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Abstract  

    This paper studies the fourth Hankel determinaf for a subclass of analytic functions, denoted 

order differential subordination involving an exponential -defined via athir,  (by N

are obtained, and an upper bound ,   function. Sharp coefficient bounds for lanl, where

ributing to the theary of geometric is established, cont  for the fourth Hankel determinant

function classes. 

Keywords: Superordination, Hankel determinant, A Schwarz function, Chebyshev polynomials, 

Analytic function. 

1. Introduction  

    Let  denote the class of analytic functions  , normalize by  
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and satisfying the condition  in D  

It is well known (see   that if  then there exists a Schwarz function 

, analytic in such that   with 

 

Recently, Mendiratta et al.   introduced the following subclass of analytic functions 

associated with exponential function. Earlions 

Ma and Minda [14] defined subclass of starlike and convex  functions  using t principle of 

subordination. Inparticnlar, they introduce for the     

 

and  

 

Mendiratta et al. [15] father introduced the class ors   

 

While the associated class  

 

 

Was introduced by using an Alexander type relation [13] 

These classes are known to de symmetric with respect do the real axis  
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The Hankel determinant plays a significant role in the theory of singularities [10]  in the analysis 

have been obtained   of power series with integer coefficients [7,17] several estimates of

is the   univalen function. The case-for various sub classes of univalent and bi

starlike and  –has been studied for bi  szego functional while–classic Fekete

bi – convex functions ([3,45,62]). Krisha [13] provided asharp esti for the Bazileric class. More 

univalent functions -in the class of  bi   recently, Srivastavaetal. [21],obtained bounds for

involving symmetric q-derivative[23], the authors investigated  Hankel and Toeplitz 

determinants in subfamilies of q-starlike functions  associated  with conic domain( see also 

[6,16,22]). 

For functions of form  the third Hankel determinant is given as: 

 

Interesting results on  were established by Babalola [5], motivating further investigations.   

The fourth Hankel determinant has also been studied in for a certain subclass of starlike and 

convex functions [20]. In this direction, we introduced a new subclasses of analytic functions 

using third-order differential  subordination involving the exponential  function and derive sharp  

bounds for the fourth Hankel determinant  for functions in this class. 

2-Preliminaries 

The definitions and lemmas presented below will be used to establish the main results work . 

Definition2.1: [20]  Let f be a function  of the form  .The fourth Hankel determinant of f is 

defined as: 

 Where the 

coefficients ti are defined by:   

, 

                              

, 

.  
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The Chebyshev polynomials of the first and second kind are defined on the interral  for a 

real variable   an foiiows: 

 

and 

 

Now, consider the function  

 

It is well – known that if , then  

 

that is  

 

where     

 

are the Chebyshev polynomials of the second kind . There polynomials satisfy the recurrence 

relation: 

 

specifically  

 

Mendiratta et al. [79] discussed the subclass   of  analytic functions associated with exponential 

function.  

Lemma2. 1: [15]  If function  is of the form then 
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where   denote the class of analytic functions to third Hankel determinant. 

Lemma2. 2: [20]  If the function and of the form  then 

 

Lemma2. 3: [20] If the function and of the form  then 

 

Here, we discuss a new subclass of analytic functions using the subordination. 

Lemma 2.4: [11]   If  be a class of all analytic functions  of the form:  

                                                     (7) 

with =1 and  for all . Then  , for every .This 

disparity is sharp for each  

Definition 2.2: A function  given by  is said to be in the class if the 

following condition holds:  

 

where ,  and 

 

The main findings of our current inquiry will now be stated and proven. 

We begin here by finding the estimates on the coefficients  and , for functions 

in the class . 

Theorem 1:  Let  be a function of the form  

 

And suppose that f belongs to class   

A Then the follow sharp coefficient bounds hold: 
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where and  

Proof:  A ssum that   then there exists an analytic function  defined in the 

following subordination relation holds:  

 

Where  is generating function involving chebysher 

polnomiais of the second by the principle of subordination, there exists a Schwarz function  

, given by  

              

 

Such  that the function  

Has the power series expansion  

 

Now ,Since  is the stranded class , We Can expand the left-hand side of operator as follows:  

 

comparing the coefficients of   form the two expansion , we obtain  
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Now, by applying the standard bound  for Schwarz function and applying  Lemma 4, we 

obtain 

 

 

 

 

 

 

This complete the proof .     □ 

In the following theorem, estimates on  are determined for 

  

Theorem 2:  Let  be a function of the form  
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And suppose that f belongs to class  . then the following estivate for the fourth Hankel 

determinant  holds: 

 

where 

     

 

 

 

 

Proof: Let  be a function of the form  

 

And suppose that f belongs to class  

By Deficient   the fourth Hankel determinant  is given by 

 

Where the coefficients   are defined by 
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Inserting  in , we get  

                                               

                                              (18) 

                                                    (19) 

                                            (20) 

where 

 

 

 

 

Using  in , we get  

 

where  

 

 

 

 □ 
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In case  we get the following Corollary. 

Corollary 1: If function  of form  belongs to the subclass , then 

 

In case  we get the following Corollary. 

Corollary 2: If function  of form  belongs to the subclass , then 

 

By applying Lemma 1 and using from Theorem 2 in fourth Hankel determinant , the 

following theorem emerges:  

Theorem 3: let the function  be of the form  

 

Then , the fourth Hankel determinant satisfies the inequality  

 

Where the farms are defined by:  

  

 

 

Proof: Let . Then the fourth Hankel determinant can be rewrite as:  

 , 

where 

 

 

 

 

By applying Lemma 1 and using  from Theorem 2 in fourth Hankel determinant , we 

get  
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, 

 

, 

 

 

 

 

 

Inserting values  in  we obtain 

 

where 

  

 

 

 In case  we get the following Corollary. 

Corollary 3: If function  of form  belongs to the subclass , then 

 

where 

 

 

In case  we get the following Corollary. 

Corollary 4: If function  of form  belongs to the subclass , then 
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