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Abstract:

The concept of the Wiener distance is considered one of the fundamental pillars in chemical graph
theory, having served over the past decades as the foundation from which numerous distance-based
measures-and consequently, various topological indices-have emerged. These indices are widely used

in analyzing and predicting the physical properties of a wide range of chemical compounds.

Among these concepts is the restricted detour distance, defined as the length of the longest
induced path between two vertices u and v in a connected graph G, such that the set of vertices P
forming this path induced a subgraph of G i.e., (V(P)) = P. The corresponding restricted detour index
is defined as the sum of the restricted detour distance over all unordered pairs of distinct in the graph

G.

This paper presents a historical review of the concept of restricted detour distance, its associated
index, and the corresponding polynomial. We also highlight the most significant research papers that
have addressed the computation of this index for certain types of graph operations, particularly those
that result in straight chain graphs. In addition, we explore a practical application involving the use of
the restricted detour index to identify a correlation with the boiling point of a group of hexagonal

carbon compounds.
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1. Introduction:

The concept of distance in graph theory has gained significant importance following its application
in mathematical chemistry, particularly after Wiener discovered a correlation between the boiling
points of alkane compounds and the topological structure of their molecular graphs [21]. In this
representation, each vertex in the graph corresponds to an atom in the molecular compound, while
the edges represent the chemical bonds connecting these atoms. The distance between any two
vertices u and v in a vertex set V(G) of a graph G is defined as the minimum number of edges in any
path connecting u and v. The Wiener index, denoted by W (G), is defined as the sum of the distances

d(u,v) between all pairs of distinct vertices in G , i.e.
W) = Z{u,v}EV(G) d(u,v) .

In 1988, Hosoya introduced the Hosoya polynomial, denoted as H(G; x) and defined it as follows

[16]:

H(G;x) = Z{u,v}EV(G) x ),

The Wiener index can be obtained by differentiating the Hosoya polynomial with respect to x and

then substituting x = 1 in to the result, i.e.
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W(G) = - H(G; X)lx=1 -

Subsequently, several new types of distances were introduced in graph theory, each giving rise to
a corresponding index. Some of these indices are either derived directly from the distance definitions
or formulated through associated distance-based polynomials. Notably, many of these indices have
demonstrated significant applicability not only in modeling the chemical and physical properties of
various compounds[17], but also in analyzing the structural architecture and connectivity patterns of
networks [12]. Among the most prominent of these distances are the Steiner distance [11], the
communicability distance [13], the resistance distance [9], restricted detour distance [10], and detour

distance [14].

In this paper, we present a historical overview of one of these distance types, known as the
restricted detour distance on graphs, through a series of special graph operations. This concept has

notable applications in chemistry.

In 1993, Chartrand, Johns, and Tain were the first to define the detour distance in graphs under the
condition that (V(P)) = P, where (V(P)) denotes the subgraph induced by the vertices of a longest
path P [10]. The detour distance between two vertices u and v, subject to this restriction, is now called

the restricted detour distance.

A restricted detour path (induced detour path) between two vertices u and v is defined as an
induced u — v path of maximum length, denoted by D*(u, v). A connected graph G is said to be a
restricted detour graph if D*(u, v) = d(u, v) for every pair of distinct vertices in G, such as trees,

complete and bipartite graphs.

In contrast, every cycle of order p = 5 fails to meet this condition and is not a restricted detour

graph [10].

The restricted detour distance is differs from the detour distance which define as the length of a longest
u — v path between two vertices u,v € V(G), and denoted D (u, v), [4]. Accordingly, the detour index
of a graph G, denoted by D(G), is defined as the sum of all detour distances between every pair of

distinct vertices in G, [14]. that is:
D(G) = Z{u,v}QV(G) D(u,v).

The restricted detour index of a graph G, denoted by dd*(G), is defined by the following, [4]:
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dd*(G) = Z{u,v}gV(G) D*(u,v).

Itis worth noting that Trinajsti¢, et al. employed an exponential relation involving the Wiener index
and the detour index to achieve a better prediction of the boiling point for a number of chemical

compounds. This relation is expressed as:

b.p.= A+B(D(OW(G))" (D)

where b.p. denotes the boiling point and A = —169.62 + 5.91,B = 93.00 + 4.86,C = 0.13066 +
0.00391. further details of this study can be found in [22].

This relation will be utilized in a alter section of this paper to examine the potential of the restricted

detour index in predicting boiling points.

In 2012, Mohammed-Saleh introduced a restricted detour polynomial denoted by D*(G; x) and

defined as:

D*(G, x) — Z xD*(u,U).
{uv}cv(G)

We can also obtain the index for this type of distance by differentiating the polynomial above and

substituting the value of x by one.

Numerous research papers have studied the restricted detour distance, its corresponding index,
and polynomial [1-4,7,15,18,19]. However, in this review paper, we focus on operations that generate

chain graphs.

Several methods exist for constructing a chain graph, including edge identification between two or
more graph, the edge-introducing, or identification of a vertex in one graph with a vertex in another.
These operations resemble the bonding patterns found in chemical compounds, such as the
connections between carbon rings-whether hexagonal, pentagonal, or otherwise-ultimately leading
to the formation of interconnected cyclic compounds that are both stable and structurally complex.
As these compounds become increasingly intricate, studying their physical properties becomes more
challenging. Accordingly, this study seeks to investigate whether the restricted detour index exhibits
a strong correlation with boiling point, which could allow it to serve as an effective tool for analyzing
the physical properties of cyclic compounds, also includes a discussion of the theorems presented in

the selected research papers.
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2. Edges Identification Operation:

In this section, we present a review of restricted detour index for straight chain graphs resulting

from the identification of an edge or edges between two or more graphs, such as hexagonal ring

chains, quadrilateral chains, and straight wheel chains.

2.1 Hexagonal chain graph (/) [4]:

Ali and Mohammed-Saleh [4] proposed a general formula for computing the restricted detour

polynomial of a hexagonal chain graph J,,, consisting of m hexagons (h4, hy, ..., h;;,), where m > 1.

The following illustrates the general structure of this graph.

m 'Ph]m m

Theorem 2.1.1 [4]: Form > 4,
D*(Jyux) =4m+ 2+ (5m — 1)x + 3mx3 + 6mx* + 2m — 2)x° + (6m — 6)x° + (8m —
10)x7 + (2m — 2)x8 + (6m — 12)x° + (8m — 16)x*° + 8(x + 1) ¥ ,(m + 1 — k)x3k,

Corollary 2.1.2 [4]: For m = 4, the restricted detour index of ], is given by:

dd*(J,,) = 8m3 + 28m? — 2m + 9.

We will use the relation (1) mentioned in the introduction, which is taken from [22], along with

Theorem 2.1.2, on a group of polyacene compounds whose molecular structures topologically

resemble the hexagonal chain graph (J,,,). We will also require the boiling point values of the

polyacene compounds, which will be taken from reference [17].

Table 1 some properties of C4,,.2Hy iy, n=1,2,...,9, [17]
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By using the relation (1), but applying the product of the Wiener index and the restricted detour
index for this compounds, and comparing it with the boiling points listed in the table above, we obtain

the following results:

y =136.79In(x) - 406.93 v=132-i32|n(>f)—435-95
b.p 500 R?=0.9508 —— bp %00 R?=0.9905 ——
700 700
P P
600 4 600 +
s00 . 500 &
400 /{ 400 /{
300 " 300 ;
200 l 200 4
100 <|r 100 1’[
] T T . : . ! o T . T T !
o 1000 2000 3000 4000 5000 6000 o 2000 4000 6000 8000 10000
Wienerindex restricted detour index

y =-0.0006x2 + 1.5206x - 11.665
R?=0.9979
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700 ¥
500 —_
500 e
400 T
300 e

/’

100 ¥

T T T . . . T !
i} 100 200 300 400 500 600 700 800
Wiener index x restrected detourindex

Fig. 2 Wiener index and restricted detour indices with boiling point (b.p) of C4,,,2H2, 44,11 =

1,2,..,9
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It is observed that the correlation coefficient reaches 0.9979, indicating a very strong relationship.
This result provides clear evidence of the effectiveness of using the product of the restricted detour

index and the Wiener index in predicting the boiling points of this class of cyclic carbon compounds.
2.2 The Ladder (L,,) [4] (Square chain):

A ladder graph L,, is the result of the Cartesian product of the complete graph K, and a path graph

B,,n = 2 thatis L,, = K, X P,, as showing in Fig. 3.

Fig. 3 A Ladder Graph L,,

Theorem 2.2.1 [4]: Forn > 3,

D*(Ly;x) =2n+ (3n—2)x +2(n — 1)x?
k- k
+2YR25(n — k)x* (xZ[Tl] + x“z[ﬂ).
Corollary 2.2.2 [4]: For n = 2, we have:

-n(2n®+n-2), for evenn

_N =

dd*(L,) =

-2 -1
5(2n3’+nz—6n+5)+4([n4 ]+ln4 ), for odd n

The previous theorem for the restricted detour index of ladder chain graphs may be applied to
organic compounds with linearly fused four-membered rings, such as n-ladderanes, where n
represents the number of rings. These structures resemble quadrilateral chains, making the restricted

detour index a potentially valuable topological descriptor for their physicochemical analysis.

The references [1,3] present theoretical results concerning the restricted detour index and its
polynomial for straight chains of wheel graphs as well as k —wheel chains, without addressing any

chemical or structural applications. This highlights a promising opportunity for future research to
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investigate whether such graph structures have analogs in molecular systems or within network

theory, potentially extending the practical relevance of these theoretical findings.
3. Vertex Identified Operation:

Let G, and G, be two disjoint graphs, and let u € V(G; ) and v € V(G, ) be designated vertices in
G4 and G5, respectively. The vertex identifying graph, denoted by G, G, is the graph obtained by
identifying the vertices u and v into a single vertex, thereby combining the two graphs at that vertex.
The edge interdicting graph, denoted by G;: G,, is the graph fromed by adding a new edge between
the vertices u and v, thereby introducing a connection between G; and G, without identifying any

vertices.

In his work [18], Mohammed-Saleh generalized the vertex identifying operation to include a family
of m finite and connected graphs. He then found the restricted detour polynomial corresponding to

the resulting graph from generalized operation.

Consider a family of pairwise disjoint, connected graphs G4, G5, ..., G, Where each graph G; has an
orderp; = 2 fori =1,2,3,...m. Let u;, v; be two distinct vertices in each G;. The straight chain of
identifying graphs, denoted by G,,, is constructed by identifying vertex u; .4 in G;,1 with v; in G; for

alli =1,2,3,...,m—1, that is[18]
gm = gm—l 1 Gm = (gm—Z. Gm—l) L Gm = Gl L GZ e .. .Gm—l b Gm

Fig. 4 shown G,,, graph, where v; = u; ;.

Fig. 4 The Straight Chain Of Identifying Graphs G,
Theorem 3.2 [18]: Form = 2,

D*(Gm;x) = D*(Gm—1; %) + D*(Gp; x) + D*(Uyy, Gis X)D* (W1, Gins X) — D™ (U, Gy X)

— D*(Vim—1,Gm-1; %)

Where
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m

D' (W1, Gm1i0) = ) (YO0, 65) = D} + 1
i=1
In whichy(i) = Dz}j (uj, vj)
The next theorem represents a special case of the previous one, through which a polynomial

expression is derived to compute the restricted detour distance of the graph G when repeated m

times, reflecting a mathematical simplification of the problem in the case of repeated graph.
Theorem 3.3 [18]: Form > 2,
D*(Gm; x) = D*(Gim-1(G);x) + D*(G; x) — D™ (u, G; x)

+[D*(w, G;x) — 1){[D* (v, G; x) — 1] Tyt x(M-i-DDeww) 4 1}

As demonstrated in the preceding theorem, Mohammed-Saleh [18] formulated a general rule for
vertex identification applicable to any set of graphs. Theorems 3.5 and 3.6 present the general
formulas for pentagonal and hexagonal chains (as shown in Fig. 5), respectively. These theorems
constitute the practical application of the theoretical results, enabling the study of the structural

properties of various types of carbon ring chains, Particularly the pentagonal and hexagonal ones.

AKX

Fig. 5 Pentagonal and Hexagonal Chain Graphs

Theorem 3.5 [18]: form > 2
D*(Gm(Ce); x) = m(5 + 6x + 3x3 + 6x*) + 1+ (2x + x3 + 2x*)? Y71 iz_lj x3m—i=J),
Theorem 3.6 [18]: form = 2

D*(Gn(Cs); x) = 1+ m(4 + 5x + 5x3) + (2x + 2x3)2 371 T.n_ljx3(m_i_j).

88



corollary 3.7 [18]: form > 2
(1) dd*(Gm(Ce)) = Zm2(5m +1) —m,

(2) dd*(Gm(Cs)) = 8m® + 8m? + 4m.
4. Edge-Introducing Operation:

Let G4, Gy, ..., G, be afamily of m (where m > 2) pairwise disjoint and connected graphs. For each
graph G;, let u; and v; be distinct vertices. The straight chain of edge — introducing graphs, denoted
as Jm, is formally defined as the graph constructed by introducing m — 1 new edges, specifically

U; 41y, for each i ranging from 1 to m — 1, connecting the graphs G, through G,,. It's clear that
Im=Im-1t Gun="=01:Gz ¢ ...t Gy

The graph J,,, m = 3 is shown in Fig. 6.

Fig. 6 The Straight Chain Of Edge-Introducing Graphs J,,

Theorem 4.2 [18]: form > 2,
D*(Jm' X) = D*(Jm—l; X) + D*(Gm:x)
+xD*(um' Gm;x)D*(vm—lrdm—lix):
where
- i—1 , STy ()
D* (W1, Im—1; %) = Y1 {xm_‘_l x&i=1VYI p* (p,, Gi;x)}.
In which y(j) = Dé}.(uj, vj)

Theorem 4.2 provides a polynomial expression for computing the restricted detour distance
resulting from the edge-introducing graph operation applied to m copies of the graph G, as a Corollary

4.3 presents an application of this theorem to a set of chemical compounds.
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Theorem 4.3 [18]: Form = 2,

D*(Jm; x) = mD*(G; x)
+x D*(u, G, X)D*(U, G, x) {271:_11 :i_l] x(m—i—j)(1+D2(u,U))}.

It is clear that research papers [4,18] provide direct and relevant applications in the field of

mathematical chemistry.

In 2017, Ivan D. Ali and Herish O. Abdullah computed the restricted detour polynomials resulting
from the edge identification of two wheel graphs and determined their corresponding restricted

detour indices [7].

In recent studies, two new definitions derived from the restricted detour index-namely, the
average restricted detour distance and restricted detour median graph-have been introduced in two

papers [3, 15]

5. Conclusion:

After reviewing several research papers and applying the edge identification operation to
hexagonal ring graphs, obtained a series of graphs that mimic the topological structure of polyacene
compounds. By using relation (1), where the exponential term includes the product of the restricted
detour index and the Wiener index, obtained a very strong correlation with a value of R = 0.9979.
This result indicates the efficiency and effectiveness of the restricted detour index as a topological

descriptor for predicting the boiling point of polycyclic carbon-based compounds.

6. Suggestions for Future Works:

e Establishing explicit formulas or inequalities that relate the restricted detour index to other well-
known graph invariants for special graphs, such as the Wiener index or D-index, similar to the
relationships researched in tree graphs [8] and regular complete graphs[6].

e A research on the restricted detour index under several additional graph operations, aiming to
generalize its behavior and identify patterns or bounds across diverse structural transformations.

e Further investigating the correlation between the restricted detour index and various
physicochemical properties of chemical compounds in order to evaluate its effectiveness as a

molecular descriptor.
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e Research on the graphs that represent the upper and lower bounds of the restricted detour index.
e Aresearchto assess the applicability and relevance of the restricted detour index in network theory

may serve as a valuable direction for future research.
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