Salmonella enterica.

Keywords: Filtration stations, bacteria, physical and chemical variables.
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Abstract

The aim of this work is to introduced the concept of the best one-sided approximation of unbounded
functions in weighted space by using algebraic operators in terms the average modulus of smoothness. We
also show an estimate of the degree of best one-sided approximation of unbounded functions in the terms of
average modulus of smoothness.

Keywords: weighted space, algebraic polynomial unbounded function, and average modulus of
smoothness.

1. INTRODUCTION

Ronald [1] in [1968] studied the problem of approximation in a normed linear space has associated
with it a dual problem of maximizing functionals. Thus, Doronin and Ligun [2] discussed the problem of
the one-sided approximation of functions by n-dimensional subspaces and find the exact value of the best

one-sided approximation of the class W'L;. So, Nurnberger [3] studied Unity in one-sided L1-
approximation and quadrature formulae. Babenko and Glushko [4] studied the problem of the uniqueness of
elements of the best approximations in the space Li[a,b] and expressed the problem of the best

approximation and the best (a, 3)-approximation of continuous functions and the problem of the best one-
sided approximation of continuously differentiable functions. Thus, Yang [5] presented one sided L,, norm
and best approximation in one sided Lp norm. So, Motornyi and Sedunova [6] found the best one-sided

approximations of the class WL of differentiable functions by algebraic polynomials in Ly space. Thus,

Bustamante et al. [7] studied polynomials of the best one-sided approximation to a step function on [-1,1]
and they proved that polynomials are obtained by Hermite interpolation at the zeros of some quasi
orthogonal Jacobi polynomial. So, Alexander [8] in 2016 found the Best One-Sided Approximation of Some
Classes of Functions of Several Variables by Haar Polynomials defined using modulus of continuity

w(f,t) and w,;(f, ) and in the same year, Alaa and Mousa [9] studied some positive factors for the
one-sided approximation of the infinite functions in the weighted space L, (X) and give an estimate of the

(A0)


mailto:saphory@tu.edu.iq

Journal of Natural and Applied Sciences URAL No: 3, Vol : 2\October\ 2023

degree of the best one-sided approximation in terms of the mean continuity coefficient Thus, Sedunova [10]
studied the best one-sided approximation for the class of differentiable functions by algebraic polynomials
in the mean. Also, Jianbo and Jialin [11] presened the Strong and Weak Convergence Rates of a Spatial
Approximation for Stochastic Partial Differential Equation with One-sided Lipschitz Coefficient.
Furthermore, Raad et al. [12] found the best one-sided multiplier approximation of unbounded functions by
trigonometric polynomials in term of averaged modulus.

2. PRILIMINARIES

Continuing our previous investigations on polynomial operators for one-sided approximation to
unbounded functions in weighted space (see [5]), it is the aim of this paper to develop a notion of direct
estimation polynomial approximation with constructs which fits, to gather with results (see [8] and [9]) for
unbounded function approximation processes.

Let X = [0,1], we denoted by L, (X),1 < p < oo be the space of all unbounded functions that defined
on X, with every function in this space has the norm given by

ol = ([ lp()IP)P < co. €

Let W be the suitable set of all weight functions on X, such that |p(x)| < MB(x), where M is positive
real number and

B : X = R weight function, which are equipped with the following norm

1

lolog = (f [22[) < oo @

The local modulus of continuity of a function p ¢ [0,1] = R in the pint x is denoted by

wi(p,x,8), 5 = sup{|A¥ p(x)|:x,x + rk € [x — ‘Sz—k,x + Sz—k] ©)
such that

AF(p,x) = Xfzo(=1)"**(Dp(x +18) if x,x + 18 €X (4)
The average modulus of smoothness we defined by

74 (,0)p5 = llwx(p,-,0) |l - )

Let N be the set of natural numbers and I, the set of all algebraic polynomials of degree less than or equal
tok € N,

The degree of best one-sided approximation in L, 5(X),1 < p < oo, of unbounded function as p by
operators P, & g, are denoted by:

Ex (P, x)pp = inf{"p —Pellpp * Py € Hy } (6)
(A1)
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Ex (P, x)pp = i'”f{"%k — Pillpp * Prrdr € Hp& Pp(x) < p(x) < gy (x)} (7)

It easy to verify that there are not linear operators for one-sided approximation in X. Some non-linear
construction have been proposed in [ 3] and [ 6 ].

Let us consider the step function

oo ={y g ZiEY ©
determine two collections of functions {P,} and {q« }, P, @ € H such that
Pr(x) < P(x) < g (x), x € [-1,1] 9)
and
Ce =llp=Pellpg—0, p=1 (10)

For the first one we work in space Lp_g (X).For 1 <€ p < oo, we construct two different sequences of

operators, forx € X ,k € Nandp € L, 5(X) define

Mi(p ) = p(0) + [} Pe(t-x) o', (Ddt = [ gye(t- 2) p_(®dt (1)
and

Ni(p,x) = p(0) + [ gy (t- x) p', (Ddt— [ Pp(t- x) p'_(Ddt  (12)
it is clear M (p), Ny (p) € H,, we will prove that

M, (p,x) < p(x) < N, (p,x),x € X and both

lp = Mr(P)llpp < Cillpll,p and

lp = Ne(Plp,p < Cicllp'llp 5, where Cye be as in (10).
In the second part, for function Lp_ B (X), we construct operators

Gy(p ) = [y [p(1=y)x + y0) — w(p, (1 = y)x + yt,)]dt (13)
and

Hy (p,x) = [ [p(1-y)x + yt) + w(p, (1 = y)x + yt, y)]dc. (14)
Itis clear Gy (p),H, (p) € H, and so we can define

Lk.y(pr x) = Mk(Gy(p):x) (15)

(AV)
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Ty (p,x) = Ny (Hy (p), x), (16)

Where M, (p) and Ny (p) by as equations (11) and (12) in that order.

We will prove that
Ly (p,x) < p(x) < Jiy(p,x), x € Xand

present the degree of best one-sided approximation of unbounded functions by operators L Jr{_y(p, x) and

Jky(p,x),x € X interms averaged modulus of continuity.

In the last years there has been interest in studying open problems related to one-sided approximations (see

[1], [2]).
We point out that other operators for one-sided approximations have constructed in [7].

1
VK
consider in [4] give the optimal rate, but without an explicit constant. The paper is organized as follows. In
section (3) we calculate the degree of best one-sided approximation of unbounded functions by mean of the
operators define (13) and (14).

In particular, the operators presented in [6] yield the non-optimal rate O (T (p, )) where is ones

Finally in the some section, we consider the degree of the best onesided approximation by mean of the
operators defined in (15) and (16)

3. AUXILIARY LEMMAS

Lemma 3.1:

Letp € L, 3[0,1], ¥ € (0,1),and the operators (,,(p)& H,,(p) are defined through equations (13)
and (14) in that order.

Then, Gy, (p,x) < p(x) < H,(p,x), x € X =[0,1] and

Max{[|Gy Il 5. 15y Nl 53 < = Tic(2,Y) g

Lemma 3.2:

Let @ (x) be given in equation (8). Every x € [—1,1] we known
P.(p) = Ty (arc cosx) and
ax (p) = T (arc cosx).

Then, Py, g € Hy, Pi(p) < p(x) < gx(p), x € [-1,1] and

472
k+2

lax(p) = PPl p <

Lemma 3.3:

(AA)
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Letp € L, 5(X),1 <p < oo, k €N,and k = 2. Let M;(p) and N, (p) by as equations (11) and
(12) in that order. Then,
M (p), Ni(p) € Hy and
M (p,x) < p(x) < Ni(p,x),x € X =[0,1].
Proof:
From equations (9), (10), (11) and (12), it is clear that
M (p), Ny (p) € Hy. We have

1 , 1 ,
Mie(p,x) = p(0) + [ Pe(t- x) p' (Dt — [ gy (t- x) p'_(D)dt
where Py, g € Hy,, suchthat P, (p) < p(x) < gx(p), x € X
and || P — gllpp = 0

since, P (p) < p(x) < gx(p),x €[0,1],

thus
1

d(t- x) p’+(t)dt—f d(t- x) p'_(t)dt

0

1

Mumosmm+L

= p(0) + [, ®(t- x)p'(D)dt
= p(0) + p(x) — p(0)

= p(x).
So,
p(x) = p(0) + p(x) — p(0)

=p(0) + [ p'(D)dt

=p(0) + f, D(t- x) p'(D)dt

= p(0) + [ D(t- x) p', (Ddt— [ D(t- x) p'_(Ddt
< p(0) + [ gy (t- x) p',(Ddt— [ P (t- x) p'_(Ddt

= N (p, x).
Lemma 3.4:

Forp€L,s(X)1<p<co, k€N, andk = 2. Let M (p) and Ny (p) by as equations (11) and
(12) in that order. Then,

(A9)
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Max {||p — M (P llp.p [l = N (P llpp} < Cell0’ 1l 5-

Proof:

Since
Ip(x) = My (p,20] < [ (s (R) = P () 9/ (x + h)|dh,
We put &y (h) = g (h) — P, (h) and from Holder’s inequity, we get

[ ar(m)p! et )| dn b
B(x)

(lp = My ()P < [

S a e’ e[ dn
B(x)

< [0 aman] ) dx

< (Jylap () P-1du)(f, |22 D gy

B@) 18
< (eGP () |52 dv)
Thus
lp — M (Pl 5 < (J'{.)llak (w) [Pdu)/P (fol |% P dv)1/?,
Hence

lp — Mr(p)lpp < lNlakllplle’llp g = Cellollyp -
Likewise, we show that,
lp = N (Pl s < Ciellp’ll 5 -

4. MAIN RESULTS
Theorem 4.1:

Letp € Ly 5(X),1<p <co, k €N,andk = 2. Let G,,(p)& H, (p) are defined through equations
(13) and (14) in that order.

Then,

Max {||lp = Gy ()|, ;. le = Hy (Pllp 6} < CLPIT (P YD 5
and

Ex(Pps < Ce(V, D) T2, Y)p -
Proof:

It is used to, take g such that 1/p + 1/g = 1, from equations (13), (14) and Holder’s inequality, we get

(2+)
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_ op (L]P@=Gyex)|P
Ollo = Gyl p)? = 7 fy 52822

D
0

Hy(p.x)—cy(p.x)|p d
B()

1y |wlp,(1-y)x+yty)|P
<227 f5 ks | B((1-y)x) | dtdx.

Puth = (1 — y)ximpliesdh = (1 —y)dx

2PyP oy 1-y+t|w(p,hy)
Wl = GNpp)? <7515 ), | B(n) | dhdt

2"31"/‘? Vv rl|w(p,hy)
NN | e | dhdt

21’3}‘? w(p.hy)|P
= f B(h)

Thus,
lo= 6,0, , < =25 U 2222 iy /e
y pB— (=P 0| B(R)
2
. 2
- (1_y)1/p T;‘C (p!' y)'p.,{i‘
2 :

We have 1_y)i/7 constant depending on Y and p, then

le =G|, ; < L PITR(2. V) p-

Analogously, we can show ||p — H,(p) ”p,,@ < Gp)T(p,Y)pp-

We go to the following inequality:
Ec(Plpgs < [[Hy () = G, (D)

< ||p — Hy(ﬁ)"p_ﬁ + ||p - Gy(p)"p.ﬁ

< (v, D)tk (P,Y)p -
Theorem 4.2:

Letp € Ly 3(X),1 <p <o, k €N.Let L;,(p)and Jy ,(p) are defined through equations (13)
and (14) in that order.

Then,
()
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Liy(p,x) < p(x) < Jy(p,x), x €X
Max {[lp = Liy @], o = Ty @)llp g} < (€ 02P) + 970,30
and
Ec(Plpp < (C10P) + 5Ok (p, V)p -

Proof:

Let G, (p) and H,,(p) are defined through equations (13) and (14) in that order.

So, from equations (15) and (16), it is clear Ly ,,(p), Jx,(p) € Hy.

Also, from equations (15), (16), Theorem 4.1, Lemma 3.3, Lemma 3.4 and Lemma 3.1, since

Liey(p, %) = M (Gy(p), %)) < Gy (p, %) < p(x)

< Hy(p, ) < Ny (Hy(p),2)) = Jiey(p, ), x € [0,1]
Moreover,

le = Ly @I, ; < llo =G| 5 + 116y (0) = Ly O],

<GP Y)pp+ ” p = M (Gy(p’x)) ”p.ﬁ

<GP Y)pp t Ck||Gs5(F’)||p,g

=GP (P, Y)pp + Ci ||%”p

3C
< GOPTPY)ps + T (G )y

3C
=Cp)t(py)pp + 7“"6;{ P:Y)p.p

3C
= (GO + 59T )y
The approximation for "p — Jry(p,x) "p 5 follows similarly.

Thus,
é,‘c (p)p,ﬁ = " Jk,y(p: x) - L}c,y(p)"p'ﬁ

<lle =Ly @, , + llp = Ty @0l

(2Y)
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3C
< 2(C;(y,p) + 7"‘)% (0, Y)pp

< (Ci(y,p) +6y&)’fk (0, ¥)p -

Theorem 4.3:

Letp € L, 5(X),1 <p <o, k €N,and k = 2. Let P (p) and g () be the sequence of

polynomials constructed as in (9), set

Ae(p) = Ly 2(p)and Bi(p) = J, 2 (p),

where

L. 1(p) and J, :(p) are given as (15) and (16) respectively.

'k 'k

Then

Ap(p,x) < p(x) < Br(p,x), x €X,

3C 1

Max {llp = Ak (P)llpp. lo = Bx(P)llpp} < (G130 + SO (pr g
and

x 12kn? 1

Ex(P)pp < 2(C(y,p) + k_:zr )Tk (P, p -
Proof:

Using equations (15) and (16) with y = %and k = 2,we get

Lk%(p,X) = Mk (G%(ﬂ,%)) and Jk%(prx) = Nk (H%(ﬂ,%))

where

G1(p), H1(p) € Hy. Also
k k

M (G%(P))rm (H%(P)) € H,

Using Lemma 3.3, since M. (p, x) < p(x) < M, (p,x), x € X.
Hence, Ax (p, x) < p(x) < By(p,x), x € X.
We need an approximate for ||p — Ay (p) |l one has:

Using (15), Lemma 3.2 and Theorem 4.2 we obtain

(a7)
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3C 1
o= AMlpp = [l = £2®)]| < Gr) + 2o

k

12km? 1
12 )Tk (P:;)p,ﬁ-

Analogously, we can show

"p - BR (p)”pﬁ = (Ck(yrp) +

Thus,

1

2km? 1
x12 )Tk (P,E)p,ﬁ-

Ex(P)ps < 1Bk (p) = Ax (Pl

< [Bx(p) = plly 5+ llp — APl 5

12km? 1
= 2((";‘6(pr) + k_:zr )Tk(pJE)p,ﬁ'
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